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Preface

Although the underlying concepts of composite materials go back to antiquity,
the technology was essentially developed and most of the progress occurred in
the last three decades, and this development was accompanied by a proliferation
of literature in the form of reports, conference proceedings, journals, and a few
dozen books. Despite this plethora of literature, or because of it, we are con-
stantly faced with a dilemma when asked to recommend a single introductory
text for beginning students and engineers. This has convinced us that there is
a definite need for a simple and up to date introductory textbook aimed at senior
undergraduates, graduate students, and engineers entering the field of com-
posite materials.

This book is designed to meet the above needs as a teaching textbook and
as a self-study reference. It only requires knowledge of undergraduate mechanics
of materials, although some knowledge of elasticity and especially anisotropic
elasticity might be helpful.

The book starts with definitions and an overview of the current status of
composites technology. The basic concepts and characteristics, including proper-
ties of constituents and typical composite materials of interest and in current
use are discussed in Chapter 2. To keep the volume of material covered manage-
able, we omitted any extensive discussion of micromechanics. We felt that,
although relevant, micromechanics is not essential in the analysis and design of
composites. In Chapter 3 we deal with the elastic macromechanical response of
the unidirectional lamina, including constitutive relations in terms of mathemat-
ical stiffnesses and compliances and in terms of engineering properties. We also
deal with transformation relations for these mechanical properties. We conclude
with a short discussion of micromechanical predictions of elastic properties. In
Chapter 4 we begin with a discussion of microscopic failure mechanisms, which
leads into the main treatment of failure from the macroscopic point of view.
Four basic macroscopic failure theories are discussed in detail. Classical lami-
nation theory, including hygrothermal effects, is developed in detail and then
applied to stress and failure analyses of multidirectional laminates in Chapters
5, 6, and 7. We conclude Chapter 7 with a design methodology for structural
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composites, including a design example discussed in detail. Experimental
methods for characterization and testing of the constituents and the composite
material are described in Chapter 8.

Whenever applicable, in every chapter example problems are solved and a
list of unsolved problems is given. Computational procedures are emphasized
throughout and flow charts for computations are presented.

The material in this book, which can be covered in one semester, is based
on lecture notes that we have developed over the last fifteen years in teaching
formal courses and condensed short courses at our respective institutions, and
we have incorporated much of the feedback received from students. We hope
this book is received as a useful and clear guide for introducing students and
professionals to the field of composite materials.

We acknowledge with deep gratitude the outstanding, dedicated, and
enthusiastic support provided by two people in the preparation of this work.
Mrs. Yolande Mallian typed and proofread the entire manuscript, including
equations and tables, with painstaking exactitude. Dr. Cho-Liang Tsai diligently
and ably performed many computations and prepared all the illustrations.

Evanston, IIl. IM.D.
Haifa, Israel oL
May 1993
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Chapter 1

Introduction

1.1. Definition and Characteristics

A structural composite is a material system consisting of two or more phases
on a macroscopic scale, whose mechanical performance and properties are
designed to be superior to those of the constituent materials acting indepen-
dently. One of the phases is usually discontinuous, stiffer, and stronger and is
called reinforcement, whereas the less stiff and weaker phase is continuous and
is called matrix (Fig. 1.1). Sometimes, because of chemical interactions or other
processing effects, an additional phase, called interphase, exists between the
reinforcement and the matrix. The properties of a composite material depend

Continuous phase
(matrix)

Dispersed phase
(reinforcement)

Interphase

Fig. 1.1 Phases of a composite material.
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on the properties of the constituents, geometry, and distribution of the phases.
One of the most important parameters is the volume (or weight) fraction of
reinforcement, or fiber volume ratio. The distribution of the reinforcement deter-
mines the homogeneity or uniformity of the material system. The more nonuni-
form is the reinforcement distribution, the more heterogeneous is the material
and the higher is the probability of failure in the weakest areas. The geometry
and orientation of the reinforcement affect the anisotropy of the system.

The phases of the composite system have different roles that depend on the
type and application of the composite material. In the case of low to medium
performance composite materials, the reinforcement, usually in the form of short
fibers or particles, provides some stiffening but only local strenghening of the
material. The matrix, on the other hand, is the main load-bearing constituent
governing the mechanical properties of the material. In the case of high perform-
ance structural composites, the usually continuous-fiber reinforcement is the
backbone of the material that determines its stiffness and strength in the direc-
- tion of the fibers. The matrix phase provides protection and support for the
sensitive fibers and local stress transfer from one fiber to another. The
interphase, although small in size, can play an important role in controlling the
failure mechanisms, fracture toughness, and overall stress—strain behavior of
the material.

1.2. Historical Development

Historically, the concept of fibrous reinforcement is very old. There are biblical
references to straw-reinforced clay bricks in ancient Egypt. Iron rods were used
to reinforce masonry in the nineteenth century, leading to the development of
steel-reinforced concrete. Phenolic resin reinforced with asbestos fibers was
introduced in the beginning of the twentieth century. The first fiberglass boat
was made in 1942; reinforced plastics were also used in aircraft and electrical
components at this time. Filament winding was invented in 1946 and incorpor-
ated into missile applications in the 1950s. The first boron and high strength
carbon fibers were introduced in the early 1960s, with applications of advanced
composites to aircraft components by 1968. Metal matrix composites such as
boron/aluminum were introduced in 1970. Dupont developed Kevlar (or aramid)
fibers in 1973. Starting in the late 1970s applications of composites expanded
widely to the aircraft, automotive, sporting goods, and biomedical industries.
The 1980s marked a significant increase in high modulus fiber utilization. Now
emphasis is being placed on development of newer metal/matrix and
ceramic/matrix composites, as well as carbon/carbon composites, for high tem-
perature applications. Applications abound, including underground pipes and
containers, boats, ground vehicles, aircraft and aerospace structures, automotive
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components, sports equipment, biomedical products, and many other products
designed to have high mechanical performance and/or environmental stability
coupled with low weight (see Figs. 1.2-1.7).

1.3 Overview of Advantages and Limitations of
Composite Materials

Composites have unique advantages over monolithic materials, such as high
strength, high stiffness, long fatigue life, low density, and adaptability to the

Fig. 1.3  Aurtificial limb incorporating carbon/epoxy components.



Fig. 1.4 Automobile leaf spring made of glass/polyester composite weighing 36 N
(8 Ib) compared with original steel spring which weighed 285 N (64 1b).

Fig. 1.5 Boeing 757 commercial aircraft with a large number of composite material

components. (Courtesy of Boeing Commercial Airplane Group.)

TIP FARINGS
(FBEAGLASS)

AFT FLAPS
« OUTBOARD (GRAPHITE)
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FLAP SUPPORT
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- AFT SEGMENT (GRAPHITE/RBERGLASS)
AILERONS (GRAPHITE) RUDDER
(GRAPHITE)
FIXED TRAILING EDGE PANELS
(GRAPHITE/KEVLAR PLUS
FIBERGLASS)
ELEVATORS
(GRAPHI
ECS DUCTS ¢ ™
(KEVLAR)
B L FIXED TRAILING EDGE PANELS
. UPPER (GRAPHITE/FIBERGLASS)
LOWER (GRAPHITE/KEVLAR PLUS
FIBERGLASS)
FAXED TRAILING EDGE PANELS
RAD::E ) UPPER (GRAPHITE/RBERGLASS)
_(FABERGLASS LOWER (GRAPHITE/KEVLAR PLUS
mﬁg‘s FIBERGLASS)
WING-TO-BODY FAIRINGS (GRAPHITE) WING LEADING EDGE LOWER PANELS
(GRAPHITE/KEVLAR PLUS . (KEVLARVFIBERGLASS)
FBERGLASS)
- BODY MAIN LANDING GEAR DOORS (GRAPHITE)
« TRUNNON FAIRING AND WING LANDING GEAR DOORS
(GRAPHITE/KEVLAR)
« BRAKES (STRUCTURAL CARBON)
57 aircraft made

Fig. 1.6 Diagram illustrating the various components of the Boeing 7
of composite materials. (Courtesy of Boeing Commercial Airplane Group.)
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Fig. 1.7 B-2 stealth bomber made almost entirely of composite materials. (Courtesy of
Dr. R. Ghetzler, Northrop Corporation.)

intended function of the structure. Additional improvements can be realized in
corrosion resistance, wear resistance, appearance, temperature-dependent
behavior, thermal stability, thermal insulation, thermal conductivity, and acous-
tic insulation. The basis of the superior structural performance of composite
materials lies in the high specific strength (strength to density ratio) and high
specific stiffness (modulus to density ratio) and in the anisotropic and hetero-
geneous character of the material. The latter provides the composite system with
many degrees of freedom for optimum configuration of the material.
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Composites also have some limitations that conventional monolithic
materials do not have. Below is a brief discussion of the advantages and limi-
tations of composites and conventional structural materials (mainly metals)
when compared on the basis of micromechanics, macromechanics, material
characterization, design and optimization, fabrication technology, maintenance
and durability, and cost effectiveness.

1.3.1 Micromechanics

When viewed on the scale of the fiber dimensions, composites have the advan-
tage of high stiffness and high strength fibers. The usually low fracture tough-
ness of the fiber is enhanced by the energy dissipation at the fiber/matrix inter-
face and matrix ductility. The stress transfer capability of the matrix enables
the development of multiple-site failure mechanisms. On the other hand, the
fibers exhibit a relatively high scatter in strength. Local stress concentrations
around the fibers reduce the transverse tensile strength appreciably. Conven-
tional materials are more sensitive to their microstructure and local irregularities,
which influence the brittle or ductile behavior of the material.

1.3.2 Macromechanics

In the macromechanical analysis, in which the material is treated as quasihomo-
geneous, its anisotropy can be used to advantage. The average material behavior
can be controlled and predicted from the properties of the constituents. However,
the anisotropic analysis is more complex and more dependent on the compu-
tational procedures. On the other hand, the analysis for conventional materials
is much simpler due to their isotropy and homogeneity.

1.3.3 Mechanical Characterization

The analysis of composite structures requires the input of average material
properties. These properties can be predicted on the basis of the properties and
arrangement of the constituents. However, experimental verification of analysis
or independent characterization requires a comprehensive test program for deter-
mination of a large number (more than 10) of basic material parameters. In the
case of conventional materials, mechanical characterization is simple, as only
two elastic constants and two strength values suffice.

1.3.4. Structural Design and Optimization

Composites afford the unique possibility of designing the material and structure
in one unified and concurrent process. The large number of degrees of freedom
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available enable material optimization for several given constraints simul-
taneously, such as minimum weight and maximum dynamic stability. However,
the numerous available options make the process more involved and the analysis
more complex. In the case of conventional materials, optimization is limited
due to the few degrees of freedom available, usually one or two geometric para-
meters.

1.3.5. Fabrication Technology

The fabrication process is one of the most important steps in the application
of composite materials. Structural parts, rather than generic material form, are
fabricated with relatively simple tooling. A variety of fabrication methods suit-
able for several applications are available. They include autoclave molding, fila-
ment winding, pultrusion, and resin transfer molding (RTM). Structural compo-
nents consisting of different materials, such as honeycomb sandwich structures,
can be manufactured in one step by the so-called co-curing process. Thus the
number of parts to be assembled and the number of required joints can be
reduced. On the negative side, composite fabrication is still dependent on skilled
hand labor with limited automation and standardization. This requires more
stringent and extensive quality control procedures.

In the case of conventional materials, material fabrication and structure fabri-
cation are two separate processes. Structures usually necessitate complex tooling
and elaborate assembly with multiple joints.

1.3.6 Maintainability, Serviceability, and Durability

Composites can operate in hostile environments for long periods of time. They
have long fatigue lives and are easily maintainable and repaired. However, they
suffer from sensitivity to hygrothermal environments. Service-induced damage
growth may be internal, requiring sophisticated, nondestructive techniques for
its detection and monitoring. Sometimes it is necesary to apply protective coat-
ings against erosion, surface damage, and lightning strike.

Conventional materials, usually metals, are susceptiblé to corrosion in hostile
environments. Discrete flaws and cracks may be induced in service and may
grow and propagate to catastrophic failure. Although detection of these defects
may be easier, repair of conventional materials is not simple.

1.3.7 Cost Effectiveness

One of the important advantages of composites is reduction in acquisition and/or
life cycle costs. This is effected through weight savings, lower tooling costs,
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reduced number of parts, and fewer assembly operations. This advantage is
somewhat diluted when one considers the high cost of raw materials, fibers and
prepreg (resin preimpregnated fibers), and auxiliary materials used in fabrication
and assembly with composite materials. In the case of conventional structural
materials, the low cost of raw materials is more than offset by the high cost of
tooling, machining, and assembly.

1.4 Significance and Objectives of Composite Materials
Science and Technology

The study of composites is a philosophy of material design that allows for the
optimum material composition along with structural design and optimization in
one concurrent and interactive process. It is a science and technology requiring
close interaction of various disciplines such as structural design and analysis,
materials science, mechanics of materials, and process engineering. The scope

of composite materials research and technology consists of the following tasks:

1. Investigation of basic characteristics of the constituent and composite
materials.

2. Material optimization for given service conditions. -

3. Development of effective and efficient fabrication procedures and under-
standing of their effect on material properties.

4. Development of analytical procedures for determining material properties and
prediction of structural behavior.

- 5. Development of effective experimental methods for material characterization,

stress analysis, and failure analysis.

6. Nondestructive evaluation of material integrity and structural reliability.

7. Assessment of durability, flaw criticality, and life prediction.

1.5 Current Status and Future Prospects

The technology of composite materiais has experienced a rapid development in
the last two decades. Some of the underlying reasons and motivations for this
development are (1) significant progress in materials science and technology in
the area of fibers, polymers, and ceramics; (2) requirements for high perform-
ance materials in aircraft and aerospace structures; and (3) development of
powerful and sophisticated numerical methods for structural analysis using mod-
ern computer technology and the availability of powerful desk-top computers
for the engineering community.

The initial driving force in the technology development was weight savings.
Later, cost competitiveness with more conventional materials became equally
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important. To these two requirements today is added the need for quality assur-
ance, reproducibility, and predictability of behavior over the lifetime of the
structure.

New developments continue in all areas. For example, new types of carbon
fibers are being introduced with higher ultimate strains. Thermoplastic matrices
are used under certain conditions because they are tough, have low sensitivity
to moisture effects, and are more easily amenable to mass production and repair.
The use of woven fabric and short fiber reinforcement is receiving more atten-
tion. The design of stuctures and systems capable of operating at elevated tem-
peratures has spurred intensive research in high temperature composites, such
as metal/matrix, ceramic/matrix, and carbon/carbon composites.

The utilization of conventional and new composite materials is intimately
related to the development of fabrication methods. The.manufacturing process
is one of the most important stages in controlling the properties and ensuring
the quality of the finished product. Quality control inspection and automation
are being introduced in the manufacturing process.

The technology of composite materials, although still developing, has
reached a state of maturity. Prospects for the future are bright for a variety of
reasons. The cost of the basic constituents is decreasing due to market expan-
sion. The fabrication process is becoming less costly as more experience is
.accumulated, techniques are improved, and automation is introduced. Newer
high volume applications, such as in the automotive industry, will expand the
use of composites greatly. The need for energy conservation motivates more
uses of lightweight materials and products. Finally, the availability of many
good interactive computer programs make structural design and analysis simpler
and more manageable for engineers who have a basic undergraduate education.



Chapter 2

Basic Concepts and
Characteristics

2.1 Structural Performance of Conventional Materials

Conventional monolithic materials can be divided into three broad categories:
metals, ceramics, and polymers. Although there is considerable variability in
properties within each category, each group of materials has some characteristic
properties that are more distinct for that group. In the case of ceramics one must
make a distinction between two forms, bulk and fiber.

Table 2.1 presents a list of properties and a rating of the three groups of
materials with regard to each property. The advantage or desirability is ranked
as: superior (++), good (+), poor (-), and variable (v). Thus, for example,
metals are superior with regard to stiffness and hygroscopic sensitivity, but they
have high density and are subject to chemical corrosion (-). Ceramics in bulk
form have low tensile strength and toughness (-) but good thermal stability,
high hardness, low creep, and high erosion resistance (+). Ceramics in fibrous
form behave very differently from those in bulk form and have some unique
advantages. They rank highest with regard to tensile strength, stiffness, creep,
and thermal stability (++). The biggest advantage that polymers have is their
low density (+ +), but they rank poorly with respect to stiffness, creep, hardness,
thermal and dimensional stability, and erosion resistance (—). The observations
above show that no single material possesses all the advantages for a given
application (property) and that it would be highly desirable to combine materials
in ways that utilize the best of each constituent in a synergistic way. A good
combination, for example, would be ceramic fibers in a polymeric matrix.

12
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Table 2.1 Structural Performance Ranking of Conventional Materials

Property Metals Ceramics Polymers
Bulk Fibers

Tensile strength + - ++ v
Stiffness ++ v ++ -
Fracture toughness + - v +
Impact strength + - v +
Fatigue endurance + % + +
Creep v v ++ -
Hardness + + + -
Density - + + ++
Dimensional stability + v + -
Thermal stability v + ++ -
Hygroscopic sensitivity ++ v + v
Weatherability - v v v +
Erosion resistance + + + -
Corrosion Resistance - v v +

++, superior; +, good; —, poor; v, variable.

2.2 Geometric and Physical Definitions

2.2.1 Type of Material

Depending on the number of its constituents or phases, a material is called
single phase (or monolithic), bi phase (or two-phase), three phase, and multi-
phase. The different phases of a structural composite have distinct physical and
mechanical properties and characteristic dimensions much larger than molecular
or grain dimensions.

2.2.2 Homogeneity

A material is called homogeneous if its properties are the same at every point
or are independent of location. The concept of homogeneity is associated with
a scale or characteristic volume and the definition of the properties involved.
Depending on the scale or volume observed, the material can be more homo-
geneous or less homogeneous. If low variability exists from point to point on
a macroscopic scale, the material is referred to as quasi homogeneous.
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2.2.3 Heterogeneity or Inhomogeneity

A material is heterogeneous or inhomogeneous if its properties vary from point
to point or depend on location. As in the case above, the concept of heteroge-
neity is associated with a scale or characteristic volume. As this scale decreases,
the same material can be regarded as homogeneous, quasi homogeneous, or het-
€rogeneous.

In Figure 2.1, for example, the material is considered homogeneous and
anisotropic on a macroscopic scale, because it has a similar composition at
different locations (A and B) but properties varying with orientation. On a
microscopic scale, the material is heterogeneous and isotropic, having different
but orientation-independent properties within characteristic volumes a and b.

2.2.4 Isotropy

Many material properties, such as stiffness, strength, thermal expansion, and
thermal conductivity, are associated with a direction or axis. A material is iso-
tropic when its properties are the same in all directions or are independent of
the orientation of reference axes.

2.2.5 Anisotropy/Orthotropy

A material is anisotropic when its properties at a point vary with direction or
depend on the orientation of reference axes. If the properties of the material
Matrix

VeOOO®O 6

Fibers

Fig. 2.1 Macroscopic (A,B) and microscopic (a,b) scales of observation for unidirec-
tional layer.
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along any direction are the same as those along a symmetric direction with
respect to a plane, then that plane is defined as a plane of material symmetry.
A material may have zero, one, two, three, or an infinite number of planes of
material symmetry through a point. A material without any planes of symmetry
is called general anisotropic (or aeolotropic). At the other extreme, an isotropic
material has an infinite number of planes of symmetry.

Of special relevance to composite materials are orthotropic materials, i.e.,
materials having at least three mutually perpendicular planes of symmetry. The
intersections of these planes define three mutually perpendicular axes, called
principal axes of material symmetry or simply principal material axes.

2.3 Material Response

Some of the intrinsic characteristics of the materials discussed before are
revealed in their response to simple mechanical loading, e.g., uniaxial normal
stress and pure shear stress, as illustrated in Figure 2.2. An isotropic material
under uniaxial tensile loading undergoes an axial deformation (strain), €,, in the
loading direction, a transverse deformation (strain), €,, and no shear deform-
ation: '

_ 9%
€, = E
VO,
€, =~ 7 2.1
Yoy =0
where

€5 €5, Vxy = Axial, transverse, and shear strains, respectively
o, = Axial stress
E = Young’s modulus

v = Poisson’s ratio

Under pure shear loading 7, the material undergoes a pure shear deform-
ation, i.e., a square element deforms into a diamond-shaped one with equal and
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Normal stress Shear stress

m— = =7 L Ty
| e,:% Ty ==
Isotropic ! : £, = VOy _ 2Ty (14V)
. , T E E

Orthotropic

Loaded along |
principal |
material ]

directions u

Anisotropic

or orthotropic |
material
loaded along
nonprincipal
directions

Fig. 2.2 Response of various types of materials under uniaxial normal and pure shear
loading.

unchanged side lengths. The shear-strain (change of angle), v, and the normal
strains €,, €, are

y=0 (2.2)
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Ty = Shear stress

G = Shear modulus

As indicated in Eq. (2.2), the shear modulus is not an independent constant, but
is related to Young’s modulus and Poisson’s ratio.

An orthotropic material loaded in uniaxial tension along one of its principal
material axes (1) undergoes deformations similar to those of an isotropic
material and given by

g4

€, = —+

1 E,

V12 0y
_ 2.3
€ E, (2.3)
Yi2=0
where -

€5, €, Y12 = Axial, transverse and shear strains, respectively
o = Axial normal stress
E, = Axial modulus in the 1-direction
v, = Poisson’s ratio associated with loading in the

1-direction and strain in the 2-direction

Under pure shear loading, 7,,, along the principal material axes, the material
undergoes pure shear deformation, i.e., a square element deforms into a dia-
mond-shaped one with unchanged side lengths. The strains are

T
'szz‘G%
€ =¢€6=0 24

Here, the shear modulus, G5, is an independent material constant and is not
related to the Young’s moduli or Poisson’s ratios.

In both cases discussed before, normal loading does not produce shear strain
and pure shear loading does not produce normal strains. Thus normal loading
and shear deformation (as well as pure shear loading and normal strains) are
independent or uncoupled.

A general anisotropic material under uniaxial tension, or an orthotropic
material under uniaxial tension along a direction other than a principal material
axis, undergoes axial, transverse, and shear deformations given by



18 Engineering Mechanics of Composite Materials

€. = Ix
X Ex
Ve Oy
€, =— 2.5
UX
Yoy = Maxs 7
xy xs Ex
where
€., €, Y1y = Axial, transverse, and shear strains, respectively

o, = Axial normal stress
E, = Axial modulus in x-direction
V., = Poisson’s ratio associated with loading in the
x-direction and strain in the y-direction
Mxs = Shear coupling coefficient (the first
subscript denotes normal loading in the x-direction;

the second subscript denotes shear strain)

This mode of response characterized by m,,, is called shear coupling effect and
will be discussed in detail in Chapter 3.

Under pure shear loading, 7., along the same axes, the material undergoes
both shear and normal deformations, i.e., a square element deforms into a paral-
lelogram with unequal sides. The shear and normal strains are given by

T
xy
'Y = —
xy G,y
Ty
€ = MNax e 2.6)
xy
T
€ = Mgy E*}y
where

vy = Shear modulus referred to the x- and y-axes

Msx Nsy = Shear coupling coefficients (to be discussed later)
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The above discussion illustrates the increasing complexity of material
response with increasing anisotropy and the need to introduce additional material
constants to describe this response.

2.4 Types and Classification of Composite Materials
Two-phase composite materials are classified into three broad categories

depending on the type, geometry, and orientation of the reinforcement phase,
as illustrated in the chart of Figure 2.3.

Matrix
Particulate Discontinuous Continuous
filler fibers or whiskers fibers
Y A
'’ e TTT T[T T
:!73!:‘»_" |!]|If|”'|
4.1 9] ]llllll|
Vo 3 s HHaH
.Y ¢ o | ] |

a5 0 i
! ‘ .8 > I I l I
P |I| lll l
PR 1 Dt
Particulate Unidirectional Unidirectional
composite discontinuous continuous

A fiber composite fiber composite

Y

Randomly oriented Crossply or fabric
discontinuous continuous fiber composite
fiber composite

Quasi-isotropic
composite

Multidirectional
continuous fiber composite

Fig. 2.3 Classification of composite material systems.
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Particulate composites consist of particles of various sizes and shapes ran-
domly dispersed within the matrix. Because of the randomness of particle distri-
bution, these composites can be regarded as quasi homogeneous on a scale larger
than the particle size and spacing and quasi-isotropic. Particulate composites
may consist of nonmetallic particles in a nonmetallic matrix (concrete, glass
reinforced with mica flakes, brittle polymers reinforced with rubberlike
particles); metallic particles in nonmetallic matrices (aluminium particles in
polyurethane rubber used in rocket propellants); metallic particles in metallic
matrices (lead particles in copper alloys to improve machinability); and nonmet-
allic particles in metallic matrices (silicon carbide particles in aluminium,
SiC(p)/Al).

Discontinuous or short-fiber composites contain short fibers or whiskers
as the reinforcing phase. These short fibers, which can be fairly long compared
with the diameter, can be either all oriented along one direction or randomly
oriented. In the first instance the composite material tends to be markedly aniso-
tropic or, more specifically, orthotropic, whereas in the second it can be regarded
as quasi-isotropic. ‘

Continuous fiber composites are reinforced by long continuous fibers and
are the most efficient from the point of view of stiffness and strength. The
continuous fibers can be all parallel (unidirectional continuous fiber composite),
can be oriented at right angles to each other (crossply or woven fabric continu-
ous fiber composite), or can be oriented along several directions
(multidirectional continuous fiber composite). In the latter case, for a certain
number of fiber directions and distribution of fibers, the composﬂe can be
characterized as a quasi-isotropic material.

Fiber-reinforced composites can be classified into broad categbries accord-
ing to the matrix used: polymer, metal, ceramic, and carbon matrix composites
(Table 2.2). Polymer matrix composites include thermoset (epoxy, polyimide,
polyester) or thermoplastic ~(poly-ether-ether-ketone, polysulfone) resins
reinforced with glass, carbon (graphite), aramid (Kevlar), or boron fibers. They
are used primarily in relatively low temperature applications. Metal matrix
composites consist of metals or alloys (aluminum, magnesium, titanium, copper)
reinforced with boron, carbon (graphite), or ceramic fibers. Their maximum use
temperature is limited by the softening or melting temperature of the metal
matrix. Ceramic matrix composites consist of ceramic matrices (silicon car-
bide, aluminum oxide, glass-ceramic, silicon nitride) reinforced with ceramic
fibers. They are best suited for very high temperature applications. Carbon/
carbon composites consist of carbon or graphite matrix reinforced with graphite
yarn or fabric. They have unique properties of relatively high strength at high
temperatures coupled with low thermal expansion and low density.

In addition to the types discussed above, there are laminated composites.
These consist of thin layers of different materials bonded together, such as bi-
metals, clad metals, plywood and formica.
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Table 2.2 Types of Composite Materials

Matrix type Fiber Matrix
E-glass Epoxy
S-glass Polyimide
Polymer Carbon (graphite) Polyester
Aramid (Kevlar) Thermoplastics
Boron (PEEK, polysulfone, etc.)
Boron Aluminum
Borsic Magnesium
Metal Carbon (graphite) Titanium
Silicon carbide Copper
Alumina
Silicon carbide Silicon carbide
Ceramic Alumina Alumina
Silicon nitride Glass—ceramic
Silicon nitride
Carbon Carbon Carbon

2.5 Lamina, Laminate; Characteristics and Configurations

A lamina, or ply, is a plane (or curved) layer of unidirectional fibers or woven
fabric in a mairix. In the case of unidirectional fibers, it is also referred to as
unidirectional lamina (UD). The lamina is an orthotropic material with princi-
pal material axes in the direction of the fibers (longitudinal), normal to the fibers
in the plane of the lamina (in-plane transverse), and normal to the plane of the
lamina (Fig. 2.4). These principal axes are designated as 1, 2, and 3, respect-

2 (Transverse)

—» 1 (Longitudinal)

Fig. 2.4 Unidirectional lamina and principal coordinate axes.
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z

Fig. 2.5 Multidirectional laminate and reference coordinate system.

ively. In the case of a woven fabric composite, the warp and the fill directions
are the in-plane principal directions.

A laminate is made up of two or more unidirectional laminae or plies
stacked together at various orientations (Fig. 2.5). The laminae (or plies, or
layers).can be of various thicknesses and consist of different materials. Since
the principal material axes differ from ply to ply, it is more convenient to ana-
lyze laminates using a common fixed system of coordinates (x,y.z), as shown.
The orientation of a given ply is given by the angle between the reference x-
axis and the major principal material axis (fiber orientation) of the ply, measured
in a counterclockwise direction on the x-y plane.

Composite laminates containing plies of two or more different types of
materials are called hybrid composites and, more specifically, interply hybrid
composites. For example, a composite laminate may be made up of unidirec-
tional glass/epoxy, carbon/epoxy and aramid/epoxy layers stacked together in a
specified sequence. In some cases it may be advantageous to intermingle differ-
ent types of fibers, such as glass and carbon or aramid and carbon, within the
same unidirectional ply. Such composites are called intraply hybrid com-
posites. Of course, one could combine intraply hybrid layers with other layers
to form an intraply—interply hybrid composite.

Comosite laminates are designated in a manner indicating the number, type,
orientation, and stacking sequence of the plies. The configuration of the laminate
indicating its ply composition is called lay-up. The configuration indicating, in
addition to the ply composition, the exact location or sequence of the various
plies is called the stacking sequence. Following are some examples of lami-
nate designations:
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Unidirectional 6-ply: [0/0/0/0/0/0] = [0O¢]
Crossply symmetric: [0/90/90/0] = [0/90];
[0/90/0] = [0/90],
Angle-ply symmetric: [+45/-45/-45/45] = [+45];
[30/~30/30/—30/-30/30/-30/30] = [£30],;
Angle-ply asymmetric: [30/-30/30/—30/30/—30/30/-30] = [+30]4
Multi directional: [0/45/—45/-45/45/0] = [0/+45],
[0/0/45/-45/0/0/0/0/—45/45/0/0] = [0/+45/0,],
[0/15/-15/15/-15/0] = [0/£15/+15/0)7 = [0/(x15),/0]7

Hybrid: [0X/0%145C/-45€/90C/-45C 145105105 = [05/£455/90°),
where subscripts and symbols signify the following:

number subscript = Multiple of plies or group of plies
s = Symmetric sequence
T = Total (number of plies)
— Overbar denotes that laminate is symmetric
about the midplane of the ply

In the case of the hybrid laminate, superscripts K, C, and G denote Kevlar
(aramid), carbon (graphite), and glass fibers, respectively.

2.6 Scales of Analysis, Micromechanics, Macromechanics

Composite materials can be viewed and analyzed at different levels and on
different scales, depending on the particular characteristics and behavior under
consideration. A schematic diagram of the various levels of consideration and
the corresponding types of analysis is shown in Figure 2.6.

At the constituent level the scale of observation is on the order of the fiber
diameter, particle size, or matrix interstices between reinforcement. Microme-
chanics is the study of the interactions of the constituents on this microscopic
level. It deals with the state of deformation and stress in the constituents and
local failures, such as matrix failure (tensile, compressive, shear), fiber failure
(tensile, buckling, splitting), and interface/interphase failure (debonding). An
example of the complex stress distributions on the transverse cross section of
a transversely loaded unidirectional composite is illustrated in Figure 2.7.
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Matrix
Fiber

Laminate

Structure

Fig. 2.6 Levels of observation and types of analysis for composite materials.

Micromechanics is particularly important in the study of properties such as
strength, fracture toughness, and fatigue life, which are strongly influenced by
local characteristics that cannot be integrated or averaged. Micromechanics also
allows the prediction of average behavior at the lamina level as a function of
constituent properties and local conditions.

At the lamina level it is usually more expeditious to consider the material
homogeneous, albeit anisotropic, and use average properties in the analysis. This
type of analysis is called macromechanics and considers the unidirectional
lamina as a quasi homogeneous anisotropic material with its own average stiff-
ness and strength properties. Failure criteria may be expressed in terms of aver-
age stresses and overall lamina strengths without reference to any particular
local failure mechanisms. This approach is recommended in the study of the
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G,

Fig. 2.7 Isochromatic fringe patterns in a model of transversely loaded unidirectional
composite.

overall elastic or viscoelastic behavior of composite laminates or structures,
which assumes material continuity.

At the laminate level the macromechanical analysis is applied in the form
of lamination theory dealing with overall behavior as a function of lamina
properties and stacking sequence. Finally, at the component or structure level,
methods such as finite element analysis coupled with lamination theory give
the overall behavior of the structure as well as the state of stress in each lamina.

2.7 Basic Lamina Properties

The approach followed in this textbook is based on macromechanics. The uni-
directional lamina or ply is considered the basic building block of any laminate
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or composite structure. The basic material properties necessary for analysis and
design are the average ply properties. With reference to Figure 2.4, the unidirec-
tional ply is characterized by the following properties:

E,, E, E3 = Young’s moduli along the principal ply directions

G Ga3 Gi3= Shear moduli in 1-2, 2-3, and 1-3 planes, respectively
(these are equal to Gyy, Gao, and Gay, respectively)

Vig, Va3, V13 = Poisson’s ratios (the first subscript denotes the loading
direction, and the second subscript denotes the strain direc-
tion; these Poisson’s ratios are different from vy, v3a, and
V3, i.€., subscripts are not interchangeable)

F\» Fs, F3, = Tensile strengths along the principal ply directions

Fio Fao F3. = Compressive strengths along the principal ply directions

Fio F,3 Fi3 = Shear strengths in 1-2, 2-3, and 1-3 planes, respectively
(these are equal to F,, F3y, and F3y, respectively)

oy, &y, @3 = Coefficients of thermal expansion

B, Bos Bs Coefficients of moisture expansion

K, Ko, K3 Coefficients of thermal conductivity

il

il

In addition to the above, the composite lamina is characterized by the follow-
ing properties:

volume of fibers

Fiber volume ratio: = volume of composite

_ weight of fibers
/™ weight of composite

Fiber weight ratio:

__ volume of matrix
™~ yolume of composite
weight of matrix

Matrix volume ratio:

Matrix weight ratio: Wp=1— W= weight of composite

volume of voids

Void volume ratio: V,=1=-V;=V, = :
volume of composite

2.8 Degrees of Anisotropy

Some material properties, such as density, specific heat, absorptivity, and emit-
tance, have no directionality associated with them and are described by one
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scalar quantity for both isotropic and anisotropic materials. On the other hand,
properties such as stiffness, Poisson’s ratio, strength, thermal expansion, mois-
ture expansion, thermal conductivity, and electrical conductivity are associated
with direction and are a function of orientation in anisotropic materials. Fiber
composite materials can exhibit various degrees of anisotropy in the various
properties. The largest differences occur between properties in the longitudinal
(fiber) and transverse (normal to the fiber) directions. Ratios of some properties
along these two directions for some typical composite materials are listed in
Table 2.3.

2.9 Constituent Materials and Properties

2.9.1 Fibers

A large variety of fibers are available as reinforcement for composites. The
desirable characteristics of most reinforcing fibers are high strength, high stiff-
ness, and relatively low density. Each type of fiber has its own advantages and
disadvantages, as listed in Table 2.4. Table 2.5 lists specific fibers with their
manufacturer, strength, modulus, and density. Extensive discussions of fiber
reinforcements for composite materials can be found elsewhere.!™

Glass fibers are the most commonly used ones in low to medium perform-
ance composites because of their high tensile strength and low cost. They are
somewhat limited in composite applications because of their relatively low stiff-
ness, low fatigue endurance, and rapid property degradation with exposure to
severe hygrothermal conditions. Aramid (or Kevlar) fibers have higher stiffness
and lower density, but they are limited by very low compressive strength in the

Table 2.3 Degrees of Anisotropy

E\/E, E/G\, F/Fs, oyfoy
Silicon carbide/ceramic 1.09 2.35 17.8 0.93
Boron/aluminum 1.71 5.01 11.6 0.30
Silicon carbide/aluminum 1.73 5.02 17 0.52
S-glass/epoxy 2.44 5.06 28 0.23
E-glass/epoxy 4.42 8.76 17.7 0.13
Boron/epoxy 9.27 374 24.6 0.20
Carbon/epoxy 13.64 19.1 41.4 -0.07
Kevlar/epoxy 15.3 27.8 260 -0.07

GY-70/epoxy 40 70 90 -0.05




Table 2.4 Advantages and Disadvantages of Reinforcing Fibers

Fiber

Advantages

Disadvantages

E-glass, S-glass

Aramid (Xevlar)

Boron

Carbon (AS4, T300, C6000)

High strength
Low cost

High tensile strength

Low density

High stiffness

High compressive strength
High strength

High stiffness

Low stiffness
Short fatigue life
High temperature sensitivity

Low compressive strength
High moisture absorption

High cost

Moderately high cost

Graphite (GY-70, pitch) Very high stiffness Low strength
High cost
Ceramic (silicon carbide, alumina) ~ High stiffness Low strength
High use temperature High cost
Table 2.5 Fiber Properties
Type Manufacturer Tensile Modulus Density
strength
MPa (ksi) GPa (Msi) (gfem?)
E-glass Corning 3,450 (500) 72.5 (10.5) 2.54
S-glass Corning 4,480 (650) 85.6 (12.4) 2.49
Carbon -
AS4 Hercules 3,730 (540) 235 (34) 1.81
T300 Union Carbide 2,760-3,450 228 (33) 1.76
(400-500) ,
HTS Hercules 2,830 (410) 248 (36) 1.82
IM-6 Hercules 4,480 (650) 290 (42) 1.80
M-7 Hercules 5,170 (750) 290 (42) 1.80
Graphite
T-50 Union Carbide 2,070 (300) 393 (57) 1.67
GY-70 Celanese 1,725 (250) 517 (75) 1.86
Pitch, type P Union Carbide 1,725 (250) 345 (50) 2.02
Boron AVCO 3,280-3660 365414 2.1-3.0
(475-530) (53-60)
Kevlar (aramid) DuPont 3,800 (550) 131 (19) 1.45
Silicon carbide )
5.6 mil/C (SCS-2) Textron 4,140 (600) 400 (58) 3.05
Nicalon Nippon Carbon 2,070 (300) 172 (25) 2.60
Alumina
FP-2 Dupont 1,725 (250) 380 (55) 3.70
Nextel 610 3M 1,900 (275) 370 (54) 3.75
Saphikon Saphikon 3,100 (450) 380 (55) 3.80
Silica — 5,800 (840) 72.5 (10.5) 2.19
Tungsten — 4,140 (600) 414 (60) 19.3

28
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composite and high moisture absorption. Boron fibers, not widely used at pre-
sent, are useful in local stiffening applications because of their high stiffness.

Carbon (graphite) fibers come in many types with a range of stiffnesses and
strengths, depending on the processing temperatures. High strength and high
stiffness carbon fibers (AS4, T300, C6000), are processed at temperatures
between 1200° and 1500°C (2200° and 2700°F). Ultrahigh stiffness graphite
fibers (GY-70, Pitch) are processed at temperatures between 2000° and 3000°C
(3600° and 5400°F). The increase in stiffness is achieved at the expense of
strength, as shown in Table 2.5. Ceramic fibers such as silicon carbide and
aluminum oxide have high stiffness and moderate strength and are used in
metal-matrix and ceramic-matrix composites for high temperature applications.

Most fibers behave linearly to failure, as shown in Figure 2.8. Carbon fibers,
such as the AS4 fiber, however, display a nonlinear stiffening effect. One
important property of the fiber related to strength and stiffness is the ultimate
strain or strain to failure, because it influences greatly the strength of the com-
posite laminate.

As mentioned previously, the basis of the superior performance of com-
posites lies in the high specific strength (strength to density ratio) and high
specific stiffness (modulus to density ratio). These two properties are controlled
by the fibers. A two-dimensional comparative representation of some typical
fibers from the point of view of specific strength and specific modulus is shown
in Figure 2.9.

5 .
- 0.7
2
4 - 0.6
= ro5 ~
o (/2]
S 3] =
6 . 0.4 o
73 . R @
o 27 Material 03 @
) 1. E-glass [ ?fi
2. S-glass - 0.2
1A 3. Aramid
4. Carbon i
5. Boron, Silicon carbide | o1
6. Graphite (GY-70)
0 v v T T T T 0
0 1 2 3 4 5 6

Tensile strain, €,(%)

Fig. 2.8 Stress—strain curves of typical reinforcing fibers.
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Fig. 2.9 Performance map of fibers used in structural composite materials.

2.9.2 Matrices

As shown in Table 2.2, four types of matrices are used in composites: polymeric,
metallic, ceramic, and carbon. The most commonly used matrices are polymeric,
which can be thermosets (epoxies, polyimide, polyester) or thermoplastics
(polysulfone, poly-ether-ether-ketone). The most highly developed of these are
epoxies of DGEBA type (diglycidy! ether of bisphenol A). They can be formu-
lated with a range of stiffnesses as shown in Figure 2.10. There are two types
of epoxies, those cured at a low temperature (120°C; 250°F) and used in compo-
nents exposed to low or moderate temperature variations (e.g., sporting goods)
and those cured at a higher temperature (175°C; 350°F) and used in high per-
formance components exposed to high temperature and moisture variations (e.g.,
aircraft structures). Polyimide matrices are used for high temperature appli-
cations, up to 370°C (700°F). Polyesters are used in quick-curing systems for
commercial products. Thermoplastics are more compatible with hot forming and
injection molding fabrication methods and can be applied at temperatures up to
400°C (750°F).

Metal matrices are recommended for high temperature applications up to
approximately 800°C (1500°F). Commonly used metal matrices include alumi-
num, magnesium, and titanium alloys. Their use temperature is limited by the
melting point.
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Fig. 2.10 Stress—strain curves of epoxy matrix resins of different moduli.

For higher temperature applications exceeding 1000°C (1800°F), glass, glass
ceramic, ceramic, and carbon matrices are used. Glass ceramic matrices, such
as lithium aluminosilicate (LAS) and calcium aluminosilicate (CAS), and ce-
ramics such as reaction-bonded silicon nitride, are used with silicon carbide
fibers. Carbon matrix is used by vapor depositing pyrolitic graphite onto a graph-
ite fiber preform. The resulting composite can be used at temperatures up to
2600°C (4700°F). Stress—strain curves of three typical matrices, epoxy, alumi-
num and glass ceramic, are shown in Figure 2.11.

2.10 Properties of Typical Composite Materials

Composite materials incorporating the various constituents discussed before dis-
play a wide range of characteristics. As mentioned, the quality of performance
of composite materials can be rated on the basis of specific strength and specific
modulus. A comparative representation of the performance of typical structural
composites from the point of view of these properties is shown in Figure 2.12.
The range shown for the composites corresponds to the variation between quasi-
isotropic and unidirectional laminates. As can be seen, most composites have
higher specific modulus and specific strength than metals. Among the various
composites, carbon/epoxy in its unidirectional form seems to combine the high-
est specific modulus and strength.
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Fig. 2.11 Stress-strain curves of three typical matrices.
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Fig. 2.13 Stress—strain curves of typical unidirectional composites in fiber direction.

The behavior of unidirectional composites in the fiber direction, epecially
the stiffness, is usually dominated by the fiber properties. Stress—strain curves
of typical unidirectional composites in the fiber direction are shown in
Figure 2.13 and compared with that of aluminum. Some general trends can be
observed. As the stiffness increases, the ultimate strain decreases. For a certain
group of materials (identified as materials 4, 5, 6, and 7 in Fig. 2.13) the increase
in stiffness is accompanied by a drastic decrease in strength and ultimate strain.
The behavior of unidirectional composites in the transverse to the fiber direction,
especially the strength, is dominated by the matrix properties. Stress—strain
curves of typical unidirectional composites in the transverse to the fiber direction
are shown in Figure 2.14. All of these materjals exhibit quasilinear behavior
with relatively low ultimate strains and strengths. In particular, the four poly-
mer—matrix composites depicted in Figure 2.14 show almost equal transverse
strengths.

A more comprehensive list of properties of typical composite materials is
given in Table 2.6. This is followd by Table 2.7, showing for comparison similar
properties of three structural metals, aluminum, steel, and titanium. The com-
posite properties listed are at ambient temperature (24°C; 75°F) and zero mois-
ture conditions. The values listed are typical for these material systems but can
vary from batch to batch of the same material. They can be used for instructional
and preliminary design purposes. For a final design of a component, it is rec-
ommended that the designer obtain more exact properties for the particular batch
of material used.
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Fig. 2.14 Stress—strain curves of typical unidirectional composites in the transverse
direction.

Table 2.7 Properties of Typical Structural Metals

. Alurr;inim Sdteel Titanium
Property (2024 T3) (AISI 1025) MILT)
Density (p, glem® [1b/in®]) 2.80 (0.101) 7.80 (0.282) 4.40 (0.159)
Young’s modulus (E, GPa [Msil]) 73 (104) 207 (30) 108 (15.7)
Shear modulus (G, GPa [Msi]) 26.6 (3.86) 79 (11.4) 42.4 (6.1)
Poisson’s ratio (v) 0.33 0.30 0.30
Tensile strength (F,, MPa [ksi]) 414 (60) 394 (57) 550 (80)
Compressive strength (F,., MPa [ksi]) 217 (31) 394 (57) 475 (69)
Shear strength (F;, MPa [ksi]) 248 (36) 248 (36) 295 (43)
Coefficient of thermal expansion

(o, 1078/°C [107°/°F1) 23 (13) 11 (6) 11 (6)
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Chapter 3

Elastic Behavior of
Unidirectional Lamina

3.1 Stress—-Strain Relations

3.1.1 General Anisotropic Material

The state of stress at a point in a general continuum can be represented by nine
stress components o;; (where i, j =1, 2, 3) acting on the sides of an elemental
cube with sides parallel to the axes 1, 2, 3 of a reference coordinate system
(Fig. 3.1). Similarly, the state of deformation is represented by nine strain
components, €;. In the most general case the stress and strain components are
related by the generalized Hooke’s law as follows:
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Fig. 3.1 State of stress at a point of a continuum.

and
Cerr ] [ Sinn Siizz Siiss Siizz Siar Sz Susz Sus St121 | -Uuw
€22 Son11 Saz Sa233 Sao23 S2231 So212 S2232 S2213 S2221 | | 022
€33 S3a11 S3azz S3333 S3323 S3331 S3ziz S3zzz Sazz Sz | | 933
€3 Saa1i Sazzz Sa33z Saazz S23zr Saziz S23z2 Sa313 S2321 | | 023
€31 | =| S3111 S31z2 S3133 S3123 S313r Sz S3is2 Ssuz Szian | [ O3
€12 Si211 Si222 S1233 S1223 S1231 S1212 S1232 S1213 Si221 | | 012
€32 S3o11 S22z S3233 S323 S3231 Saziz Sazaz Szziz Sa2zn | | 932
€13 Si311 Siz2z Si333 S1323 Si3z1 Sz Siz32 S1313 Si321 | |13
€1 | | Saiir Sa122 Saizz S22z Saim Sainz S2132 S2113 S2121 | [ F21 |
(3.2)
or, in indicial notation
Uij‘—‘cijkl €1
i, k1=1,2,3) 3.3

€; = S ijkl Okl
where

Cj = Stiffness components

S;i1 = Compliance components
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Repeated subscripts in the relations above imply summation for all values of
that subscript. The compliance matrix [S;,] is the inverse of the stiffness
matrix [Cyr]-

Thus, in general, it would require 81 elastic constants to characterize a
material fully. However, the symmetry of the stress and strain tensors

Eij = Eji (34)

reduces the number of independent elastic constants to 36.
It is customary in mechanics of composites to use a contracted notation for
the stress, strain, stiffness, and compliance tensors as follows:

011 =01
020 =02
033 = 03 3.5

023 = T3 =04=Tq
031 =T31 =05="Ts

O12=T12=06=Tg

€11 =€
€ = €&
€33 = €3
2€)3=Y3=€4="Y4 (3.6)

2631 = Y31 = €5 =175

2€12 = Y12 = €5 =Y

C1111=C11, C1122=C12, C1135=C13, C112372C 14, C1131=2C15, C111272C 6
C2211=Ca1, C2220=Ca2, C2233=Ca3, C222572C04, C231=2Cys, Co21272C06
C3311=C31, C3320=C32, C3333=Ca3, C3323=2C34, C3331=2C3s, C331272C36
C2311=Ca1, C2320=Caz, C2333=Cu3, C232372C 44, C2331=2C4s, C231272C4s
C3111=Cs1, C3120=Cs3, C3133=Cs3, C312372Cs4, C3131=2Css, C3112=2Cs6
C1211=Cé1> C1222=Ce2> C1233=Ce3, C1223=2C64, C1231=2C65, C1212=2Cs6
3.7
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Thus. the stress-strain relations for an anisotropic body can be written in the
contracted notation as

(Ux ] [Ci Cin Cis Cuw Cis Cis] [ &]
o3 Cop G Gz Gy Cos Gy €
o3|  |Gi1 G G G Cs Cye € 3.8)
T4 Cyi Cqp Cu3 Cu Cus  Cyg Y4
s Csi GCsz GCs3 Csy Css Cse ¥s
| Te | |Gt Coz Ces Cea Cos Cos| | Yo
[ €] [S11 Siz Siz Sia Sis Sis] [ o]
€ So1 S Saz Sas S35 Su 03
€ S S S S S S o
3| _ [ S 32 33 S;a S35 Sz 3 (3.9)
Y4 Sar Saz Saz Sas Sas  Sas T4
Ys Ss1 Ssz Ss3 Ssa Sss Sse Ts
| Y6 | |61 Se2  Ses  Sea  Ses  Ses| | To|
or, in indicial notation,
;= C’] Ej
(i’j:'l’ 27 35 b 76) (3.10)
€; = SU ag;

Energy considerations require additional symmetries. The work per unit vol-
ume is expressed as

1

The stress—strain relation, Eq. (3.10), can be obtained by differentiating Eq.
(3.11):

By differentiating again we obtain

*w

= 3.13
Y ded¢; (.13)
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In a similar manner, by reversing the order of differentiation, we obtain

W
Cji =
9€;0€;

(3.14)

Since the order of differentiation of W is immaterial, Egs. (3.13) and (3.14) yield
Cij=Cy (3.15)

In a similar manner we can show that

Sy =Sy (3.16)

i.e., the stiffness and compliance matrices are symmetric. Thus the state of stress
(or strain) at a point can be described by six components of stress (or strain),
and the stress—strain Egs. (3.8) and (3.9) are expressed in terms of 21 indepen-
dent stiffness (or compliance) constants.

3.1.2 Specially Orthotropic Material

In the case of an orthotropic material (which has three mutually perpendicular
planes of material symmetry) the stress—strain relations in general have the same
form as Egs. (3.8) and (3.9). However, the number of independent elastic con-
stants is reduced to nine, as various stiffness and compliance terms are inter-
related. This is clearly seen when the reference system of coordinates is selected
along principal planes of material symmetry, i.e., in the case of a specially
orthotropic material. Then,

- - ~ - -

01 Ci Cia Ci3 0 0 €1
P Ca Gy Cp O 0 0 €
03 _ Ciz G Cs3 0 0 €3 (3.17)
T4 0 0 0 Cu4u O 0 Ya
Ts 0 0 0 0 Cs5 O Ys
Tg 0 0 0 0 0 Cege Ye

and
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(e,] Sy S Si3 0 0 0 1 'qq
€ Siz S22 S 0 0 0 G2
€1 _ Sis Sz S33 0 0 0 a3 (3.18)
Ya 0 0 0 Su O 0 T4
Ys 0 0 0 0 Sss O Ts
Y6 0 0 0 0 0 Ses Tg

It is clearly shown that an orthotropic material can be characterized by nine
independent elastic constants. This number does net change by changing the
reference system of coordinates to one in which the stiffness and compliance
matrices in Egs. (3.17) and (3.18) above are fully populated. The terms of either
the stiffness or compliance matrix can be obtained by inversion of the other.
Thus relationships can be obtained between Cy; and S;;.

Three important observations can be made with respect to the stress—strain
relations in Egs. (3.17) and (3.18):

1. No interaction exists between normal stresses o, 0, 03 and shear strains
Y4 Vs» Ve, 1.e., normal stresses acting along principal material directions
produce only normal strains.

2. No interaction exists between shear stresses T4, Ts, T6, and normal strains €,
€,, €3; i.€., shear stresses acting on principal material planes produce only
shear strains.

3. No interaction exists between shear stresses and shear strains on different
planes; i.e., a shear stress acting on a principal plane produces a shear strain
only on that plane.

3.1.3 Transversely Isotropic Material

An orthotropic material is called transversely isotropic when of its princpal
planes is a plane of isotropy, i.c., at every point there ic a lane on which
the mechanical properties are the same in all directions. Many unidirectional
composites with fibers packed in a hexagonal array, or close to it, can be con-
sidered transversely isotropic, with the 2-3 plane (normal to the fibers) as the
plane of isotropy (Fig. 3.2). This is the case with unidirectional carbon/epoxy,
aramid/epoxy, and glass/epoxy composites with relatively high fiber volume
ratios.

The stress—strain relations for a transversely isotropic material are simplified
by noting that subscripts 2 and 3 (for a 2-3 plane of isotropy) in the material
constants are interchangeable in Egs. (3.17) and (3.18), i.e.,
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2

Fig. 3.2 Orthotropic material with transverse isotropy.

Cia=0Cy3

Cpp=Cs3 (3.19)
and

Si12=3513

Sy =833

Also, subscripts 5 and 6 are interchangeable; thus

Css = Ceg
Ss5= Se6 (3.20)

: e simple stress transformation illustrated in Figure 3.3 shows
that stlffness Cua (or comphance S44) is not 1ndependent Considering an element
with sides parallel to the 2- and 3-axes (Fig. 3.3a) under pure shear stress
To = T3 and resulting shear strain vyo = y,3, we have from Eq. (3.17).

jes}
=
5
[y]
:
o)
=
(e}
—
=
(¢
'.’.’.
EL
(¢
w
=2
(4]
wn
7]
—
=
n
=
@

Ta=T23=Caa¥23=Caa ¥4 =To (3.21)

The state of stress shown in Figure 3.3a is equivalent to that of an element
rotated by 45° and subjected to equal tensile and compressive normal stresses
(Fig. 3.3b),
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Fig.3.3 Stress transformations on plane of isotropy of transversely isotropic material.

02’ = TO
03 = —Tg
resulting in normal strains such that
Y23
€y = — €qr = —
€ = 0

Then, from Eq. (3.17),

0y = Cyry €y + Cpy €3

=Cyp €9 — Cy3 €

or

’ v
Oy =€y (Cpp — Ca3) = “”;'3‘ (Cyp = C33)

since
Coryr=Cypp
Cyz=Cys

due to transverse isotropy.

From Egs. (3.21), (3.22), and (3.24), we obtain

(3.22)

(3.23)

(3.24)
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C22 _ C23

C44= )

(3.25)

Thus, the stress—strain relations for a transversely isotropic material reduce to

-01— —Cn Cia Cp2 0 0 0 ] _51-
0 Cia G (3 0 0 €
a3 Ciz Gy Cp 0 0 0 €3
- Cos—C 3.26
T4 o o o0 E—2 0 0 va| O
Ts 0 0 O 0 C55 0 Ys
L Te | i 0 0 0 0 0 C55 11 Y6 ]

and the inverse relations are reduced to

[ € | [S11 Si2 Siz 0 o o] |
€ Sz S» Sp 0 0 0 o2
€& | [Siz S Sz 0 0 0 03
val [0 0 0 2Sn-S3 0 0| |m
"s 0O 0 0 0 Sss 0| | 7s

| Y6 | | 0 0 0 0 0  Sss| | 76

3.27)

The relations above show that an orthotropic material with transverse iso-
tropy is characterized by only five independent elastic constants.

3.1.4 Orthotropic Material under Plane Stress

In most structural applications composite materials are used in the form of thin
laminates loaded in the plane of the laminate. Thus composite laminae (or
laminates) can be considered to be under a condition of plane stress with all
stress components in the out-of-plane direction (3-direction) being zero, i.e.,

g3 = O
Ty3 =74 =0 (3.28)
Ti3=175=0

The orthotropic stress—strain relations (Eq. 3.17) reduce to
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which, in expanded form, are

0,=C € +Cpper+ Ci3€;
0,=Cp € + Cpney + O3 63
0=Cize + Cuzeyt Cy3€3
Ya=vs=0

76 = Ces Y6

Eliminating strain €; from Eq. (3.30), we obtain

Ciys C C;sC
o (C“ - 123313> o <C12 - 1('.15'332?)> <2

=01 €6 T 0n2e&

Co3 Ci3 .
C 2

Gy C23>

03 = (C12 - € + (sz Cas

=0+ One

76 = Ces Y6 = Qo6 V6

or
o1 On Q12 0 |l
02|=|012 Q@» 0 |le&
Te 0 0 QOssll¥s
or, in brief,

lo]i2=[Qli2 [€li2

where the reduced stiffness matrix components are

o Chi Cin Ciz 0 0]
02 Ciz G (s 0 0
0 Ciz Gy G 0 0
ol 0 Cu O O
0 0 Css O

| T6 | 0 0 Cegs

-El-

€
€3
Y4

Vs

.‘Y6.

(3.29)

(3.30)

(3.31)
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Ci3 Cj3

0,=C;— (i,j,=1,2,6)
4 ly C33 J

The inverse relation in written as

€1 Sit Si2 0 (]

€ —

1§
|

Yo 0 0 SecllTs
or, in brief,

[eli 2= [Slin [O0]12

47

(3.32)

(3.33)

Thus, the in-plane stress—strain relations for an orthotropic layer under plane
stress can be expressed in terms of only four independent elastic parameters,
i.e., the reduced stiffnesses Oy, Q12 O22 Qee Or the compliances Sqy, S12 S22
See. It should be noted that, under plane stress, the nonzero out-of-plane strain
€5 (or €,) is related to the in-plane stresses o and o, through the compliances
S5 and S,3. This requires two additional independent elastic parameters over

and above the four needed for the in-plane stress—strain relations.

3.1.5 Isotropic Material

An isotropic material is characterized by an infinite number of planes of material
symmetry through a point. For such a material, subscripts 1, 2, and 3 in the
material constants are interchangeable. Then the stress—strain relations in Eq.

(3.17) are reduced to

(o ] -C11 Ci, Cip 0
P Co Cn Cio 0
03 C2 Cip Cp 0
Cii—Cip
.
4| _ 0 0 5
T5 0 0 0 0
Te 0 0 0 0

(e

€1
€2

€3

Ya

Ys

Y6

(3.34)
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Thus, an isotropic material is fully characterized by only two independent con-
stants, e.g., the stiffnesses C;{ and C),.

The conclusions discussed before regarding the required number of indepen-
dent elastic constants for the various types of materials are summarized in
Table 3.1.

3.2 Relations between Mathematical and
Engineering Constants

The stress—strain relations discussed before acquire more physical meaning
when expressed in terms of the familiar engineering constants, i.e., moduli and
Poisson’s ratios. Relations between mathematical and engineering constants are
obtained by conducting imaginary elementary experiments as illustrated in
Figures 3.4 and 3.5.

If an orthotropic material element is subjected to uniaxial tensile loading in
the longitudinal direction, o, then, from Eq. (3.18) we have

€ =510y
€ =512 09
€3 :Sl?; (O3] (335)

Ya=Vs=Y6=0

From engineering considerations we have

Table 3.1 Independent Elastic Constants for Various Types of Materials

Material No. of independent
elastic constants

1. General anisotropic material 81

2. Anisotropic material considering symmetry of stress and strain 36
tensors: (0 = Oji; €5 = €) )

. Anisotropic material with elastic energy considerations 21

. General orthotropic material 9

. Orthotropic material with transverse isotropy

D W

. Isotropic material
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g1
61=E_1
__rtn
Ez——El gy
€ =— EEll?— o (3.36)

S, Longitudinal tension

Transverse in-plane tension

Transverse out-of-plane tension

Fig.3.4 Elementary experiments for obtaining relations between mathematical and
engineering constants (normal stress loading).
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Out-of-plane shear

Out-of-plane shear

In-plane shear

Fig. 3.5 Elementary experiments for obtaining relations between mathematical and
engineering constants (shear loading).

Recall that the first and second subscripts in Poisson’s ratio denote stress
and strain directions, respectively.
From Egs. (3.35) and (3.36) we obtain the relations

1 Vi2

v
511=E,512=—7§,513=——1é (3.37)

E,

If a material element is subjected to uniaxial tensile loading in the in-plane
transverse direction, o, we have in a similar fashion

. !
E1—51202—-‘E‘f’2
2

(6 2)

€z=52202=E;
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23
€3=830,=——7-0
3 23 02 E, 2
Ya=vYs=Ys=0
from which we obtain the relations

Vot 1 Va3
Sin=——2 Sy =— Son = — —=
12 E2 > D22 EZ s V23 E2

51

(3.38)

(3.39)

Uniaxial normal loading in the out-of-plane transverse direction, o3, yields

the following

€ =583 032—_‘E O3
3
V32
€ =523 0-3=—_E O3
3
03
€3 = 533 o3=%
3

from which we obtain the relations

_ Vv oo v o L
513— E3 ) S23_' E3 3 S33_E3

In-plane pure shear loading, 76, yields

€ =€ =€=Y4=75=0

S 6
Y6 = V66 T6 =
G

from which we obtain

1

S6G:G—]2

Out-of-plane pure shear loading in the 2-3 plane, 74, yields

€ =€ =€=Y5=Y=0

Ta
Ya=S44 T =~
Ga3

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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from which we obtain

1
=— 3.45
Saa Gor (3.45)

Finally, out-of-plane pure shear loading in the 1-3 plane, 7s, yields

€ =€=6=Y4=Y=0

.
Y5 = S55 T5 = ‘G_?; (3.46)

from which we obtain

1

Sss=a;

(3.47)

The stress—strain relations in Eq. (3.18) can then be expressed in terms of
engineering constants as follows:

W - 1 Va1 V31 ] }
€ —_— - - 0 0 o
1 E, E, Es 0 1
Vi2 1 V32
€ —-—= — == 0 0 o
2 5 B B 2
Vi3 Va3 1 N
€ - === — 0 0 0 a3
o R BB (3.48)
| .
—_— 0
Ya 0 0 0 G23 0 T4
1
Ys 0 0 0 0 ES 0 Ts
0 0 0 0 0 -—1*
Ye \- G12 \‘ T6
L

From the symmetry of the compliance matrix [S;] and the above we con-
clude that

Yiz_ Va1
E, I,
Viz _ V31
Z13_ 731 3.49
E, - E (3.49)
Va3 _ V32

E, E;
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and in general

= Vi Yy _
i E_] Vj

SIS

(G,j=12,3)

(Note: The above can also be deduced from Betti’s reciprocal law according to
which transverse deformation due to a stress applied in the longitudinal direction
is equal to the longitudinal deformation due to an equal stress applied in the
transverse direction.')

As seen above, the relations between compliances S;; and engineering con-
stants are fairly simple. This, however, is not the case for the relations between
stiffnesses C; and engineering constants. To obtain such relationships, we need
first to invert the compliance matrix [S;] and express the stiffnesses Cj; as a
function of the compliances Sj; as follows:

Cpp = S33 Sl; S13
Cy= Sii S2§— St
S13 S5 —S1n S
Cp, =21352 . 12 533 (3.50)
Cps = Si2 513 ; S23 511
Con = S12 S23 = S13 S22
13 — S
1 1 1
Cm—@» Css—S , Css-g;
where
S Siz i3
S=1S12 S S (3.51)
S13 Sa3 S33

Substituting the relations between S;; and engineering constants in the above,
we obtain®
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1 —vo3 35
Cu = E, E; A
_1-vi3vs
€= E E5A
1 —vi3 Vg
€33 = E E, A
Vo T U3y Va3 Vg F Vi3 Vm
Cih= = 3.52
12 E, E3 A E E3 A (3.52)
Con=t32 T Vi V31 _ Va3 + Vo1 Vi3
2 E E; A E E, A
Co.=l13 T Via Va3 _ V3Lt Va1 Vm
13 E E, A E, E5 A
Cas=Gy3, Css= Gz, Ces= Gia
where
| 1 ~V21 V3
A=——"7— |= 1 - 3.53
E, E, B, Vi V32 (3.53)
—Vi3 V23 1

It should be noted that in the case of a transversely isotropic material with
the 2-3 plane as the plane of isotropy

E,=E;
G12 = G13 (354)
Vi2 = Vi3 .

3.3 Stress—Strain Relations for Thin Lamina

A thin, unidirectional lamina is assumed to be under a state of plane stress;
therefore, the stress—strain relations in Egs. (3.31) and (3.33) are applicable.
They relate the in-plane stress components with the in-plane strain components
along the principal material axes:

o O Gz 0 ||«
02 |=]012 O 0 || (3.31 bis)
Ts 0 0  QsslLYs
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and

€] Sii Sz 0 0y
€ | = Sl?_ Szg_ 0 (03] (333 blS)
Y6 0 0 Se6l LT6

The relations above can be expressed in terms of engineering constants by
noting that

s L
HTE
g =L
2= E,
Vi2 V21
S 2o 22 3.55)
12 E E, 7 ) (
g =L
66 = G
and
E,
T
71— Vi2 V21
E,
Qpp = —2—
27— V12 Vo
E E
Q12= Va1 £q - Viz Lo (356)
_ L=vppvy 1-vpvy
Qe6 = G2

Thus, as far as the in-plane stress—strain relations are concerned, the uni-
directional lamina can be fully characterized by four independent constants—
the four reduced stiffnesses Q;1, Oz Q12 and Qgg; or the four compliances S5,
Sy, Si2, and Sgg; or four engineering constants Ey, E,, Gy,, and vy,. Poisson’s
ratio v,; is not independent, as it is related to v,, E; and E, by Eq. (3.49).

3.4 Transformation of Stress and Strain

Normally, the lamina principal axes (1, 2) do not coincide with the loading or
reference axes (x,y) (Fig. 3.6). Then, the stress and strain components referred
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Gy
Tg =T12

Tg =Ty Gy

7]

Fig. 3.6 Stress components in unidirectional lamina referred to loading and material
axes.

to the principal material axes (1, 2) can be expressed in terms of those referred
to the loading axes (x,y) by the following transformation relations:

&3] Ox
o, | =[T] |0y (3.57)
Te Ts

or, in brief,

[0']1,2 = [T] [O']x,y

and
€ €y
& |=[T]| € (3.58)
%76 %,’Ys

or, in brief,

[€]i2 = [T] [€lx,

where the transformation matrix [7] is given by
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m? n? 2mn
(M= »* m* —2mn (3.59)
—mn mn m* — n?

and
m = cosf, n = sinf

The angle 6 is measured positive counterclockwise from the x-axis to the 1-axis.
By inversion of the relations above we obtain

Oy (o]
o, |=1T7" |0, (3.60)
Ts Te
and
Ex El
€, :[T‘l] €y (3.61)
; 5 %’Yé
where
m? n?  =2mn
[T7'] = [T(-8)] = | n? m*  2mn (3.62)
mn -mn  m*—n*

In the contracted notation used here, the subscript s in the above equations
corresponds to shear stress or strain components referred to the x—y system of
coordinates, i.e., T, =Ty, and Y, = Y, The subscript 6, as mentioned before, is
a contraction of the subscripts 12.

The laws of stress and strain transformation are independent of material
properties, i.e., they are the same for isotropic or anisotropic materials.

3.5 Transformation of Elastic Parameters

The stress—strain relations in Egs. (3.31) and (3.33) show that, when the lamina
is loaded only in tension or compression along the principal material axes, there
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is no shear strain. Similarly, when the lamina is loaded under pure shear, T¢,
along the principal axes (1, 2) only a shear strain, vy, is produced along these
axes. Thus there is no coupling between normal stresses and shear deformation
and between shear stress and normal strains. This is not the case when the
lamina is loaded along arbitrary axes x and y. Then, the stress—strain relations
are expressed in the form

Ox Qxx Q,w.y st €
oy =[Oy Oy Oyl|lé (3.63)
TS Q 5X st st ’Y:

or, in brief,

[O']x,y = [Q}x,y [E]x,y

with the reduced stiffness matrix fully populated. However, the number of inde-
pendent constants is still four, as in the case of Eq. (3.31). What is needed,
then, is the relationship between the transformed stiffnesses [Q],,, and principal
stiffnesses [Q]; 5.

Equation (3.63) can be rewritten in the form

Ox Ox Qxy 2st €x
=D Oy 20 || & (3.64)
Ts Osx st 20 %/Ys

ag

Introducing the stress-strain relation Eq. (3.31) ‘into the transformation
relation Eq. (3.60) we have

O, oy Ou Gz 0 |&
oy | =T |o2[=(T71|Q12 Q2 O ||&
s L6 0 0 OeelLVs

-Q11 . 0 | & Qu G2 O €x

=T |01 0»n 0 |e{=[T""1|Cn 0» 0 [Tl

L 0 0 20¢)l3Ys 0 0 206 s

(3.65)

Comparison of Egs. (3.64) and (3.65) leads to the following transformation
relation for the stiffness matrix:
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Qxx Qxy 2st Ql 1 Q 12 0
ny Q_vy 2st = [T_l] Ql?. Q22 0 [TJ (366)
st Q.s‘y 2st 0 0 2Q66

From the relation above we obtain the transformed reduced stiffnesses as a
function of the principal lamina stiffnesses:

Que=m* Q1) + n* Qpp + 2m” 1? Qy + 4m® n® Qgs

Oy = n* Qi + m* Qg + 2m* n* Q) + 4m® n® Qg

Q= m? n? O, + m? n® Ony + (m4 + n4) Q2 — 4m? n? Oss 3.67)
Qus = m® 1 Qyy — mn® Qgp + (mn® — m*n) Qi + 2(mn® — m’n) Qee

Oy =mn® Qyq — mn Qpp + (mPn ~mn®) Oz + 2(m*n — mn’) Qes

2.2 2 2 2 .2 2 272
szm n Q11+m n Q22—-2m n Q12+(m -_”) Q66

The transformed strain—stress relations can be obtained either by direct inver-
sion of the stress—strain relations in Eq. (3.63) or by transformation of the strain—
stress relations in Eq. (3.33) referred to the principal material axes. The transfor-
med strain-stress relations are

€x Sx.x Sxy st Ox
& |=1S Sy Syl|loy (3.68)

Vs Ssx S sy Sss Ts
or, in brief,

[E]x_y = [S]x,y [G]x,y

which can be rewritten in the form

€x Sxx Sxy st Oy
€ | = Syx Syy Sys oy (3.69)
%’Ys %Ssx %Ssy %Sss Ts

A series of transformations similar to those of Eq. (3.65) gives
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€x € S Sz 0 o1
& =T & =[T|S2 Sn 0 ||o
s EAZ 0 0 3S6l)L7e
_511 S12 0 Ox
=TS22 S» 0 |[T]|oy (3.70)
L 0 0 %566 Ts

Comparison of Egs. (3.69) and (3.70) leads to the following transformation
relation for the compliance matrix:

See Sxy Sk Sii Siz 0
Spe Sy S |=1T71|S12 Sn 0 |[T] 3.71)
Bo 3Ssy  5Sss 0 0 LS

This relation leads to the following ones for the transformed compliances
as a function of the principal lamina compliances:

S =m* Sy, + n* Sy + 2m> n? Si, + m* n* Ses

Syy = n4 Sll + m4 S22 + 2m2 n2 SlZ + m2 7’12 566

S =m?n* Sy + m*n? Sy + (m* + n*) Sy, — m® n* Seg (3.72)

S.,=2mnSy - 2mn> Sop + 2(mn® — min) Sy, + (mn® — m3n) Seg

Sys = 2mn> Syq — 2m’n Syp + 2m>n — mn’) S5 + (m*n - mn?) Seg

Sy, = 4m? n? Sy, + 4m? n? Sy, — 8m? n? Sy + (m* - n?)* Sgs

Table 3.2 Relations for Stiffness and Compliance Transformation

S1(@11) S32(022) S12(Q12) Se6(4Q66)
Sxx(Qxx) m4 n4 27’}12112 m2n2
Sy_y(ny) ﬂ4 "14 2m2n2 m2n2
Sey(Qxy) m*n® m°n® (m* + n% —m?n®
S:.v(4st) 4m2n2 4n2m2 —sznz (mz—nz)z
S2s(20xs) 2mn -2mn? 2mn® — m>n) (mn®-m>n)
8,520y 2mn® —2nm? 2(m3n — mn®) (mn—mn)

m = cosf, n = sinf.
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The transformation relations are presented in tabular form for easy reference in
Table 3.2.

3.6 Transformation of Stress—Strain Relations in Terms of
Engineering Constants

The strain—stress relations referred to the principal material axes as given by
Egs. (3.33) and (3.55) are

1 Va1 0
E E
€ St Sz 0 oy : 2 o1
_ Vi2 1
€| = SIZ S22 0 Oy | = _'E,_l E_z 0 (03] (3.73)
Ys 0 0 SesllTs ;| LT
0 0] —
G12

These relations, when transformed to the x—y coordinate system, are expressed
by Eq. (3.68) in terms of mathematical compliance constants, Syo Sy, Sxy» €tC.
To obtain the relationships between these constants and engineering parameters,
we conduct simple imaginary experiments on an element with sides parallel to
the x- and y-axes. For example, the elements of the first column of the com-
pliance matrix in Eq. (3.68) are the strain components, €,, €,, and produced
by a unit normal stress o, = 1.
A uniaxial stress o, produces the following strains:

Gx
“=F
. (3.74)
€, = Exc" .
‘YSZ%EGX

In the above, Poisson’s ratio v,, corresponding to stress in the x-direction
and strain in the y-direction is the negative ratio of the transverse strain €, to
the axial strain €,. The shear coupling coefficient m,,, corresponding to normal
stress in the x-direction and shear strain in the x—y plane, is the ratio of the
shear strain <y, (Yx,) to the axial strain €,.

In a similar manner, a uniaxial stress o, produces the followmg strains
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v X
e\=——EV:Uy
o,
ey=E:—; (3.75)
_ Nys
ys_ E G_v

y

with Poisson’s ratio vy, and shear coupling coefficient my, defined as before.
A pure shear stress 7, (T,,) produces the following strains

_ M

€, ny Ts
MNsy
e, =—2Xr (3.76)
Y ny s
— Ts
Vs = ny

where the shear coupling coefficients m,, and m;, are the ratios of the normal
strains €, and €, to the shear strain ,, respectively, for the pure shear loading
applied. Here, the first subscript s denotes shear stress in the x—y plane and the
second subscripts x and y denote normal strains in the x- and y-directions,
respectively.

By superposition of the three loadings discussed above we obtain the follow-
ing strain-stress relations in terms of engineering constants:

(1 vy Mg |
€x E-‘C Ey ny Ox
1 m
— Vo sy
6= | - — o (377
yy E, E, Gy T"
' T M LT
L E E, Gy |
From symmetry considerations of the compliance matrix we obtain
Yy _ Vyx vy _Ex
E. E, v, E,
Mes _ M Mes _ Ex
Mo Mo M B (3.78)
Ex ny Msx ny
s _ Moy s _ By
Ey Gry “SY Gx}’
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Comparison of equivalent strain—stress relations in Egs. (3.68) and (3.77) yields
the following relationships:

s oL
x.r“Ex
s oL
Yy Ey
S = ! (3.79)
ss ny
v Vyx
Swzsyﬁ_ﬁ:_%
X y
szssx:’nxsz'nsx

or
gL
x"Su
1
E, =—
y Syy
G L (3.80)
xy_Sss ..
Syx Sy
vxy__gi; vyx__S)’}’
EECS = Sxs
Nxs = Sxx ’ Nsx = Sss
S S.
-5 - s
s S}’y, T‘sy Sss

The relations in Eq. (3.77) can be inverted to yield stress—strain relations in
terms of engineering constants. These relations would be more complex than
the strain—stress relations in Eq. (3.77).
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3.7 Transformation Relations for Engineering Constants

Using the relations between engineering constants and compliances, Egs. (3.79)
and (3.80), in the compliance transformation relations, Eq. (3.72), we obtain the
following transformation relations for the engineering constants:

E%Cz %113 (m?* —n?vy,) + g—z (n* ~m?vy) + mGlez

Eiy= ZTZI (n* —m?vp) + g (m* = n? vyy) + m;::z

El_x.v= 4m;,12 R 4m? n? Gt o)+ Q’% Gsn
VE);X = EEf= QEL? (m* vip —n®) + %22‘ (n? vy —m?) + m;}’:z

%Yj = gi; = 2—;"12 (m* — n* Vi) — % (n2 ~ m? V1) T+ —mn3G~12m3n

%? = gixy = ZEiln (n® —m? vyp) — 2—;'? (m? —n?vy) + __________m3nG—12mn3

A computational procedure for calculation of transformed elastic constants
is illustrated by the flow chart in Figure 3.7. It is assumed that the input consists
of the basic engineering constants E;, E,, G5, and v, referred to the principal
material axes of the lamina and obtained from characterization tests. Then,
relations in Eqgs. (3.55) and (3.56) are used to obtain the reduced principal com-
pliances and stiffnesses S; and Q. The transformation relations in Egs. (3.67)
and (3.72) are used to obtain the transformed lamina stiffnesses [Q], , and com-
pliances [S],,. Finally, relations in Eq. (3.80) are used to obtain the transformed
engineering constants (E,, E,, Gy, Vi Vyxo Mis Myss Mo MNsy) Teferred to the
x—y system of coordinates. Alternatively, relations in Eq. (3.81) can be used to
obtain the transformed engineering constants directly from the given engineering
constants referred to the principal material axes.

The variation of the transformed engineering constants with fiber orientation
is illustrated in Figures 3.8 and 3.9 for a typical carbon/epoxy (AS4/3501-6)
unidirectional material. Young’s modulus decreases monotonically from its
maximum value £, at 8 =0 to its minimum E, at § =90°. The shear modulus
G,, peaks at § =45° and reaches its minimum values at 6 =0° and 6 =90°.
- Poisson’s ratio v, varies monotonically from its maximum value v, at § =0° to
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[E] Engineering constants
1,2 " referred to principal axes

[Ql,, [s], 2 Mathematical constants

-t 0 »! Fiber orientation

[ Y

Transformed
[Q] X,y (sl X,y mathematical constants

[E] Transformed engineering constants
xy

Fig. 3.7 Flow chart for determination of transformed elastic constants of unidirec-
tional lamina.

12)
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Fig. 3.8 Young’s modulus and shear modulus of unidirectional composite as a function
of fiber orientation (AS4/3501-6 carbon/epoxy).
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Fig. 3.9 Poisson’s ratio and shear coupling coefficient of unidirectional composite as
a function of fiber orientation (AS4/3501-6 carbon/epoxy).

its minimum value v,; at 6 = 90°. The shear coupling coefficient 1, is negative
throughout and peaks at around 8 = 38°. The curves in Figures 3.8 and 3.9 are
typical of high stiffness, highly anisotropic composites. The form of the vari-
ation of elastic constants depends on the relative magnitudes of the basic con-
stants referred to the principal material axes. An example of a mildly anistropic
woven-glass/epoxy laminate (E-glass style 142/FR-4 epoxy) is illustrated in
Figures 3.10 and 3.11. Here, Young’s modulus decreases from a maximum value

2.5

2.0

2

1

¢ 15
oF
..N
Y40
uJX
0.5
0 T T — T T T T
0 10 20 30 40 50 60 70 80 90

0, (deg.)

Fig.3.10 Young’s modulus and shear modulus of woven-glass/epoxy as a function of
warp fiber orientation (IBM style 142/FR-4 epoxy).
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Fig. 3.11 Poisson’s ratio and shear coupling coefficient of woven-glass/epoxy as a
function of warp fiber orientation (IBM style 142/FR-4 epoxy).

at 6 =0° to an absolute minimum at 6 =45°, and then it increases to a local
maximum at 6 =90°, The shear modulus behaves similarly as in the case of
carbon/epoxy, but it attains a maximum value at 6 =45° that is much higher
than the Young’s modulus. Poisson’s ratio has minimum values at 8 = 0° and
8 =90°, and it peaks at & = 45°. The shear coupling coefficient changes signs
as shown.

Sample Problem 3.1

- Transformation of Young’'s Modulus

Given the basic lamina properties E;, E,, G, and vy, it is required to determine
Young’s modulus E, at an angle 0 =45° with the fiber direction (Fig. 3.12).
From Eq. (3.81) we obtain the following exact relation:

1 1 - V12 l - V21 1
— = + + 3.82
<Ex)6 450 4E, 4E, 4Gy, (3-82)

The above relation can be simplified for the case of a high stiffness composite
for which

El >> E2 and Va1 <<1
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In that case we obtain the following approximate expression:

4G12 Ez

.83

(Eo=45" =

This means that Young’s modulus at 45° with the fiber direction is a matrix-
dominated property, since it depends primarily on E, and G1,, which are matrix-
dominated properties.

Sample Problem 3.2

Transformation of Shear Modulus

Given the basic lamina properties E, Eo, Gyp, and vy, itis required to determine
the shear modulus G, at 45° with the fiber direction (see Fig. 3.12). From Eq.
(3.81) we obtain the following exact relation:

1 > 1+ Vig 1+ Va1
— LI P (3.84)
(ny e = 45° El E2

For a high stiffness composite, for which E; >> E, and v,; << 1, we obtain
(Go = s = Ex (3.85)
which means that in this case the above shear modulus is a matrix-dominated

property.

Sample Problem 3.3

Transformation of Poisson’s Ratio

Given the basic lamina properties E;, E, G2, and vy, it is required to determine
Poisson’s ratio v,, at 45° with the fiber direction (Fig. 3.12). From Eq. (3.81)
we obtain the following exact relation:

1 1 1
Dy P R Ny 3.86
<Ex>9=45° AE, (V12 ) 4E, (vo; - 1) 4Gy (3.86)

For a high stiffness composite, for which E, >> E, and vy << 1, and
taking into consideration the approximate relation in Eq. (3.83), we obtain



Elastic Behavior of Unidirectional Lamina 69

.,

Fig. 3.12 Unidirectional lamina with fiber orientation at 45° with reference axis.

E2 - GIZ

(Viylo = 450 = E T G, (3.87)

which means that in this case Poisson’s ratio is a matrix-dominated property.

Sample Problem 3.4

Transformation of Shear Coupling Coefficient

Given the basic lamina properties £, E,, G4, and v, it is required to determine
the shear coupling coefficient m,, at 6 = 45° with the fiber direction (Fig. 3.12).
From Eq. (3.81) we obtain the following exact relation:

Nux 1 i {1 1
(ny>e =450 2E, (1 =70) 2E, (1=v)=3 (El E, -89

This relation can be simplified as follows for the case of a high stiffness com-
posite:

Msx 1
Jlsx = 3.89)
(ny)e =45° 2E, (

Recalling from Eq. (3.85) that in this case (Gyy)e = 450 = E,, we obtain

(3.90)

(T\Sx) 0 = 45°

N | -
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3.8 Micromechanical Predictions of Elastic Constants

3.8.1 Scope and Approaches

It was shown in the foregoing that the in-plane elastic behavior of a unidirec-
tional lamina may be fully described in terms of four basic lamina properties,
such as Ey, E,, G2, and v;,. In the macromechanical approach these constants
are assumed to be known from direct experimental characterization of the uni-
directional material. These properties can vary a great deal even for the same
material, as constituent properties and geometric parameters vary from batch to
batch. It may not always be practical to characterize each batch of material
experimentally. It is desirable to have reliable predictions of lamina properties
as a function of constituent properties and geometric characteristics, such as
fiber volume ratio and geometric packing parameters. Typical transverse cross
sections of unidirectional composites are shown in Figure 3.13. It is shown that
composites with low fiber volume ratio tend to have a random fiber distribution,
whereas fibers in composites with high fiber volume ratio tend to nest in near
hexagonal packing. One objective of micromechanics is to obtain functional
relationships for the elastic constants of the composite in the form

Cij =ﬂEf9 Em’ st Vins Vfa Vms Vv’ S7 A) (391)

where S and A denote geometrical parameters describing the shape and array
of the reinforcement.

A variety of methods have been used to predict properties of composite
materials.®> The approaches used fall into the following general categories:

Mechanics of materials

. Numerical

. Self-consistent field

. Bounding (variational approach)
. Semi-empirical

. Experimental

[ Y R N

The mechanics of materials approach is based on simplifying assumptions
of either uniform strain or uniform stress in the constituents. The mechanics of
materials predictions are adequate for longitudinal properties such as Young’s
modulus E, and major Poison’s ratio v,,. These properties are not sensitive to
fiber shape and distribution. On the other hand, the mechanics of materials
approach underestimates the transverse and shear .properties, i.e., transverse
modulus E, and shear modulus Gy,.

Numerical approaches using finite differences, finite element, or boundary
element methods yield the best predictions; however, they are time consuming
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(b)
Fig. 3.13 Photomicrographs of typical transverse sections of unidirectional composites.
(a) Silicon carbide/glass ceramic (SiC/CAS); average fiber diameter 15 pm; fiber volume
ratio, V¢=10.40. (b) Carbon/epoxy (AS4/3501-6); fiber diameter 8 wm; fiber volume
ratio, Vy=0.70.

and they do not yield closed form expressions. Results are usually presented in
the form of families of curves.*>

In the self-consistent field approach a simplified composite model is con-
sidered consisting of a typical fiber surrounded by a cylindrical matrix phase.
This composite element is considered embedded in a larger (infinite), homo-
geneous medium whose properties are identical to the average properties of the
composite material. Classical elasticity theory has been used to obtain closed
form solutions for the various elastic constants of the composite.5” This
approach, because of the gross geometric simplifications involved, neglects
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interaction effects between fibers and as a result tends to underestimate com-
posite properties for higher fiber volume ratios.

Variational methods based on energy principles have been developed to
establish bounds on effective properties.®® The bounds are close to each other
in the case of longitudinal properties (E;, v;»), but they can be far apart in the
case of transverse and shear properties (£, G12).

Semi-empirical relationships have been developed to circumvent the diffi-
culties with the theoretical approaches above and to facilitate computation.10
The so-called Halpin—Tsai relationships have a consistent form for all properties
and represent an attempt at judicious interpolation between the series and paral-
lel models used in the mechanics of materials approach or between the upper
and lower bounds of the variational approach. This is expressed in terms of a
parameter £, which is a measure of the reinforcing efficiency (or load transfer)
and is determined with the aid of experiment.

The micromechanics of load transfer and the correlation between constituent
properties and average composite properties must be ultimately verified exper-
imentally. Photoelastic models have proven useful in illustrating stress transfer
and determining local stress distributions and stress concentrations for com-
posites of various constituents and various geometric parameters.“ '

Micromechanics of composites in general and the various methods discussed
above have been discussed extensively in the literature. Here, only simplified
approaches and final expressions are given for determination of the basic elastic
properties of the lamina.

3.8.2 Longiiudinal Properties

Properties related to loading in the fiber direction, E; and vy, are dominated
by the fibers that are usually stronger, stiffer, and have a lower ultimate strain.
All predictions in this case and experimental results are very close to the rule
of mixtures prediction. The longitudinal modulus is given by

Ey=V;Ejp+ Vp En (3.92)

where Ej; and E,, are longitudinal fiber and matrix moduli, respectively and V;
and V,, are the fiber and matrix volume ratios, respectively. In the relation above
it is assumed that the fiber can be anisotropic with different properties in the
axial and transverse (radial) directions and that the matrix is isotropic. The rule
of mixtures prediction for the major (longitudinal) Poisson’s ratio is also very
close to all other predictions and experimental results and is given by a simi-
lar relation

Vip = Vf Viof + Vm VYin (393)
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where vy, is the longitudinal Poisson’s ratio of the fiber and v, is Poisson’s
ratio of the matrix.

3.8.3 Transverse Modulus

In the case of transverse normal loading, the state of stress in the matrix sur-
rounding the fibers is complex and more affected by interaction from neighbor-
ing fibers. The transverse modulus is a matrix-dominated property and sensitive
to the local state of stress. Approaches that are based on assumptions of simpli-
fied stress distributions do not yield accurate results.

In the mechanics of materials approach the fibers and matrix are assumed
to be under uniform stress. The composite is represented by a series model of
matrix and fiber elements yielding the following relation for transverse modulus:

1 V.V,
2oy (3.94)
E, Ey E,
or
EyE
E, Ay m (3.95)

Vi Ep + Vi Eyy

where E; is the transverse modulus of the fiber. The matrix modulus E,, in
Egs. (3.94) and (3.95) is usually replaced by

L

= 2
1-v;

E. (3.96)

where v, is Poisson’s ratio of the matrix. This accounts for the constraint
imposed on the matrix by the fibers in the fiber direction. Thus Eq. (3.95) is
modified as follows:

Ey E;
B, =— 2 m (3.97)
2T ViE, + Vy By

The mechanics of materials prediction above tends to underestimate the trans-
verse modulus.

The self-consistent field model and the variational bounding method yield
complex expressions for transverse modulus in terms of other properties, such
as bulk modulus and transverse shear modulus.>?

The Halpin—Tsai semi-empirical relationship is a practical one, once the right
choice is made for the parameter &.'°
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1+ V.
E,=E, ____M_f (3.98)
1- M1 Vf
where
E21_‘ - Em

M Ty + & Ey

and £, is the reinforcing efficiency factor for transverse loading. The prediction
above tends to agree with experimental results for values of & between 1 and
2. If a reliable experimental value of E; is available for a composite, then the
value of £, can be obtained by using Eq. (3.98) and can be used to predict E,
for a wide range of fiber volume ratios of the same composite. The variation
of transverse modulus as a function of fiber volume ratio for several composite
materials obtained by the relation above is shown in Figure 3.14. Similar results
have been obtained by Adams and Doner* using numerical methods.

3.8.4 In-Plane Shear Modulus

The behavior of unidirectional composites under in-plane (longitudinal) shear
loading is also dominated by the matrix properties and the local stress distri-

12

Material m=Eq /E, m=120
10 7

Boron/epoxy 120

E-glass/epoxy 20
g 4 Boron/aluminum 6

* SiC/aluminum 5
Carbon/epoxy 4.3
Kevlar/epoxy 2

SiC/CAS 1.85

Modulus ratio, E 2/Em
[e)]

0 T T T T
0 0.2 0.4 0.6 0.8 1.0

Fiber volume ratio, V;

Fig. 3.14 Transverse modulus of unidirectional composites as a function of fiber vol-
ume ratio (Halpin-Tsai equations?).
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butions. The mechanics of materials approach uses a series model under uniform
stress and yields the following relation:

1 VeV,
BLEN /i 3
Ga-Ga G (3.99)
or
G2 G
Gp= i om (3.100)

B Vf Gm + Vm G12f

where G, and G, are the shear moduli of the fiber and matrix, respectively.
As in the case of transverse modulus, this approach tends to underestimate the
in-plane shear modulus.

The Halpin—Tsai semi-empirical relation in this case is

+
1
Grp = Gy 22 Vs (3.101)
1—my Vs
where
14
Material m = Gygf /Gy
127 m = 130
Boron/epoxy. 130
E E-glass/epoxy 23
(\DN 107 Carbon/epoxy 22
o8 Kevlar/epoxy 16
- 81 Boron/aluminum 6.4 m =23
2 SiC/aluminum 5.5 m=16
o SiC/CAS 1.75
n 6 7
=
3
3 ]
s 4
2 -1
0 T T T T T T T T
0 0.2 0.4 0.6 0.8 1.0

Fiber Volume ratio, Vi

Fig. 3.15 In-plane shear modulus of unidirectional composites as a function of fiber
volume ratio. (From Adams and Doner).



76 Engineering Mechanics of Composite Materials

o = G12 - Gm
JA b M
“ Gyt £ Gn

and &, = reinforcing efficiency factor for in-plane shear.
Best agreement with experimental results has been found for & =1. For
£, =1, the relation in Eq. (3.101) becomes

Gu=G (Giop + Gp) + Vi (Gros— G

. 3.102
(Grag + Go) = V; (Grog— G (3.102)

This expression is identical to that derived by the self-consistent field model
and to the lower bound of the variational approach. The variation of in-plane
shear modulus as a function of fiber volume ratio for several composite materials
obtained from numerical results by Adams and Doner” is shown in Figure 3.15.
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PROBLEMS

3.1

3.2

3.3

34

3.5

3.6

3.7

3.8

3.9

Derive relations in Egs. (3.52) and (3.53) from Egs. (3.18), (3.48), (3.50),
and (3.51).

Assuming that the stiffness and compliance matrices are positive definite,
i.e., they have positive principal values (C;;, Cyy Ci33 > 0), and using

Eqgs. (3.48) to (3.53), prove that Poisson’s ratios of an orthotropic material
must satisfy the condition

E\2
oyl < (EJ’> G4,j=1,2,3)
Derive transformation relations for Q,,, Q., Q. and O (Eq. 3.67).
Derive transformation relation for E, (Eq. 3.81).

Derive transformation relation for G, (Eq. 3.81).

Derive transformation relation for v,, (Eq. 3.81).

Derive transformation relation for m,, (Eq. 3.81).

Show that the transformed stiffness Q.. can be expressed in the form

Q.. =U; + U, cos28 + U; cosd4d

Determine U,;, U,, and Us, and show that they are invariants, i.e., inde-
pendent of orientation of coordinate axes.

Using the equations of stiffness transformation, prove that the quantity

011 + O + 20, is an invariant, i.e., it is independent of axes orien-
tation, by showing that

Owe + Oyy +20,=011 + Q22 + 2012

for any angle 6 between the fiber direction and the reference axes.
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3.10

3.11

3.12

3.13

3.14

3.15

Engineering Mechanics of Composite Materials

Write stress—strain relations for a unidirectional lamina in terms of engi-
neering constants referred to an arbitrary coordinate system (x,y).

A specimen is made by joining along one edge two unidirectional laminae
at 0° and 45° to the loading axis, as shown below. How is the specimen
going to deform in the transverse direction (a, b, or ¢) for a material of
the following properties? Prove your answer by numerical computation.
E, = 145 GPa (21 Msi)
E, = 10.4 GPa (1.5 Msi)
Gy, = 7.6 GPa (1.1 Msi)

Vi = 0.28

(b)

Knowing E|, E,, v12 and (E)e=45° (modulus at 45° to the fiber direction),
determine G5, first exactly and then using approximation for high stiff-
ness Composites.

Knowing E;, E, Gi,, and vy, for a unidirectional lamina, determine
(Vay)o—ase, first exactly and then using approximation for high stiffness
composites. Compare numerical values for a carbon—epoxy material hav-
ing the following properties:

E, =145 GPa (21 Msi), E, = 10.45 GPa (1.5 Msi),
G12 =6.9 GPa (10 Msi), V92 = 0.28

Compare exact and approximate values of Young’s modulus at 45° with
the fiber direction for the material of problem 3.13.

Compare exact and approximate values of the shear modulus (Gy)e=45°
for the material of problem 3.13.
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3.16

3.17

3.18

3.19

3.20

3.21

3.22

3.23

Compare exact and approximate values of (1,,)e—qs- fOr the material of
problem 3.13.

Find a general expression for the coupling coefficient v, for a unidirec-
tional composite with fiber orientation 6 = 45° in terms of lamina proper-
ties. Then, obtain an approximate expression for a high stiffness com-
posite. Is m,, a fiber-dominated or matrix-dominated property?

Determine Poisson’s ratio v,, at angle 8 =30° with the fiber direction
for a material with the following properties:

E1/E2 = 3, GIZ/EZ = 0.5 and Viz = 0.25

A unidirectional lamina is characterized by determining E, and E,. Sub-
sequently, it is loaded at an angle 6 = 30° with the fibers and the modulus
(E,)e=30- is determined. Obtain a relationship for the modulus (E,)e—ys-
in terms of E;, E, and (E,)g=30e.

A unidirectional lamina is loaded at.angles 8 =30° and 60° with the
fiber direction and the corresponding moduli (E,)g=a3¢- and (E,)e=gg- are
obtained. Determine a relationship between these two moduli and E, and
E,. Find an approximate expression for F, in terms of (E,)g-30- and
(E)e=c0- for a high stiffness composite (E; >> E,).

A woven carbon/epoxy composite has identical moduli and Poisson’s
ratios in the warp and fill directions, E; = E, and v;, = v,; = 0.02. Deter-
mine the maximum values of Poisson’s ratio, (V,,)max, Shear coupling
coefficient, (Mg)max and the corresponding angles 8 with the principal
directions.

Determine the extreme values of the shear coupling coefficient m,, and
corresponding angles with the principal directions for a woven-
glass/epoxy composite with the following properties:

E, =15.8 GPa (2.3 Msi)
E, =12.9 GPa (1.9 Msi)
Gy = 2.7 GPa (0.4 Msi)
v, =0.16

Using the transformation relation for E, in Eq. (3.81), determine its
maximum and minimum values (by using derivatives of E, with respect
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to ). Prove that E, can have a maximum value for some value of 6
(0 < 8 < 90°) when

Go>—C1
127201 + vpp)

(This means that for some orthotropic materials, the off-axis modulus E,

can be higher than E;.)

3.24 Using the same procedure as in the preceding problem, prove that E, can
have a minimum value for some value of 8 (0° <8 < 90°) when

E,
Go <o
2 T2(EVEY) + vio
(This means that for some orthotropic materials, the off-axis modulus E,
can be lower than E;.)

3.25 Using the same procedure as in Problem 3.23, prove that E, attains its
maximum value E; at 8 =0° and its minimum value E, at 6 =90° when

B
2[(E\/E;) + v12]

2(1 + vyo)

326 A unidirectional lamina is loaded under a uniaxial stress oy = 0g, and
principal strains €; and €, are measured. Compute transverse strain € of
the same lamina loaded under equal biaxial normal stresses o'y =02 = 0o
as a function of €; and €, obtained before and the modulus ratio

kE= EI/EZ'
2 ;= Gg
{\ \ t
& £
O, ~— <—t»c, > 0,=0 O »-G1 = Cp
> 1 ‘ 1
G.

2

3.27 For a unidirectional lamina loaded in pure shear To at 45° with the fiber
direction, obtain expressions for the three strain components €, €, and
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¥s as a function of the basic engineering properties E|, Es, G, v,
(and/or v,1), and the shear stress 7y. Obtain first the exact relations and
then the approximate ones for a high stiffness composite.

To <

3.28 An off-axis unidirectional lamina is loaded as shown and the strain €, in
the x-direction is measured with a strain gage.
a. Find an expression for the shear coupling coefficient m,, in terms of
E,, Gy G Ty and the measured strain e,.
b. Determine the shear strain vy, for the following values:
€, =2x 107 m/m
E, = 58.7 GPa (8.5 Msi)
G, = 9.7 GPa (1.4 Msi)
o, = 193 MPa (28 ksi)

T, = 48.3 MPa (7 ksi)

X
T, -

3.29 An off-axis unidirectional lamina is loaded under biaxial normal loading
along the x- and y-axes. Find an expression for the ratio of the two normal
stresses, k = 0/, such that there is no shear deformation in the lamina.
Obtain first an exact expression and then an approximate one for a high
stiffness composite, with £, =2Gy,.



3.30

3.31

3.32

Engineering Mechanics of Composite Materials

An off-axis unidirectional lamina is loaded as shown under uniaxial ten-
sion and in-plane shear at an angle to the fiber direction. Express the
normal strains €, and €, in terms of the engineering properties (£, Ej,
Gy Vayr Vyro M Ty M Nay)- What relation must the engineering
properties satisfy, so that for a certain ratio of o./7, the material behaves
as an infinitely rigid one, i.e., €, = €,=0? What is the stress ratio o,/7,
in that case?

A
|
=

@

For the same lamina and loading of Problem 3.30

a. Determine the ratio k = 1/o, in terms of the off-axis engineering con-
stants (Ey, Ey, Gy Viys Vyor N Nys> Mo ms,) for which the shear
strain y, = 0.

b. What relationship must the engineering constants satisfy in order that
e, =0 for the above loading ratio?

c. For the same loading ratio, under what condition is €, =07

A unidirectional lamina is loaded as shown, first under biaxial normal
loading ¢, and o, and then under pure shear 7, both at the same angle
8 with the fiber direction.

The strains produced by the first (biaxial) loading are e, e;* and v2; the
strains produced by the second (shear) loading are €, e‘; and 3. Develop
expressions for eAy and y? in terms of o, oy, e, T, e, €.§, E, and E,.
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y o, y
A T 'y .
-~
o, 4———/ L O /
i Z
! |

3.33 Two cylindrical pressure vessels made of the same unidirectional lamina
but with different fiber orientations were loaded as shown and gave the
following strain readings:

Cylinder A

Cos B
p X

144/

Diameter: D = 100 mm

Thickness: h = 5 mm

Hoop wound (i.e., fibers in circumferential direction)
Internal pressure: p = 20 MPa

Measured strains: €, = 8 X 10‘3, €, = € =2.75 X 1073
Cylinder B

Diameter: D = 100 mm

Thickness: h = 5 mm

Helically wound at 8 = 45°

Axial load: P = 147 kN

Measured strain: €, = 7 X 107

Assuming v, = 0.3, determine lamina moduli E;, E;, Gy,.

3.34 Determine the transverse modulus E, of a carbon/epoxy composite with
the following properties:



84 Engineering Mechanics of Composite Materials

E,r=14.8 GPa (2.15 Msi)
E,, =3.45 GPa (0.5 Msi)
v, = 0.36

Vy=0.65

using the mechanics of materials approach and the Halpin—Tsai relation-
ship with &, = 1.

3.35 Determine the transverse modulus E, of .silicon carbide/aluminum
(S1C/Al) composite with the properties
E,r= 366 GPa (53 Msi)
E,, = 69 GPa (10 Msi)
v, =033
V=040

using the mechanics of materials approach and the Halpin—Tsai relation-
ship with &; =2.

3.36 Determine the in-plane shear modulus G, of a glass/epoxy composite
with the properties
Gr=28.3 GPa (4.10 Msi)
G,, = 1270 MPa (184 ksi)

using the mechanics of materials approach and the Halpin—Tsai relation-
ship with &, = 1.



Chapter 4

Strength of Unidirectional
Lamina

4.1 Micromechanics of Failure; Failure Mechanisms

In the preceding chapter, the elastic behavior of the lamina was discussed
primarily from a macroscopic point of view with only a brief review of the
micromechanical relationships between lamina and constituent properties. In the
case of failure phenomena and strength of a lamina, it is important to understand
first the underlying failure mechanisms and processes within the constituents of
the composite and their effect on the ultimate macroscopic behavior (see Sect.
2.6). For this reason, the micromechanics of failure is dealt with here in more
detail and with more emphasis than was the micromechanics of elastic behavior
in Chapter 3 and precedes the macromechanical discussion.

The failure mechanisms and processes on a micromechanical scale vary with
type of loading and are intimately related to the properties of the constituents,
i.e., fiber, matrix, and interface—interphase. These processes and predictions of
macroscopic strength are discussed below for various types of loading.

4.1.1 Longitudinal Tension

Under longitudinal tension, the phase with the lower ultimate strain will fail first.
For perfectly bonded fibers, the average longitudinal stress in the composite, oy,
is given by the rule of mixtures as

oy=0; Vit 0, Vy 4.1)

85
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where

o, O,y = Average longitudinal stresses in the fiber and matrix, respectively

V¢, V,, = fiber and matrix volume ratios, respectively

Under the simple deterministic assumption of uniform strengths, two cases are
distinguished depending on the relative magnitudes of the ultimate tensile strains
of the constituents.

In the case in which the ultimate tensile strain of the fiber is lower than that
of the matrix, i.e., when

€ < €y 4.2)
the composite will fail when its longitudinal strain reaches the ultimate tensile

strain in the fiber (Fig. 4.1). Then, the longitudinal tensile strength of the com-
posite can be approximated by the relation

Fau=FpVy+ 0V (43)
where
A
Fol-==—=—======-- Fiber

@ Fyl-mm---- ---- Composite

o ’

- 7

n

Matrix

I TR * SRR

\

m
2
m
3
ES

Strain

Fig. 4.1 Longitudinal stress—strain curves for composite and constituents for case of
fiber-dominated strength (e;<€,).
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F|, = Longitudinal composite tensile strength
Fj = Longitudinal fiber tensile strength
g, = Average longitudinal matrix stress

when ultimate fiber strain is reached.
Assuming linear elastic behavior for the constituents, Eq. (4.3) is written as

F“EFﬂ Vf+ Em G;; Vm
E,
Ef

For composites with very stiff fibers, i.e., when E,>> E,,, and reasonable
values of V the above relation can be further simplified as

Fi,=F,V, (4.5)

When the ultimate tensile strain of the matrix is lower than that of the fiber,
i.e., when

€me < € (4.6)
the composite fails when its longitudinal strain reaches the ultimate tensile strain
of the matrix (Fig. 4.2). Then the longitudinal tensile strength of the composite
can be approximated by the relation

Fltg U}‘Vf'}‘ Fmt Vm (4.7)

which can be further approximated as

E
Fi,=Fp, (Vfl—gi + Vm) (4.8)

where

F,,. = Matrix tensile strength

o} = Longitudinal fiber stress when ultimate matrix strain is reached

The results above do not take into consideration the statistical distribution
of fiber and matrix strengths. In the case of fiber-dominated strength, for exam-
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Fig. 4.2 Longitudinal stress—strain curves for composite and constituents for case of
matrix-dominated strength (e}, <€j).

ple, fiber strength varies from point to point and from fiber to fiber. Not all
fibers fail simultaneously, but isolated single fiber breaks (singlets) occur at
weak points. A nonuniform state of stress is developed around the fiber break
(Fig. 4.3).! An interfacial shear stress results with a high peak near the fiber
break and helps transfer the stress to the broken fiber. The stress transmitted
by the fiber is zero at the break but increases gradually to the far-field value at
some characteristic distance, d, from the break. This is the same distance at
which the interfacial shear stress drops to zero. The effect of the fiber break on
adjacent fibers is a local increase in both fiber stress and interfacial shear stress.
The net effect of a single fiber break is to reduce the load-carrying fiber length
by the ineffective length 23.

Depending on the properties of the constituents, these initial fiber breaks
produce different types of failure in their vicinity (Fig. 4.4).% These failure mech-
anisms take the following forms: (/) transverse matrix cracking in composites
with a brittle matrix and a relatively strong interface, (2) fiber matrix debonding
in the case of a relatively weak interface and/or relatively high ultimate fiber
strain, and (3) conical shear fractures in matrix in the case of a relatively ductile
matrix and a strong interface. In most cases the damage is localized and arrested
by the adjacent fibers. The net effect of this localized damage is to increase the
ineffective length of the fiber.

As the load increases the single fiber breaks increase in density and interact
to produce adjacent fiber breaks (e.g., doublets, triplets) (Fig. 4.5). These
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T
Interfacial
shear stress

X

Axial stress
in fiber

Fig. 4.3 Local stress distributions around a fiber break in a unidirectional composite
under longitudinal tension.

localized failures interact and eventually coalesce to produce catastrophic fail-
ure. The exact sequence of events and the final failure pattern vary with constitu-
ent properties and the fiber volume ratio. Typical failure patterns under longi-
tudinal tension are shown in Figure 4.6 for two composite materials,
boron/epoxy and S-glass/epoxy. The boron/epoxy shows more brittle failure and
limited fiber/matrix debonding, whereas the glass/epoxy shows extensive
interfacial debonding associated with the relatively high ultimate strain of the
glass fiber. These results can be incorporated into a statistical analysis to yield
the overall composite strength in terms of the fiber volume ratio and the para-
meters of the statistical distribution of fiber strengths.!

In the case of brittle-matrix composites, such as ceramic/matrix composites,
the failure strain of the matrix is usually lower than that of the fibers and damage
initiates with the development of multiple matrix cracks analogous to the fiber
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Fig. 44 Failure mechanisms around single fiber break in unidirectional composite
under longitudinal tension. (a) Transverse matrix cracking for brittle matrix and relatively
strong interface. (b) Fiber-matrix debonding for relatively weak interface and/or rela-

tively high fiber ultimate strain. (¢) Conical shear fractures in relatively ductile matrix. .

breaks discussed before (Fig. 4.7). These cracks produce local stress distri-
butions with high interfacial shear stresses and increased tensile stress in adja-
cent fibers. These cracks are accompanied or followed by fiber/matrix debond-
ing and fiber breaks. A typical fractograph of such a failure in a silicon
carbide/glass ceramic composite is shown in Figure 4.8. It shows clearly the
transverse matrix crack, fiber breaks, and fiber pullout. Analysis of stresses and
failure mechanisms of such composites provides predictions of longitudinal ten-
sile strength as a function of material and geometric parameters.?

4.1.2 Longitudinal Compression

Under longitudinal compression, failure is assumed to be associated with
microbuckling or kinking of the fibers within the matrix (Figs. 4.9, 4.10). At
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I i I

Fig.4.5 Failure sequence in unidirectional composite with fiber-dominated strength
under longitudinal tensile loading.

low values of fiber volume ratio, the extensional or out-of-phase mode of
microbuckling is predicted with a compressive strength:*
E. E. V]2
F,. =2 om=f'F 4.
1c =2V [ 3(1-V) jl 4.9
At higher values of V; the shear or in-phase mode is predicted with a compres-
sive strength:*

Gom

Fy. =
le I—Vf

(4.10)

Tensile and compressive stresses in a fiber due to in-phase buckling lead to
the formation of kink zones, which can cause pronounced deformation in ductile
fibers such as aramid or fracture planes in brittle fibers such as carbon (Fig.
4.10). Figures 4.11 and 4.12 show typical fractographs of unidirectional
carbon/epoxy loaded in longitudinal compression. Figure 4.12a shows the
stepped nature of the macroscopic failure surface resulting from microbuckling,
kinking, and fiber fractures.’ Figure 4.12b shows an enlarged view of the same
fracture surface showing cracking of the fibers in the direction normal to the
axis of microbuckling. As the fiber volume ratio increases, debonding precedes
in-phase microbuckling and failure results from the three-dimensional state of
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Fig. 4.6 Typical failure patterns of unidirectional composites under longitudinal ten-
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Fig. 4.7 Matrix cracking and local stress distributions in unidirectional brittle matrix
composite under longitudinal tension.

stress. At the highest values of V; for well-aligned fibers one may encounter
pure compressive failure, which can be related to shear failure of the fibers.

Another failure mode more likely for the case of high fiber volume ratios
is the shear mode governed by the shear strength of the fiber (Fig. 4.13). The
predicted strength based on this mode is

E
1c=2F6f{Vf‘*‘ 1-Vp Fﬂ (4.11)
where F; is the shear strength of the fiber.
4.1.3 Transverse Tension

The most critical loading of a unidirectional composite is transverse tensile load-
ing. This type of loading results in high stress and strain concentrations in the



Fig. 4.8 Scanning electron microscope (SEM) fractograph of longitudinal tensile failure
in silicon carbide/glass ceramic (SiC/CAS) composite.

l :

() (b)

Fig. 4.9 Microbuckling modes in a unidirectional composite under longitudinal com-
pression. (a) Out-of-phase or extensional mode. (b) In-phase or shear mode.
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Microbuckling Ductile fibers  Brittle fibers

Fig. 4.10 Microbuckling leading to formation of kink zones with excessive deformation
or fracture planes for ductile or brittle fibers, respectively.

Fig. 4.11 Kink band in unidirectional IM6/3501-6 carbon/epoxy under longitudinal
compressive loading.

matrix and interface/interphase. Stress distributions around the fiber can be
obtained analytically by finite element, finite difference, complex variable, or
boundary element methods and experimentaily by means of two- and three-
dimensional photoelastic models. The critical stresses and strains usually occur
at the fiber/matrix interface.

The peak stress in the matrix for a square array is the axial stress at the
interface along the loading direction (Fig. 4.14) The stress concentration factor,



96 Engineering Mechanics of Composite Materials

(b)
Fig.4.12 Fractograph of carbon/epoxy composite under longitudinal compression.’

(a) Stepped macroscopic fracture surface resulting from microbuckling and kinking.
(b) Arrow indicates direction of crack propagation normal to microbuckling axis A-A.

defined as the ratio of this peak stress to the applied average stress, is shown
in Figue 4.15 as a function of fiber volume ratio for three typical composites.
Results shown were obtained by finite difference® and photoelastic’ methods.
The boron/epoxy material with a fiber to matrix modulus ratio of 120 represents
one of the most severe cases. In most other cases the values of stress concen-
tration are lower.

A more characteristic quantity for a transversely loaded composite is the
strain concentration factor that is related to the stress concentration factor as fol-
lows:’

€max _ (@) (1+v,)(1-2v,) @12)

En 1—-v,
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Fig.4.13 Shear failure mode of unidirectional composite under longitudinal com-

pression.
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o= Stress concentration factor

k
Fig. 4.14 Local stresses in transversely loaded unidirectional composite.
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Fig. 4.15 Stress concentration in matrix of unidirectional composites with square fiber
array under transverse tension.

where €,,.; and €, are the maximum and average strains, respectively and v,
the matrix Poisson’s ratio. In the expression above it was assumed that the fibers
are much stiffer than and perfectly bonded to the matrix. The variation of the
strain concentration factor with fiber volume ratio for a boron/epoxy composite
is shown in Figure 4.16. It is shown how it increases sharply for fiber volume
ratios over 0.5.
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Fig. 4.16 Strain concentration factor in matrix of unidirectional boron/epoxy composite
under transverse tension.
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In predicting failure of a transversely loaded composite, the residual stresses
and strains due to curing of the matrix, or thermal stresses and strains due to
thermal expansion mismatch, must be taken into account. Assuming a maximum
tensile stress or strain failure criterion and linear elastic behavior to failure for
the matrix, one can predict the following transverse tensile strength for a uni-
directional composite

FZ! = (Fmt - 0-r'm) ’ (413)

1
ks
for the maximum tensile stress criterion, and

1-v,

Tk, (L v (1-2,)

F2t (Fmt ~€m Em) (414)

for the maximum tensile strain criterion with very stiff perfectly bonded fibers,
where o,, and €,, are the radial (maximum) residual stress and residual
strain, respectively.

This prediction is based on a local deterministic failure criterion at a point.
In reality, as in the case of longitudinal tensile loading, failure takes the form
of isolated interfacial microcracks increasing in number with loading and finally
coalescing into a catastrophic macrocrack (Fig. 4.17). Typical failure patterns
under transverse tension are shown in Figure 4.18 for two composite materials,
carbon/high modulus epoxy and carbon/polyimide. Typical fractographs of
transverse tensile failure are shown in Figures 4.19, 4.20, and 4.21.

4.1.4 Transverse Compression

Under transverse compression a unidirectional composite may fail under a num-
ber of failure mechanisms. The high compressive stress concentration at the
interface may cause compressive failure in the matrix and/or fiber crushing. The
predicted composite strength for this failure mechanism is

Fy =-me _Im (4.15)

where F,,. is the compressive strength of the matrix and o,,, is the maximum
residual radial stress at the interface. High interfacial shear stresses may cause
matrix shear failure and/or debonding leading to an overall shear failure mode,
as illustrated schematically in Figure 4.22.
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Fig. 4.17 Progressive microcracking leading to ultimate failure in undirectional com-
posite under transverse tension.

4.1.5 In-Plane Shear

Under in-plane shear, as illustrated in Figure 4.23, a high shear stress concen-
tration develops at the fiber-matrix interface. The variation of the shear stress
concentration factor with material and fiber volume ratio has been obtained by
a finite difference procedure.” The high shear stress at the interface can cause
shear failure in the matrix and/or fiber-matrix debonding (Fig. 4.23). Figure 4.24
shows the failure pattern of a carbon/epoxy composite under in-plane shear. The
in-plane shear strength of the composite based on matrix shear failure can be
predicted as

(4.16)

where F, is the matrix shear strength and k, the shear stress concentration
factor.



Carbon/high modulus epoxy Carbon/polyimide

Fig.4.18 Typical failure patterns of unidirectional composites under transverse tension.

101



102 Engineering Mechanics of Composite Materials

&

Fig. 4.19 Scanning electron microscope (SEM) fractograph of transverse tensile failure
in E-glass/epoxy composite (brittle matrix).®

4.2 Macromechanical Strength Parameters

As discussed before, the failure mechanisms vary greatly with material proper-
ties and type of loading. Strength predictions are based on micromechanical
analyses and point failure criteria. Even when the predictions are accurate with
regard to failure initiation at critical points, they are only approximate as far as
global failure of the lamina is concerned. Furthermore, the possible interaction
of failure mechanisms makes it difficult to obtain reliable strength predictions
under a general type of loading. For these reasons, a macromechanical or
phenomenological approach to failure analysis may be preferable.

From the macromechanical point of view, the strength of a lamina is an
anisotropic property, i.e., it varies with orientation. It is desirable, for example,
to correlate the strength along an arbitrary direction to some basic strength para-
meters. A lamina may be characterized by a number of basic strength parameters
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Fig. 4.20 Scanning electron microscope (SEM) fractograph of transverse tensile failure
in E-glass/epoxy composite (ductile matrix).?

referred to its principal material directions in a manner analogous to the stiffness
parameters defined before. For in-plane loading, a lamina may be characterized
by five strength parameters, as listed in Figure 4.25. All strength parameters
are used in their absolute numerical values.

This characterization recognizes the fact that most composite materials have
different strengths in tension and compression. No distinction is necessary
between positive and negative shear strength as long as it is referred to the
principal material directions. This is illustrated in Figure 4.26 where a unidirec-
tional lamina is subjected to positive and negative shear stress according to the
sign convention used in mechanics of materials. As can be observed, both cases
are equivalent to equal tensile and compressive normal loading at 45° with the
fiber direction. Thus the sign of the shear stress is immaterial. The shear strength
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Fig.4.21 Scanning electron microscope (SEM) fractograph of transverse tensile failure
in silicon carbide/glass ceramic (SiC/CAS) composite.

referred to the principal material directions does not depend on the difference
between tensile and compressive strengths of the material.

However, this is not the case when the shear stress is applied at an angl
with the principal material directions. Figure 4.27 shows an example of a lamina
loaded in shear at 45° with the fiber direction. As can be observed, positive
shear stress corresponds to a tensile stress in the fiber direction and an equal
compressive stress in the transverse to the fiber direction, whereas negative
shear stress corresponds to a compressive stress in the fiber direction and an
equal tensile stress in the transverse direction. Since most composites have dif-
ferent tensile and compressive strengths and they are weakest in transverse ten-
sion, it follows that in this case the lamina would be stronger under positive
shear.

¢}



Fig. 4.22 Shear failure mode in unidirectional composite under transverse compression.
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Fig. 4.23 Failure mode of unidirectional composite under in—plﬁne shear.
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Fig. 4.24 Failure pattern of unidirectional carbon/epoxy composite under in-plane shear
(10° off-axis specimen loaded in axial tension).

Four additional lamina strength parameters, which are relevant in three-
dimensional analysis, are the out-of-plane or interlaminar tensile, compressive,
and shear strengths, F3, F3,, Fa3, and F}3. For transversely isotropic composites,
with the 2-3 as the plane of isotropy, Fa, = Fy,, F3. = Fy, and Fi3 = Fp = Fg.

Given a state of stress, the principal stresses and their directions are obtained
by stress transformation that is independent of material properties. The principal
strains and their directions are obtained by using the appropriate anisotropic
stress—strain relations and strain transformation. In general, the principal stress,
principal strain, and material symmetry directions do not coincide. Since
strength varies with orientation, maximum stress alone is not the critical factor
in failure. Anisotropic failure theories are needed that take into account both
the stress and strength variation with orientation.

4.3 Macromechanical Failure Theories

Failure criteria for homogeneous isotropic materials, such as maximum normal
stress (Rankine), maximum shear stress (Tresca), maximum distortional energy
(von Mises), and so forth, are well established. Macromechanical failure theories
for composites have been proposed by extending and adapting isotropic failure
theories to account for the anisotropy in stiffness and strength of the composite.
Surveys of anisotropic failure theories have been given by Sandhu'® and Owen
and Rice.!' More than forty such theories have been proposed in recent years.
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Longitudinal Tensile Strength, F,,

Longitudinal Compressive Strength, F,

Transverse Tensile Strength, F,

Transverse Compressive Strength, F,_

In-Plane (or Intralaminar) Shear Strength, Fy,or Fg

[ E—

Fig. 4.25 Basic strength parameters of unidirectional lamina.

Almost all of them are based on assumptions of homogeneity and linear stress—
strain behavior to failure. All theories can be expressed in terms of the basic
strength parameters referred to the principal material axes (Fig. 4.25). Some
theories do not account for interaction of stress components while others do so to
varying degrees. Some interaction theories require additional strength properties
obtained by biaxial testing.

Of all failure theories available, the following four are considered representa-
tive and are more widely used:
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Fig. 4.26 Positive and negative shear stress acting along principal material directions.

1. Maximum stress theory.

2. Maximum strain theory.

3. Deviatoric strain energy theory for anisotropic materials (Tsai—Hill).
4. Interactive tensor polynomial theory (Tsai—-Wu).

4.4 Maximum Stress Theory
According to the maximum stress theory, failure occurs when at least one stress

component along one of the principal material axes exceeds the corresponding
strength in that direction. The stresses acting on a lamina are resolved along
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Fig. 4.27 Positive and negative shear stress acting at 45° with principal material direc-
tions.

the principal material axes (o, 05, 7¢), and the failure condition is expressed
in the form of three subcriteria:

Fi,when o, >0
= 4.1
o1 {—Flc when o, <0 (4.172)
Fy,when o0,>0
= 4.1
72 {‘cm when o, <0 (4.170)
6l = F (4.17¢)

For a two-dimensional state of stress with 7 = 0, the failure envelope takes
the form of a rectangle as shown in Figure 4.28.
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¥ !

Fig.4.28 Failure envelope for unidirectional lamina under biaxial normal loading
(maximum stress theory).

In the more general case, the stresses are transformed along the principal
material axes, and each stress component is related to the corresponding strength
parameter. Consider, for example, the case of uniaxial loading of an off-axis
lamina (Fig. 4.29). The stress components along the principal material axes are

0| =0, cos20
0, = 0, 5in0 , (4.18)
Tg = — O, Sind cosd
By equating the stress components in Eq. (4.18) with the corresponding
strengths, we obtain the following ultimate values of o, ie., the off-axis

strength F:
when o, >0

" V—’ Ox
—— X

Fig. 4.29 Uniaxial loading of off-axis unidirectional lamina.
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Fy,

Fo= o520 (4.19a)

Fy= siéte (4.19b)

Fou= ;{1% (4.19¢c)
and when o, <0

Fo= Cfslzce (4.20a)

e = :;2;9 (4.20b)

xc = ﬁ:&@ (4.20c)

It should be noted that in the case of shear stress and strength referred to the
principal material axes, the sign of the shear stress is immaterial and only absol-
ute values need be used.

Using the strength properties of a material such as E-glass/epoxy from Table
2.6, one can obtain the variation of lamina strength as a function of fiber orien-
tation (Fig. 4.30). By taking the lowest values of the predicted strength, we
obtain a failure envelope for F, as a function of 6. This envelope is characterized
by cusps at the intersections of the curves for the various subcriteria. Three
regions can be identified, corresponding to three different modes of failure, fiber
failure (tensile and compressive), in-plane shear failure, and transverse normal
stress failure (tensile and compressive).

The maximum stress theory is more applicable for the brittle modes of fail-
ure of the material, closer to transverse and longitudinal tension, and does not
take into account any stress interaction under a general biaxial state of stress.

4.5 Maximum Strain Theory

According to the maximum strain theory, failure occurs when at least one of the
strain components along the principal material axes exceeds the corresponding
ultimate strain in that direction. This theory allows for some interaction of stress
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Fig. 4.30 Uniaxial strength of off-axis E-glass/epoxy unidirectional lamina as a function
of fiber orientation.

components due to Poisson’s effect. It is expressed in the form of the following
three subcriteria:

€, whene; > 0
= 4.21
“ {e‘{c whene; <0 ( 2)
€y, when €; > 0
_ 4.2
€ {egc when €, < 0 (4.210)
vel = 2lenal = v6 (4.21¢)

where €,, €,, Ve are the strain components referred to the principal material
axes and

€%, = Ultimate longitudinal tensile strain

€], = Ultimate longitudinal compressive strain
€4, = Ultimate transverse tensile strain

€4. = Ultimate transverse compressive strain

% — Ultimate in-plane shear strain
Ye P
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To apply the theory for a given general biaxial state of stress, the stress
components along the principal material axes o, 0, and T4 are first obtained
by stress transformation, and then the corresponding strain components €;, €,
and vy are obtained by means of the lamina stress—strain relations in Eq. (3.73).

ol 0>
el=E—l—vz1E‘2=E—](GI—V1202)
o5 log 1 .
€2=E“‘2—V12E1':E_2(0'2_V21 o)) (3.73 bis)
_Ts
’Y6~G12

The ultimate strains for the lamina obtained by uniaxial or pure shear testing
are related to the basic strength parameters of the lamina as follows:

P
1t El
u FlC
e — El
Fo
o P 422
€2 E, ( )
u FZC
€2c = EZ
w_ Lo
Y6 =~
12

In view of the relations in Eqgs. (3.73) and (4.22), the failure subcriteria in
Eq. (4.21) can be expressed in terms of stresses as follows:

F;, whene; >0
_ = 4.23
9171202 {— F.whene <O ( 2
F,, whene, >0
- = - 4.23b
T2= Va1 6 {~ F,. when e, <0 ( )
76l = Fs ' (4.23¢)

For a two-dimensional state of stress with T4 =0, the failure envelope takes
the form of a parallelogram with its center off the origin of the o, o, coordinate
system (Fig. 4.31).
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G1-V1202=Fy¢

02-V2101=Fz

Fpe  O2-V21071=-Fz

Gi-Viz G=-F,
Fig. 4.31 Failure envelope for unidirectional lamina under biaxial normal loading
(maximum strain theory). '

4.6 Deviatoric Strain Energy Theory (Tsai-Hill)

The deviatoric or distortional energy has been proposed by many investigators
(e.g., von Mises, Hencky, Nadai, Novozhilov) in various forms as a failure
criterion for isotropic ductile metals. For a two-dimensional state of stress
referred to the principal stress directions, the von Mises yield criterion has
the form

0%+ 03— 0y 0y = 0% (4.24)

where o, is the yield stress.
Hill'2 modified this criterion for the case of ductile metals with anisotropy
and proposed the following form:

Ao?+Bo2+Coyo,+D1e=1 (4.25)

where A, B, C, and D are material parameters characteristic of the current state
of anisotropy. The above form cannot be technically referred to as distortional
energy criterion, since distortion cannot be separated from dilatation in aniso-
tropic materials.

Azzi and Tsai'® adapted this criterion to orthotropic composite materials,
i.e., a unidirectional lamina with transverse isotropy. The parameters of Eq.
(4.25) can be related to the basic strength parameters of the lamina by con-
ducting imaginary elementary experiments as discussed previously in Section
3.6 (Figs. 3.4 and 3.5).

For uniaxial longitudinal loading to failure, ot=F,, 0,=1¢=0, Eq. (4.25)
yields

A=— (4.26)



Strength of Unidirectional Lamina 115

For uniaxial transverse loading to failure, o5 = F», o, =14 =0, Eq. (4.25) yields
2,01 =Tg q

B=— (4.27)

For in-plane shear loading to failure oy = g, =0, 76 = Fg, Eq. (4.25) yields

D= (4.28)

The superscript « in the above denotes ultimate value of stress at failure.

The remaining parameter C, accounting for interaction between normal
stresses o and o, must be determined by means of a biaxial test. Under equal
biaxial normal loading, o; = o5 # 0, 76 =0, it can be assumed that the material
follows the maximum stress criterion, i.e., failure will occur when the transverse
stress o, reaches the transverse strength value, F,, which is much lower than
the longitudinal strength F,. Equation (4.25) then yields

C=—b (429

Substituting the values of the parameters A, B, C, and D into Eq. (4.25), we
obtain the Tsai—Hill criterion

2 2
o1 0192

— 4.
2+ %+ 2 % =1 4.30)

In the above no distinction is made between tensile and compressive strengths.
However, the appropriate strength values can be used in Eq. (4.30) according
to the signs of the normal stresses o; and o,. Thus

F,,wheno; >0 ‘
= 431
Fy {Flc when oy <0 (4.312)
F,, when g, > 0
= 4.31b
s {cm when o, <0 ( )

The failure envelope described by the Tsai-Hill criterion in Eq. (4.30) is a
closed surface in the o, 05, T¢ space. Failure envelopes for constant values of
k=1¢/Fg have the form
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2 2
(o] g; 01 03

A =1 -k 4.32
F?  F3 Fi (4.32)

The above form represents four different elliptical arcs joined at the o, o, axes.

Consider, for example, the case of uniaxial off-axis loading shown in Figure
4.29. By transforming the applied stress o, along the principal material axes
(Eq. 4.18) and substituting into Eq. (4.30), we obtain the following equation for
the axial strength F, (o%=F):

1 m* at 1 1
==t ot |-z | m :
NG L«% F%}’" " @3

where m = cos and n = sin6.

In the case of advanced high strength composites the longitudinal strength
is much higher than the shear strength, i.e., F'| >> Fg. Then, Eq. (4.33) can be
approximated by the following

— (4.34)

The Tsai—Hill failure theory is expressed in terms of a single criterion instead
of the three subcriteria required in the maximum stress and maximum strain
theories. The Tsai—~Hill theory allows for considerable interaction among the
stress components o, 0, and 7. One disadvantage, however, is that it does
not distinguish directly between tensile and compressive strengths. The strength
parameters in Eq. (4.30) must be specified according to the given state of stress.

4.7 Interactive Tensor Polynomial Theory (Tsai~Wu)

The first attempt to develop a general failure theory for anisotropic materials
without the limitations of previous theories was discussed by Gol’denblat and
Kopnov.'* This theory is capable of predicting strength under general states of
stress for which no experimental data are available. It uses the concept of
strength tensors, which allows for transformation from one coordinate system
to another. It has the form of an invariant formed from stress and strain tensor
components, and, most important, it has the capability to account for the differ-
ence between tensile and compressive strengths. The proposed original form of
the criterion (in contracted notation) is
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where repeated subscripts in a term imply summation, with i, j, k=1, 2, ...,
6. The coefficients f; fi; fiy . . ., are strength tensors of second, fourth, sixth,
and higher orders and can be related to the basic strength constants of the
material. To make the criterion homogeneous, the exponents are taken as
a=1, B=1/2, and y=1/3. In its simplest form the criterion takes the form

fioy +[fyoia]?=1 (4.36)
Tsai and Wu'> proposed a modified tensor polynomial theory by assuming

the existence of a failure surface in the stress space. In contracted notation it
takes the form

fioi+foia;=1 4.37)
where f;, f;; are second and fourth order strength tensors, and i, j=1, 2, ..., 6.

In expanded form and for a plane state of stress, the Tsai-Wu criterion in Eq.
(4.37) is expressed as

2 2 2
fhioyt ooyt fots+fii 01 + faa 05 + fes 76 +
+ 2f1 01 03 + 2f16 01 Te + 226 02 T6 =1 (4.38)
The linear terms in this expression allow for the distinction between tensile and
compressive strengths. The term f;, accounts for the interaction between normal
stresses o; and o.
Since the strength of a lamina loaded under pure shear T4 along its principal

material axes (Fig. 4.26) is independent of the sign of the shear stress, all linear
terms in T¢ must vanish. Thus

fe=fie=f6=0 (4.39)
The remaining coefficients of the quadratic Tsai~Wu criterion are obtained by
applying elementary loading conditions to the lamina. Thus, for longitudinal
tensile loading to failure of = Fy,, 0, =76=0,

fiFie + fu Fi=1 (4.40)
and for longitudinal compressive loading o =—F;, 0,=7=0,

—fiFie +fit Fl.=1 (4.41)

Equations (4.40) and (4.41) yield the values of coefficients f; and f; as
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(4.42)

= (4.43)
Fu Fi Fic

Similarly, for transverse uniaxial tensile and compressive loadings we obtain
= (4.44)
foo=7——0— (4.45)

For pure shear loading to failure, 7¢ = Fg, 0y = 0, =0, we obtain

1
Jes = 7 (4.46)

The remaining coefficient f;, must be obtained by some type of biaxial
testing. Under equal biaxial normal loading, o'f = 0% = F(12), T¢ =0, we obtain

(fy + f)Fazy + (fin + fao + 2fi)Fan =1 4.47)

where F(;,y is the experimentally determined strength under equal biaxial tensile
loading (o = 0). Equation (4.47) is then solved for f;, and, using the relations
in Egs. (442) to (4.45) between f|, f5, f11, and f5, and the strength parameters,
we obtain

f _;[1 F (L L+L L) F2 ( 1 4 1 >}
27 2y, D\F, Fi.  Fy Fp) 9P \F,Fi. FyFy

(4.48)

Thus, f, is a function of the basic strength parameters plus the equal biaxial
strength F;).

Direct biaxial testing is not easy or practical to perform. An easier test pro-
ducing a biaxial state of stress is the off-axis tensile test, i.e., uniaxial loading
o, at an angle 0 with the fiber direction. For 6 =45°, Eq. (4.18) yields

1
0'1=0'2=|76|=§F45z (4.49)
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where F,s, is the off-axis tensile strength of the lamina at 45° with the fiber
direction. Substituting the above in Eq. (4.38) we obtain

2F4s, (fy + f2) + Fis: (fin + fon + fos + 2fi) = 4 (4.50)

Solving for f;, we obtain

F35’< L, 1 +1>J (4.51)
4 \F,F, FyF, F§ )

In many cases the interaction coefficient f;, is not critical, and an approxi-
mation suffices. A good approximation is

1
Jrz=- ) (1 o) (4.52)

This relation is compatible with the von Mises yield criterion in Eq. (4.24)
for isotropic materials where

1
fuu=fo==
Oyp

The Tsai—~Wu failure criterion is operationally simple and readily amenable
to computational procedures. The theory satisfies the invariant requirements of
coordinate transformation, following normal tensor transformation laws. The
strength tensors display similar symmetry properties as the stiffnesses and com-
pliances. The interaction terms can be treated as separate components if the
appropriate experimental data are available. The theory, through its linear terms,
accounts for the difference in tensile and compressive strengths.

The off-axis strength of unidirectional E-glass/epoxy (Table 2.6) was com-
puted by means of the Tsai-Wu criterion and plotted as a function of fiber
orientation in Figure 4.32, using the approximate relation in Eq. (4.52) for fi».
Superimposed in the figure is the prediction of the Tsai—Hill theory. It is seen
that the predictions of the two theories are almost indistinguishable for the ten-
sile strength, but they deviate somewhat for the compressive strength. The off-
axis strength is not very sensitive to the interaction coefficient f;,. Considering
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Fig. 4.32 Uniaxial strength of off-axis E-glass/epoxy unidirectional lamina as a function
of fiber orientation (comparison of Tsai~Wu and Tsai—Hill failure criteria).

the usual scatter in measured strengths, the differences between the two theories
are not significant.
The reduced from of the Tsai-~Wu criterion is

fior +fo 05+ fiy 01 + f22 03 + fos Te + 21201 02 =1 (4.53)
with the coefficients f;, f;; defined as before. The failure envelope described by
Eq. (4.53) is a closed surface in the o, o, T space. Failure envelopes for
constant values of shear stress 7 = kFg have the form

fior +foa+ fi1 07+ fr2 03 + U005 = 1K (4.54)
and are illustrated in Figure 4.33 for the same E-glass/epoxy material (Table
2.6).

4.8 Computational Procedure for Determination of

Lamina Strength

As mentioned before, the Tsai—~Wu criterion is operationally simple; therefore,
it is the preferred one for computation. The goal of this computation is twofold:
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Fig. 4.33 Failure envelopes for unidirectional E-glass/epoxy lamina under biaxial load-
ing with different levels of shear stress (Tsai-~Wu criterion).

to determine the safety factor for a given loading and the strength components
of the lamina referred to any system of coordinates.

The safety factor Sy for a given state of stress o; (o7, 05, Te) is a multiplier
that is applied to all stress components to produce a critical or failure state as
defined by the selected failure criterion, say, the Tsai-Wu criterion. Thus, for
a given state of stress (o, 0, Tg), the state of stress at failure is (Sy oy,
Sr0a, Sy 7). Substitution of the critical stresses in the Tsai—~Wu criterion in Eq.
(4.53) yields

fiSpor + f2 800 + fi1 SFOT + fon S7 03 + fos SF TE
+ 2f12 S]‘Z g; O = 1 (455)
or
aS7 + bS;—1=0 (4.56)

where

2 2 2
a=f11 01+ fo2 05 + fe6 T6 + 2f1201 02

b=fio, +f,0, (4.57)

Thus the problem of determining the safety factor reduces to that of solving the
quadratic Eq. (4.56).

A flow chart for computation of the safety factor as well as the strength
components of a unidirectional lamina based on the Tsai—Wu criterion is shown
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1oy Stress components (X,y axes)
Fiber orientation
o2 Stress components (1,2 axes)
£ Basic lamina strengths
- [fhe Fh. Tsai-Wu coefficients
a, b Coefficients of quadratic equation
Sta , Sk Safety factors for actual and reversed
! (in sign) state of stress

[Fly Transformed strength components

Fig. 4.34 Flow chart for computation of safety factors and lamina strengths based on
Tsai~Wu failure criterion.

in Figure 4.34. The procedure for determination of safety factors consists of the
following steps:

Step 1 Enter given stress components o, oy, 7, referred to the (x,y) coordi-
nate system.

Step 2 Enter fiber orientation 9, i.e., angle between x-axis and fiber direction
(1-direction) measured positive counterclockwise.

Step 3 Calculate stress components @, G,, T referred to the principal material
directions using the stress transformation relations in Eq. (3.57).

Step 4 Enter basic lamina strengths F,,, Fi., F,, F5,. Fg for the material.

Step 5 Compute Tsai-Wu coefficients fi, f>, fi1, foo fee» and fi, using Egs.
(4.42), (4.43), (4.44), (4.45), (4.46), and (4.52).

Step 6 Compute coefficients a and b of the quadratic Eq. (4.56) using Eq.
(4.57).
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Step 7 Obtain roots of the quadratic equation Sz, and Sj for the actual and
reversed (in sign) state of stress, respectively.

The procedure above is modified slightly for computation of the transformed
lamina strengths, by introducing separately a unit applied normal stress in the
x- and y-directions and a unit applied shear stress.

To obtain the strength components F,, and F, . along the x-axis the following
state of stress is entered

g, =1
o,=0 (4.58)
T,=0

Then the roots of the quadratic equation will give the strength components along
the x-axis as

Fo=5g (tensile strength)

Fye=Sp (compressive strength)

To obtain the strength components along the y-axis the following stresses are
entered

o, =0
o, =1 (4.59)
T7,=0

Then the strength components are
Fy =Sz (tensile strength)

Fy.= S5 (compressive strength)

To obtain the shear strength F, referred to the x,y-axes the following stresses
are entered:

o,=0

0,=0 (4.60)

Te=1
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which yield the following shear strengths:

F9 =5, (positive shear strength)

FO =5, (negative shear strength)

Sample Problem 4.1

Transformation of Shear Strength

Given the basic lamina strengths F, F, and Fj it is required to determine the
shear strength F, at 45° with the fiber direction according to the Tsai-Hill cri-
terion (Fig. 4.35). The transformed stresses along the principal material direc-
tions are

Oy =2mn T, =T

Oy =—2mnT,=— T, (4.61)

16 = (m> —n*) 7,=0

Substitution into the Tsai—Hill criterion in Eq. (4.30) yields

2 72 2

+ S5+ 5=1
F?  F? F}

and at failure, 7, = Fj,

- X

Fig. 4.35 Unidirectional lamina under pure shear loading at 45° with fiber direction.
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1
A=) (4.62)

For a high (fiber) strength composite with Fy >> F,,

F,=F, (4.63)
or

F§+) = FZC

FO =Fy, (4.64)

As discussed in Section 4.2, this result shows that the positive shear strength
at 45° with the fiber direction is controlled by the transverse compressive
strength F,,. of the lamina, whereas the negative shear strength is controlled by
the transverse tensile strength F,,. The same result is obtained by using the
Tsai—Wu criterion, or the maximum stress theory.

Sample Problem 4.2

Biaxial Strength

Consider a unidirectional lamina loaded under equal biaxial normal stress
0, =0, =0, at an angle 8 with the fiber direction (Fig. 4.36). It is required to
determine the biaxial strength F,,, according to the Tsai~Wu criterion.

o <

Gy=co

1

-
2

\\\_.

N

Y
x

&

Fig. 4.36 Unidirectional lamina under equal biaxial normal loading.
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The transformed stresses along the principal material directions are

2
(r,=crxm“+0yn2=cro
- 2 2 _
oy =0,n" +o,m =0, (4.65)

Te=(0,—0y,) mn=0
and at failure,
01 =0,=0,= F(p (4.66)
Substitution into the Tsai~Wu criterion (Eq. 4.53) yields:
Faoy (i + ) + Floy (fir + for + 2fi0) = 1 4.67)

which can be solved for F;,).
For a high strength composite with F; >> F, it follows that

fi <<fas fit <<fop andfiy << fi, (4.68)

and Eq. (4.67) yields

-h=* \/f% + 4f2

4.69
2om (4.69)

Fligy =

and, after substitution of f, and f,, from relations in Egs. (4.44) and (4.45), the
two roots of Eq. (4.69) yield the tensile and compressive biaxial strengths
Fuaay = Fy,
Fugye = Fy, (4.70)
It can be concluded that for a high (fiber) strength composite, the strength

under equal biaxial normal loading is an isotropic property, i.e., it is independent
of fiber orientation.

4.9 Applicability of Various Failure Theories
The four failure theories discussed before are representative and the most widely

used. The validity and applicability of a specific theory depend on the con-
venience of application and agreement with experimental results. Since failure
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modes depend greatly on material properties and type of loading, it would seem
that the applicability of the various theories is also related to the type of material
and failure modes. A comparison of the four failure theories is summarized in
Table 4.1 from the points of view of physical basis, operational convenience,
and required experimental input.

For example, the maximum stress and strain theories are more applicable
when brittle behavior is predominant, typically in the first quadrant of the failure
envelope, i.e, o; > 0, g, > 0. Of these two theories, only the maximum strain
theory allows for a small degree of stress interaction through Poisson’s ratio
effect. These theories, although conceptually simple, are inconvenient for com-
putational operations because they consist of three conditional subcriteria. The
necessary experimental parameters can be obtained by standard characterization
testing of the unidirectional material.

The interactive theories, such as the Tsai~Hill and Tsai~Wu theories, are
more applicable when ductile behavior under shear or compression loading is
predominant. The Tsai-Hill theory is based on Hill’s theory for ductile aniso-
tropic materials and adapted to the more brittle heterogeneous composites by a

Table 4.1 Comparison of Failure Theories

Theory Physical Operational Required
basis convenience experimental
characterization
Maximum stress Tensile behavior of Inconvenient Few parameters by
brittle material simple testing
No stress interaction
Maximum strain Tensile behavior of Inconvenient Few parameters by

brittle material simple testing

Some stress
interaction

Deviatoric strain
energy
(Tsai-Hill)

Interactive tensor
polynomial
(Tsai-Wu)

Ductile behavior of
anisotropic
materials

“Curve fitting” for
heterogeneous
brittle composites

Mathematically
consistent

Reliable
“curve fitting”

Can be programmed

Different functions
required for tensile
and compressive
strengths

General and
comprehensive;
operationally
simple

Biaxial testing is
needed in addition
to uniaxial testing

Numerous parameters

Comprehensive
experimental
program needed
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form of “curve fitting.” Although suitable for computational operations, each
quadrant of the failure envelope in the o -0, space requires a different input
because of the inability of the theory to account automatically for tensile and
compressive strengths. Although the coefficient accounting for the o,-o, inter-
action can be approximated, a more precise determination requires some form
of biaxial testing.

The Tsai-Wu theory is mathematically consistent and operationally simple.
The additional coefficients in the criterion allow for distinction between tensile
and compressive strengths. It represents a more reliable form of “curve fitting.”
Although the interaction coefficient f, can be approximated, a more precise
determination requires biaxial testing. A comprehensive material character-
ization program is desirable to determine accurately the numerous required
material parameters.

Composite materials that exhibit pronounced transitions between brittle and
ductile behavior with type of loading would be best described by hybrid or
combined failure criteria. Figure 4.37 shows such a hybrid failure envelope
combining the maximum strain theory in the first quadrant (oy > 0, g, > 0)
and an interactive theory in the remaining quadrants. '

Most of the experimental data available for comparison with theoretical pre-
dictions are in the first quadrant. These type of data are easily obtained by off-
axis tensile testing. Given the usual scatter in strength data, all four theories
seem to give satisfactory predictions. More significant differences among the
theories appear in the other quadrants where compressive stresses are present.
Unfortunately there is a dearth of experimental data under such biaxial stress
conditions. In the few cases in which such data are available, it appears that
the Tsai~Wu theory fits them best. When material behavior and mode of failure
are not known and when a conservative approach is required, it is recommended
to use all four theories and determine the most conservative envelope in each
quadrant (Fig. 4.38).

All four theories were expressed in two-dimensional form. They can all be
extended or formulated for a general three-dimensional state of stress. Determi-

Maximum strain theory

Interactive theory

Fig. 4.37 Hybrid failure envelope incorporating.two failure criteria.
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i Max. strain
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Fig. 4.38 Illustration of “conservative approach” in design by using different failure
theories.

nation of all the relevant experimental parameters in this case would be more
complicated and verification of theoretical predictions with experiment more
difficult. The three-dimensional analysis and its experimental investigation are
beyond the scope of this book and not necessary in the treatment of thin com-
posite structures, which are assumed to be under a state of plane stress.
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Problems

4.1 Determine the longitudinal modulus E; and the longitudinal tensile
strength Fy, for a unidirectional E-glass/epoxy composite with the follow-
ing constituent properties:

Fiber volume ratio: Vr=0.65

Fiber modulus: E;= 69 GPa (10 Msi)
Matrix modulus: E,, =3.45 GPa (0.5 Msi)
Fiber tensile strength: Fp= 3,450 MPa (500 ksi)

Matrix tensile strength: F,,: = 104 MPa (15 ksi)

Assume linear elastic behavior to failure for both fiber and matrix. Every-
thing else being equal, how does the strength Fy, vary with Eg?

4.2 Determine the longitudinal modulus E; and the longitudinal tensile
strength F;, for a unidirectional carbon/epoxy composite with the follow-
ing properties:

E ;=235 GPa (34 Msi)
E,, = 4.14 GPa (0.6 Msi)
Fj = 3,450 MPa (500 ksi)

F,, =104 MPa (15 ksi)

4.3 Determine the longitudinal modulus E, and longitudinal tensile strength
F, of a unidirectional silicon carbide/ceramic composite with the follow-
ing properties:

Vr=0.40
E;= 172 GPa (25 Msi)
E,, = 97 GPa (14 Msi)
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4.5
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F, = 1,930 MPa (280 ksi)
F,, = 138 MPa (20 ksi)

(Note: Strength is defined here as the composite stress at failure initiation
of one of the phases.)

A unidirectional E-glass/epoxy composite is loaded in transverse tension.
Obtain the stress concentration factor from Figure 4.15 and calculate the
transverse tensile stength based on the maximum stress and maximum
strain criteria, for the following constituent and composite properties:

Ey= 69 GPa (10 Msi)

E,, = 3.45 GPa (0.5 Msi)

v, =0.36

F,,, = 104 MPa (15 ksi)
(Neglect residual stresses.)
A unidirectional lamina is loaded under biaxial normal loading
o,=-20,=20, at 45° with the fiber direction as shown. The basic
strength properties of the material are

F|, = F,, = 3F,, = 5F¢ = 12F,, = 600 MPa (87 ksi)

Determine the stress level o at failure of the lamina according to the
maximum stress theory. What is the failure mode?

= Ox =200

Cy=-Go
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4.6

4.7

A thin-wall pipe is made of a unidirectional glass/epoxy with the fiber
direction at 30° with its axis and has an allowable pressure p;,. A con-
tainer (closed ends) made of the same material with the fiber direction
at 45° with its axis has the same outer diameter but twice the wall thick-
ness of the pipe (d, =d;, hy =2h,). Relate the allowable pressure p,, of
the container to that of the pipe p,, assuming the same safety factor
based on the maximum stress theory with the following relations:
Fi,>> Fg> F,,

Pipe

Container

A unidirectional S-glass/epoxy lamina is loaded in tension at an angle to
the fiber direction. Using the maximum strain criterion, determine the
off-axis strength, F,,, and the fiber orientation 6 at which the predictions
of in-plane shear and transverse tensile failure coincide.

F\, = 1,280 MPa (185 ksi)
Fy, =49 MPa (7.1 ksi)
Fg =69 MPa (10 ksi)

v, =027
v,; = 0.06
y
A
=
/ e
/ Oyx= Fxt
e%
- X
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For the off-axis lamina under positive and negative shear stress as shown,
and using the maximum strain failure theory, express the positive and
negative shear strengths, Fi*) and F{?, in terms of the basic lamina
etc.) and material Poisson’s ratios. Assume

4.8

strengths (Fi, Fie oo
Flt>F1L‘ >> F2L‘> th and FG:FZI‘

.
-
a
®

4.9 A unidirectional lamina is loaded under equal biaxial cdmpression at 30°

and —60° with the fiber direction as shown. Calculate the ultimate value
o using the maximum strain theory for the following properties:

Fg = F5, =55 MPa (8 ksi)

E, = 145 GPa (21 Msi)

E, = 10.4 GPa (1.5 Msi)

G2 = 6.9 GPa (1 Msi)

Vo = 0.27

F,.= 1,725 MPa (250 ksi)

F,. =207 MPa (30 ksi)
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4.10

4.11

4.12

4.13

A unidirectional carbon/epoxy lamina with fiber direction at 30° with the
reference x-axis is loaded under pure shear (case 1) and equal biaxial
normal tensile stress (case 2) as shown. It was found for case 1 that the
positive shear strength was four times the negative shear strength,
F{ = 4F). Based on this finding, calculate the biaxial strength F, (o for
case 2. Use the maximum strain theory with the following material prop-
erties: Fy, = Fi. = 10 Fy. = 16 Fg = 1,600 MPa (230 ksi) >> F,,;
E| >> E,; vy, = 0.25.

y y
A o Ts=Fs A T0y=F(xy>
A
/ 1 1
H ] 4(
Ox=F(xy)
// // ¥
v 6=30° 9=30°
- P X ¢ X
Case 1 Case 2

A thin-wall tube made of a unidirectional lamina with a fiber direction
8 with its axis is loaded in torsion as shown. Using the maximum strain
theory, plot torsional strength, 75 versus 6 (for 0° = 0 = 90°) for the
following material properties: E; =10E,, v;,=0.25, F,=F,.=
2F;. =4F¢=10F,, = 1,000 MPa (145 ksi).

T¢ Te

For the data in problem 4.11, calculate the transition fiber direction angles
0y and 6, at which the failure mode shifts from shear to transverse com-
pression and from transverse compression to shear, respectively.

Express the Tsai—Hill failure criterion for pure shear loading of a lamina
at an angle 6 with the principal material axes and find an expression for
the shear stress at failure 7% = F in terms of F;, F,, Fg.
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J
A
v

e

Y

4.14 A unidirectional lamina is loaded in pure shear T, at an angle 6 = 30°
with the fiber direction. Determine the shear stress at failure 7§ = F; using
the Tsai—Hill failure criterion and the following data: F,=2,070 MPa
(300 ksi), F, =228 MPa (33 ksi), Fg=69 MPa (10 ksi).

- <

4.15 Using the Tsai-Hill failure criterion, determine the strength of a lamina
under equal biaxial tension and shear at 45° with the fiber direction as
shown, i.e., determine o'% = 0 = 274 = F,, at failure in terms of F; and F».

Y “G§= FQ

- ’Cg-‘—Fo/Z

T oY=Fo

Y
x
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4.16  An off-axis lamina is loaded as shown. Determine o, = -0, = F,, at failure
using the Tsai-Hill and maximum stress failure criteria for a material of
the following properties:

F\, = 2,280 MPa (330 ksi)
F,, =59 MPa (8.5 ksi)

Fg =69 MPa (10 ksi)
Fi.=1,450 MPa (210 ksi)
Fy. =228 MPa (33 ksi)

-

4.17 Using the Tsai—Hill failure criterion, determine the strength of a lamina
under uniaxial tension and shear of equal magnitude at 45° with the fiber
direction, i.e., determine o’ = % = F, at failure in terms of F, F, and Fj.

A

4.18 A thin-wall tube is made of a unidirectional carbon/epoxy with fiber
direction at 45° to its axis. The tube is loaded under combined internal
pressure and torsion producing a normal hoop stress o, = o, and a shear
stress T, = 20,. Calculate the ultimate value of o at failure of the tube
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4.20

4.21

4.22

4.23

4.24

Engineering Mechanics of Composite Materials

according to the Tsai-Hill failure criterion for the following material
properties: F, = F,= 10F,. = 20F¢ = 30F,, = 1,800 MPa (260 ksi).

T T
y

45° N
X
/ G

~

The off-axis strength of a unidirectional lamina can be higher than F, at
some angle between 0° and 90°. Using the Tsai-Hill failure criterion
(Eq. 4.33) find a relationship among F,, F,, and Fg such that F, > F;
for some angle 0° < 6 < 90°.

For the same conditions above find a relationship among F;, F,, and Fg
such that F, < F, for same angle 0° < 6 < 90°.

Prove relations in Eq. (4.39).

Calculate and compare the values of the coefficient fi, of the Tsai~Wu
criterion for the E-glass/epoxy material of Table 2.6 from relations in
Egs. (4.48), (4.51), and (4.52). Assume F(;5y=F,, in Eq. (4.48) and
Fus,=2F,, in Eq. (4.51).

Calculate and compare values of the coefficient fi, of the Tsai-Wu cri-
terion for the carbon/epoxy (AS4/3501-6) material of Table 2.6 from
relations in Egs. (4.48), (4.51), and (4.52) under the same assumptions
as in Problem 4.22.

Using the Tsai-Wu failure criterion, determine the strength of a lamina
under the loading shown. Obtain first the exact solution for the ultimate
value of F, in terms of the Tsai~Wu coefficients fi, f5, fi1, etc. Then,
obtain an approximate solution in terms of lamina strengths (Fy, Fy.
F,,, etc.) for high strength composites, i.e., when f; << f5, fi; << fas,

iz << fa
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- <

$ 0y= FO

Ox= 'Fo

4.25 Using the Tsai~Wu failure criterion for pure shear loading of a lamina
at an angle of 45° with the fiber direction, express the shear stress at

failure 7§ = F; in terms of the Tsai—~Wu coefficients. Obtain approximate
expression when Fy, > F; . >> F,. > F,,.

i
9

- <
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\,
NN

Py
t

=]

9=45

N 2

4.26 Using the Tsai~Wu failure criterion for pure shear loading of a lamina
at an angle 6 with the fiber direction, express the shear stress at failure
Ty =F, in terms of the Tsai-Wu coefficients. Find approximation for
composites with much higher longitudinal than transverse strengths.

et

A
Y
x

- <
y
£

\\i\\\
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4.27

4.28

4.29
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For the off-axis lamina under positive and negative shear stress as shown,
express the positive and negative shear strengths, F{*) and F{”, using
the Tsai-Wu failure theory in terms of the polynomial coefficients (f},
f fiv fa» fi2). Then, obtain approximate values for F and F$ in
terms of the basic lamina strengths (¥, Fj. ..., etc.) by assuming
fi <<fo, fi1 << Sz, fla << fo

)
Ts

[}

/

7.

0=45°

%LX

For the off-axis lamina of problem 4.27, obtain expressions for the coef-
ficient f, of the Tsai—~Wu criterion in terms of the basic strength para-
meters and the positive or negative shear strength, F$*) or F$. Compare
the values of f, based on F$*) and F$ by assuming f; << f5, fi1 << fon-

Three failure envelopes are illustrated for a given unidirectional material
based on three failure theories: maximum stress (M), maximum strain
(Me), and Tsai—-Wu (TW). Rank the three theories from the most con-
servative to the least conservative for each of the following loading cases:

Hint: Plot o, versus o, (loading path) for each loading case and relate
to failure envelopes.

Oy Oy Oy
— y \
Ox Ox Ox
- > l —»%4— - -
45° 30°] 45°
A - A A
Case | Casell Caselll Case lV

Ox= -3 Oy 0,=0y=0 Ox =0y Oy =-0Oy
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Chapter 5

Elastic Behavior of
Multidirectional Laminates

5.1 Basic Assumptions

1t is apparent that the overall behavior of a multidirectional laminate is a function
of the properties and stacking sequence of the individual layers. The so-called
classical lamination theory predicts the behavior of the laminate within the

framework of the following assumptions:

1.
2.

1-3

Each layer (lamina) of the laminate is quasihomogeneous and orthotropic.
The laminate is thin with its lateral dimensions much larger than its thickness
and is loaded in its plane only, i.e., the laminate and its layers (except for
their edges) are in a state of plane stress (0, = T,, = T,; = 0).

. All displacements are small compared with the thickness of the laminate (|u,

[v], w| << h).
Displacéments are continuous throughout the laminate.

. In-plane displacements vary linearly through the thickness of the laminate,

i.e., u and v displacements in the x- and y-directions are linear functions of z.
Transverse shear strains vy, and v,, are negligible. This assumption and the
preceding one imply that straight lines normal to the middle surface remain
straight and normal to that surface after deformation.

. Strain-displacement and stress—strain relations are linear.
. Normal distances from the middle surface remain constant, i.e., the transverse

normal strain €, is negligible (compared with the in-plane strains €, and €,).

142
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’ '.3' o
-

Fig. 5.1 Laminate section before (ABCD) and after (A’B’C’D’) deformation.

5.2 Strain-Displacement Relations

143

Figure 5.1 shows a section of the laminate normal to the y-axis before and after
deformation. The xy plane is equidistant from the top and bottom surfaces of
the laminate and is called the reference plane.

The reference plane displacements u, and v, in the x- and y-directions and
the out-of-plane displacement w in the z-direction are functions of x and y only:

uO = uO (x’y)
Vo =V, (X,3)
w=f(x)y)

The rotations of the x- and y-axes are

g2

aw

dy

(5.1)

(5.2)
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The in-plane displacement components of a point B of coordinate z, are

(Fig. 5.1)

Up=Up — Oy Zp

Vp = Vo~ Ay Zp

and in general,

ow

U=u, —7—
o~ Zox
aw
V=V, — 72—
o Zay

where z is the coordinate variable of a general point of the cross section.

(5.3)

5.4

For small displacements, the classical strain-displacement relations of elas-

ticity yield

€z='7xz='sz=O

(5.5)

Noting that the strain components on the reference plane are expressed as

du
€=
* o 9x
g2
dy
ou ov
o o 0 o
= = — 4 —
Yoy = Vs 3y ax

and the curvatures of the laminate as

(5.6)
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9w
T
0%w
Kv = — a—yz (5.7)
23w
Koy = K = dxdy

we can relate the strains at any point in the laminate to the reference plane
strains and the laminate curvatures as follows:

ex EX KX

—_— o
€ |=|e|+2z|K, (5.8)
Ysi o LYS Ky

5.3 Stress—Strain Relations of Layer within a Laminate

Consider an individual layer k in a multidirectional laminate whose midplane
is at a distance z; from the laminate reference plane (Fig. 5.2). The stress—strain
relations for this layer referred to its material axes are

oy Qi @iz O €]
0y ={Q2 Q@ O € (5.9
T Ik 0 0 QessleLvele

and after transformation to the laminate coordinate system

Oy Qxx Q,ty st €x
oyl =| Oy Oy Oyl |€& (5.10)
Ts lk st st st k LYsdk

Substituting the expressions for the strains from Eq. (5.8), we obtain
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——————————— Reference plane

Fig. 5.2 Layer k within laminate.

Ox Qxx Qxy st Ez Qxx Qxy st X
0'y = ny ny st E; +z ny ny st Ky (5 1 1)
Ts dk st st st k 'Y? st st st k LKs

A

or, in brief,

(014, = [Q1%,[€°],,, + 2[5, [Ky

From Egs. (5.8) and (5.11) it is seen that whereas the strains vary linearly
through the thickness, the stresses do not. Because of the discontinuous variation
of the transformed stiffness matrix [Q], , from layer to layer, the stresses may
also vary discontinuously from layer to layer. This is illustrated by the hypotheti-
cal four-layer laminate in Figure 5.3 under unijaxial stress in the x-direction. For
a certain linear strain variation through the thickness, which can result from
axial and flexural loading, the variation of the modulus E, from layer to layer
can cause the discontinuous stress variation illustrated. In many applications the
stress gradient through the layer thickness is disregarded. The average stresses
in each layer are determined by knowing the reference plane strains [€°],,, the
curvatures [k],, of the laminate, the location of the layer midplane z;, and its
transformed stiffness matrix [Q], .

5.4 Force and Moment Resultants

Because of the discontinuous variation of stresses from layer to layer, it is more
convenient to deal with the integrated effect of these stresses on the laminate.
Thus we seek expressions relating forces and moments to laminate deformation.
The stresses acting on a layer k of a laminate (Fig.5.2) given by Eq. (5.11)
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N

AN —

Laminate Strain Relative layer  Stress
variation ( €x)  moduli ( Ex) variation ( Ox)

Fig. 5.3 TIllustration of linear strain variation and discontinuous stress variation in multi-
directional laminate.

Fig. 5.4 Element of single layer with force and .moment resultants.

can be replaced by resultant forces and moments as shown in Figure 5.4 and
given below:

2
Nt= f o,dz (5.12)
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)
M= j 0,2dz (.13

z = The coordinate variable of a point in the cross section
¢t = Layer thickness
NE, N’; = Normal forces per unit length
N¥ = Shear force per unit length
M, M% = Bending moments per unit length

M* = Twisting moment per unit length

In the case of a multilayer laminate the total force and moment resultants
are obtained by summing the effects for all layers. Thus, for the n-ply laminate
in Figure 5.5, the force and moment resultants are obtained as

n hy
N, =§_‘,j o,| dz (5.14)
N: k=1 et Ts ke
and
L L
M, =2f 0y | zdz (5.15)
Ms k=l et Ts lk
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i

Fig. 5.5 Multidirectional laminate with coordinate notation of individual plies.

where h; and h;_; are the z-coordinates of the upper and lower surfaces of
layer k.

5.5 General Load-Deformation Relations: Laminate
Stiffnesses

Substituting Eq. (5.11) for the layer stresses in Egs. (5.14) and (5.15) above,
we obtain

Ne| o ([0 0o Q][]
Ny | = > Oy Qyy Os| | & fh dz
Ns =l st st st k 'Y? -

Qxx Qxy st Ky By
+10y: Oy Oys| [ Ky J zdz (5.16)
hyp
st st st kL Ks k-t :

and
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hy,
J zdz
A1
Qx:c Qxy st Ky hye
+1 0y Oyy Oys "-VJ 7%dz (5.17)
Qs.r st st kL Ks

0w 00 04 [€
M_v = Z Q.vx Q,V.v Q_vs E;
Ms k=l Q:x Q.sy st k 'Y?

In the expressions above, the stiffnesses [Q]_’f.,y, reference plane strains [€°],,,

and curvatures [k],, are taken outside the integration operation since they are
not functions of z. Of these quantities only the stiffnesses are unique for each
layer k, whereas the reference plane strains and curvatures refer to the entire
laminate and are the same for all plies. Thus [€°],, and [k],, can be factored
outside the summation sign as follows:

h

M., =| > [Q, f

L =1 g

o3 e, |

L =1 g1

dz] [€”)sy

hye
zdz] [kl.y (5.18)

=| X 101,y ~ hk.o][e”]x.y

~k=1

o
+ 52 QL ki - h%_l)][»c]x,y

- k=1

[Alxyl€%]xy + [BleylKly

and
1&
[M]x.)' = [EE [Q]I;y(h% - hl%—l)}[eo]x,y
=1 -

1 h
+ [52 [0, 2 hi_o}[x]x,y (5.19)
k=1

= [Blyy[€lsy + [Dliylley

where
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n
A=, Okl — )

k=1

1< 5
By=52, QhE i) (5.20)
k=1

l n
Dy=52, @t~ i)
k=1

with i, j = x, y, s.
Thus, in full form the force-deformation relations are

Nx Axx Axy Axs €g Bxx Bry Bxs Ky
Ny|=|Ayx Ayy Ayl € |+ |Byx Byy Byl xy 5.2
Ns Asx Asy Ass V‘; Bsx Bsy B.s's Ks

and the moment-deformation relations are
M, By By, Byl €1 Dy, Dy Dyl Ky
M, | =|By, Byy By|| €|+ |Dyx Dyy Dysllk, (5.22)
MS BSX B&y BS.S‘ ’Y? DSX Dsy DSS KS

The expressions above can be combined into one general expression relating
in-plane forces and moments to reference plane strains and curvatures.

[ Ne]| [Axw Ay Ac|Bu By Bil[€l]
|
Ny Ayx Ayy AyssByx Byy Bys E;
|
Ns| | A _Aiy_“‘_s3+13_*x_ By Bl \vg (5.23)
Mx Bxx Bxy BXSlex ny st Ky
M.v Byx Byy Bys:Dyx Dy.v Dys Ky
LMX. Bsx Bsy Bss!sz Dsy Dss Ks
or, in brief,
|
N A!'B|le®
— | = __:._ - (5.24)
M B 1 K
{
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It should be noted that all of the above matrices are symmetric, i.e.,

Azj = Aj‘
i = B
Dy =Dy

with i, j = x, y, s.

The relations above are expressed in terms of three laminate stiffness mat-
rices, [A], [B], and [D], which are functions of the geometry, material properties
and stacking sequence of the individual plies, as defined in Eq. (5.20). They are
the average elastic parameters of the multidirectional laminate with the follow-
ing significance:

Ay are extensional stiffnesses, or in-plane laminate moduli, relating in-plane
loads to in-plane strains. _

Bj; are coupling stiffnesses, or in-plane/flexure coupling laminate moduli, relat-
ing in-plane loads to curvatures and moments to in-plane strains. Thus, if
B; #0, in-plane forces produce flexural and twisting deformations;
moments produce extension of the middle surface in addition to flexure
and twisting.

D;; are bending or flexural laminate stiffnesses relating moments to curvatures.

5.6 Inversion of Load-Deformation Relations:
Laminate Compliances

Since multidirectional laminates are characterized by stress discontinuities from
ply to ply, it is preferable to work with strains, which are continuous through the
thickness. For this reason it is necessary to invert the load-deformation relations
(Eq. 5.23) and express strains and curvatures as a function of applied loads
and moments.

Equation (5.23) can be rewritten as follows by performing matrix inversions:

(€] [ e Gy axs{ by by bXJ_NXW

& Ayx Gy Gy byx byy bys || N,

A Gy Ay Gt by by by || N (5.25)
Ke | | Cor Coy Cas| due Gy dis || M '
Ky Cyx Cyy cy5| dy, dy, dy || M,

L Ks | | Cox Csy Cos| dox dsy dis || My |
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or, in brief,
|
€’ a[ b||N
=1 |— (5.26)
K Cl d M

Here, matrices [al, [b], [c], and [d] are the laminate compliance matrices
obtained from the stiffness matrices as follows:>

[a] = [A™'] - {[B*][D*'1}[C*]

[b] = [B*][D*™"] (5.27)
[c] = - [D¥'][C*]
[d] = [D*™!]

where

[A™!] = inverse of matrix [A]
[B*] = —[A™"1[B]

[C*] = [B][A™"]

[D*] = [D] - {[BI[A™'1}(B]

It should be noted that, while the individual compliance matrices are
symmetric, the combined 6 X 6 matrix of Eq. (5.25) is not, since in general
[b] # [c]. Actually, [c] is the transpose of matrix [], i.e., it is obtained from
matrix [b] by interchanging columns and rows. Thus the compliances that relate
reference plane strains to applied moments are not identical to those that relate
curvatures to in-plane loads.

5.7 Symmetric Laminates

A laminate is called symmetric when for each layer on one side of a reference
plane (middle surface) there is a corresponding layer at an equal distance from
the reference plane on the other side with identical thickness, orientation, and
properties. The laminate is symmetric in both geometry and material properties.

Consider the n-layer laminate in Figure 5.6, where identical layers k and k’
are symmetrically situated about the reference plane. Then
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7 <

Zye

Zy

Fig. 5.6 Symmetric laminate with identical layers k and k.

tk = tk'
k=08 (,j=x1y59) (5.28)
L = = Ly

and, according to the definition in Eq. (5.20), the coupling stiffnesses are

Q S — hey)

D:J

Il
N[ =
T M=

Q{;(hk + ) — Byr)

1l
BN =
T s

n
_ &
=> Qi =

k=1

Since
1
%=5 (e + hy_y)

and
e = Iy — By

For the conditions of symmetry stated before, the sum above will consist of
pairs of terms of equal absolute value and opposite signs. Thus, for a sym-
metric laminate,
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B;=0 (,j=x, s) (5.29)

and no coupling exists between in-plane loading and out-of-plane deformation
(curvatures) and between bending and twisting moments and in-plane defor-
mation.

The load-deformation relations in this case reduce to

N, A Ay Ag || €
Ny|=|Ay Ay Ay | € (5.30)
Ns Asx As_v Ass ‘Yg

and
Mx Dxx ny st Kx
M, | =| Dy Dy, Dyl Ky (5.31)
Ms sz Dsy Dss K .

Some special types of symmetric laminates are discussed below.

5.7.1 Symmetric Laminates with Isotropic Layers

If the layers are isotropic although not all of the same material, the layer stiff-
nesses of each pair of symmetrically situated layers k and k' are

E
k _ Ak _ ok Akt k
Qxx"ny_Qxx_ny_ 1 _v%
Ok =0k =05=05=0
, v E
0h =05 =" (5.32)
— v}
E
k _ k' _ k
QSS - QSS - 2(1 + vk)
The above relations lead to
Ape = Ayy
Ax: = ys — 0
D, =D, (5.33)
D.,=D,=0
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and the load-deformation relations take the form

N,
Nyl=|Ay A O || € (5.34)
N 0 0 Aillys

and
M, Dy Dy 0 || Ke
M, | =|Dy D, 0 |k, (5.35)
M, 0 0 Dglikg

5.7.2 Symmetric Laminates with Specially Orthotropic Layers
(Symmetric Crossply Laminates)

The layers of a symmetric laminate with specially orthotropic layers have princi-
pal material axes coinciding with the laminate axes, e.g., [0/90/0], [0/90],;.
Because of symmetry, the coupling stiffnesses B; = 0, i.e., there is no coupling
between in-plane loading and out-of-plane deformation.

Assuming that the kth layer is oriented with its principal 1-direction along
the x-axis, we have

0= Ohy =
= N0, V31
Q4 =0k = _____v’él B

xy 1—1’];2 v§1

EX

K _ ok — 2
ny - Q22 1— v11c2 vlél (5'36)
0k =016=0

])cu: Q§6=0

Q].:s = Qgé = G]fz
From the above it follows that

An=A,=0 (5.37)

ys
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and
D= Dys =0 .37

The load-deformation relations then are reduced to

N, Ay Ay O €
Ny |=]Ay Ay, O e;’ (5.38)
N; 0 0 Agllvs

and
M, Dy Dy 0O |k,
M, =Dy, Dy, 0 |k, (5.39)
M, 0 0 Dglix,

5.7.3 Symmetric Angle-Ply Laminates

Laminates containing plies oriented at +6 and —0 directions are called angle-
ply laminates. They can be symmetric or asymmetric. If such a laminate consists
of an odd number of alternating +8 and —8 plies of equal thickness, then it is
symmetric, e.g., [8/—6/6/-0/6] = [_*:Glg]s. The shear coupling terms A, Ayg Dy,
and D, are nonzero, but their magnitude decreases with increasing number of
layers for the same overall laminate thickness.

5.8 Balanced Laminates

A laminate is balanced when it consists of pairs of layers with identical thickness
and elastic properties but have +6 and —0 orientations of their principal material
axes with respect to the laminate reference axes. For such a laminate, the in-
plane shear coupling terms are

A= Okl — i) = 2 Ot (5.40)
k=1

k=1

where { = x, y.
The transformed coupling stiffness of a layer of orientation 6 is given in
terms of the principal stiffnesses by Eq. (3.67). For example,
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0.5(8) = m’n(Qy; — Q12— 20g6) + mn*(Q12 — Qa2 + 20¢6) (5.41)

where m = cos 6 and n = sin 0.

The same coupling stiffness for the ply of —6 orientation would have the
same magnitude but opposite sign because the terms mn and nm> above are
odd in n=sin 6. Thus

0i5(8) = = Qis(=8) (5.42)
For each balanced pair of layers & and &’

tk:tk'

ek = - Bk:
Then, from Egs. (5.40) and (5.42), we conclude that
A=0 (@(=xy)

The fact that the in-plane shear coupling stiffnesses A;, are zero is a defining
‘characteristic of a balanced laminate.

A balanced laminate can be symmetric, antisymmetric, or asymmetric. For
example, a laminate consisting of pairs of 6, and —6; and 8, and —0, plies can
be arranged in the following lay-ups:

Symmetric: [£6/%0,];
Antisymmetric: [0,/0,/—6,/—0,]
Asymmetric: [0,/8,/—0,/-6,]

In general, the bending/twisting coupling stiffnesses D;, are not zero unless the

1
laminate is ant1symmetnc ag we can see below.

5.8.1 Antisymmetric Laminates

An antisymmetric laminate is a special case of a balanced laminate, having its
balanced +6 and —6 pairs symmetrically situated about the middle surface.
In this case the bending/twisting coupling stiffnesses are

% >, Ok(h — i) =0 (5.43)

k=1
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since
(hE — hiy) = (B = hiy)
and
L=

for the symmetrically situated balanced pair of k and k' (or 6 and —) layers.

The coupling stiffnesses B;; for antisymmetric laminates are in general non-
zero, and they vary according to the specific lay-up. The overall load-defor-
mation relations for this class of laminates are

(N, ] [Ax Ay O EBM By, By|[ €]
N, Ay Ay O }By-r w Bys|| €
N 0 0 A, |B, By Byl||v
B P DU s 1Zsx Tsy s Ys. (5.44)
M, By By By IDxx Dy O || Ky
M, By, By, By Dy Dy, 0 || K,
| M,] |Bu By By 0 0 Dyl{x

5.8.2 Antisymmetric Crossply Laminates

Antisymmetric crossply laminates consist of 0° and 90° plies arranged in such
a way that for every 0° ply at a distance z from the midplane there is a 90° ply
of the same material and thickness at a distance —z from the midplane. By
definition then, this laminate has an even number of plies.

For every pair k and k' of 0° and 90° plies we have

L = '

e =t
ok =0k (5.45)
Oy = Ok
0% =04

Q=08 =0k=05=0

Then, it follows from the definitions of laminate stiffnesses that
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A=Ay
Axs = Ays =0
B..=—B,, (5.46)

By=By =B, =By, =0
D,.=D,,
Dy=Dy =0
The overall load-deformation relations are
[N, [Ax Ay O:Bxx 0 0
Ay A O } 0 -B, 0]|]|€
0

N, 0 0 A4 0 O
LI [ O R I (5.47)

M| |0 0 0,0 0 Dy|x

For crossply laminates with alternating 0° and 90° plies, the coupling stiff-
ness B, approaches zero as the number of plies increases for a constant lami-
nate thickness.

Sample Problem 5.1

Stiffnesses of Antisymmetric Crossply Laminate

It is required to derive approximate expressions for stiffnesses A, Ay Asss Broo
D, Dy, and Dy, of a [0/90] antisymmetric crossply laminate in terms of the
basic lamina properties (E;, E,, Gy, and v;,) and the lamina thickness 7. It is
assumed that the composite material contains high stiffness fibers such that
E;>>E, and vy << 1.

From the definitions of laminate stiffnesses we obtain

A= D Qe — by y) = (011 + Q) t

k=1

= (B, + E) = (E, + E)) t (5.48)
1_v12v21(1 ) = (E, + E))

Ay = > Ok (e — ) =2 Qa8
=1

_ 2U12E2f

= =2 E,t 5.49
T viz By (5.49)
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Ay =2, Oy~ ) =2 Giat (5.50)
k=1
1 o V' 2 2 tz
Bu=5 2 QLlh ~ 1) = = (B, - Ey) (5.51)
k=1
LS ok 3 g3 £
Dy = 3 2 ok - b)) = 3 (E1 + Ey) (5.52)
k=1
D = l i k h3 h3 ~ 2 13 E 5
o =3 Oo(hy — k—1)=§ Vs B (5.53)
k=1
U ks s 2
Dy, = 3 DA he) = 3 £ G (5.54)
k=1

5.8.3 Antisymmetric Angle-Ply Laminates

Antisymmetric angle-ply laminates consist of pairs of plies of +6; and -6, orien-
tations (0 < 6; < 90), symmetrically situated about the middle plane and having
the same thickness and elastic properties. Because of antisymmetry

Ai=D;;=0 withi=uxy

For every balanced pair of k and &’ plies with orientations 6 and -8 we have

g = ~Zp
b=ty

i = 0%

=05 (5.55)
05 =05
0% =~ 0%

e =— 0%

s = 0K

Then, from the definition of Bj; it follows that

Bu=B,,=B, =B, =0
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and the overall load-deformation relations take the form

N [4an 4, O { 0o o B.|le]
Ny | |AxAy 010 0 By,l|e
No| |0 0 A, By 0l
M| | 0 0 ByDu Dy 0 ||ke
M,| | 0 0 B,ID, D, 0 ||k,
| M,| |Bu B, 0 } 0 0 Dyl |

(5.56)

A more special case of this class of laminates is the antisymmetric regular
angle-ply laminate, consisting of an even number of plies alternating between

0 and —0 in orientation, i.e., [6/—6/6/.../6/—8] or [£0],.

The nonzero coupling stiffnesses B, and B, decrease and approach zero as

the number of plies increases for the same overall laminate thickness.

5.9 Orthotropic Laminates: Transformation of Laminate

Stiffnesses and Compliances

A balanced symmetric laminate has its ply orientations parallel to or balanced
about two perpendicular axes X and y, referred to as principal laminate axes
(Fig. 5.7). On a macroscopic scale, this laminate can be treated as a homo-
geneous orthotropic material with the x and y axes as the principal axes of the
equivalent material. This type of laminate is called an orthotropic laminate.
By definition, the in-plane/flexure coupling stiffnesses and the in-plane shear

coupling stiffnesses are zero, i.e.,
B;=0 (ij=x1Y,5)

and

iE:O (l_}vﬂ

AN YA
REREHL
KOG
USTAGS AL
PRI
ALY

OO

S AT TR

X

- AN

Fig. 5.7 Notation for coordinate transformation in orthotropic laminate.




Elastic Behavior of Multidirectional Laminates 163

Thus, the force-deformation relations referred to the x y system of coordi-

nates are

Nz| |Azz Az5 O || €
N5|=|45z A55 O | (557
N; 0 0 Aszllv?

These relations, when referred to the xy system (Fig. 5.7), take the form

N, An Ay Ayl €
N, = Ay Ay Ayl € (5.58)
Ns Asx Asy Ass Vz

or, in brief,

[Ny = [Aliy €%y,

Equations (5.57) and (5.58) are entirely analogous to Egs. (3.31) and (3.63),
where the following correspondences are noted:

1

X 1

yl—12|, ¢— 6

5] |6

N (o] [N o
Ny|— 02|, |Ny|— |0y
..N}_ Y _Ns_ LTs

] Jel] Je] e
&gl e, || |¢

el Lyvel L¥sl  Lvs

Azxz Az3 O Qi1 Q12 O
A;; A;} 0 |— Qa1 G2 O
L0 0 Ass 0 0 Qe
Axx Axy Axs Qxx er st
Ay Ay Ay | = | Qe Qyy Oy
_Asx ASy ASS QSX QSy QSS
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Table 5.1 Relations for Stiffness and Compliance Transformation
of Orthotropic Laminates

(A3 a3 3(453) @z 5(Az5) a3 5(4453)
a.(As) m* n* 2m*n? m?n®
a,fA,,) n* m* 2m>n? m*n?
a(Asy) m*n? m?n* (m*+n% — m*n?
a,(4A,) 4m’n* 4m?*n? — 8mPn? (m?—n??
a,(24,5) 2m’n - 2mn’ 2(mn® — m’n) (mn® — m®n)
a,(2A5) 2mn® — 2nm? 2(m3n — mn®) (mn — mn®)

m = cosp, n = sing.

Then, the relations described in Table 5.1, analogous to those in Table 3.2, hold
true for the laminate stiffnesses and compliances.

5.10 Quasi-Isotropic Laminates

There is a special class of orthotropic laminates for which the elastic properties
are independent of orientation, i.e., the in-plane stiffnesses and compliances and
all engineering elastic constants are identical in all directions. Referring to Fig-
ure 5.8, this condition is expressed as

[Alz 5 = [A],, = constant

[alz, 7 = [al,, = constant (5.59)

- <|
\‘<

xi

Fig. 5.8 Quasi-isotropic laminate.



Elastic Behavior of Multidirectional Laminates 165
or, in terms of engineering constants,

E: = E, = constant
5;; = G, = constant (5.60)
V35 = V4 = constant

ME5 = Mys = Tes = Nys = 0

where symbols with overbar denote effective laminate properties. All of the
above properties are invariant with respect to orientation ¢.

All shear coupling coefficients are zero because all quasi-isotropic laminates
are balanced; therefore, A, = A,; = 0. The simplest type of quasi-isotropic lami-
nate is one of [0/60/—60], lay-up. Another type is the so-called w/4 quasi-
isotropic laminate, or [0/=45/90],. In general any laminate of

w2m n-—1
{0/—/———/ .. ./——'n']
nn n s

or

2
|:E/—Tr/ .. ./’n}
nn R

lay-up is quasi-isotropic for any integer n greater than 2.

Sample Problem 5.2

Quasi-Isotropic [0/+45/90], Laminate
It is required to prove that the [0/:45/90], laminate is quasi-isotropic. Referring
to Figure 5.8 and the specific laminate lay-up, we observe that

Azz=A55= (Axde=as

Ass= (Ass)tp=45° (561)

From the stiffness transformation relations (Table 5.1) and Eq. (5.61) we obtain
for ¢ =45°

1
(Assdomase = Ass = (Azz — 433 (5.62)
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The stiffness A, along any arbitrary direction ¢ is
A= (m*+n*) Az +2 mznzA;_; + 4 mPn?Azz

and, in view of Eq. (5.62),
Age = (m* + 1% Azz + 2 m™n*(Az5 + Azz — Azy)

=(m* + n* + 2 m*n?) Azz = (m* + Az = Azx (5.63)

X X

Similarly we can prove that

A, = Azy (5.64)
Ag = Ass (5.65)
Ax=A,=0 (5.66)

5.11 Design Considerations

The coupling stiffnesses Bj;, A;5, and D, complicate the analysis and design of
multilayer and multidirectional laminates.

The bending coupling stiffnesses B(ij = x.y,s), coupling in-plane loading
with out-of-plane deformation, are responsible for laminate warpage due to cool-
down after curing and to hygrothermal environment variations. It is therefore
desirable in general to eliminate this type of coupling by selecting a symmetric
layup. It is conceivable that in some special designs such a coupling might be
used to advantage, such as laminate shells subjected to aerodynamic loading.
In other cases of nonsymmetric laminates, it is possible to minimize bending
coupling by selecting an appropriate stacking sequence.

Shear coupling stiffnesses A,, and A,, cause in-plane shear deformations
under in-plane normal loading and normal in-plane deformation under in-plane
shear loading. These stiffnesses become zero for a balanced or a crossply lay-
up. For unbalanced laminates it is advisable to select the stacking sequence that
minimizes the shear coupling stiffnesses.

Torsion coupling stiffnesses D, and D, are responsible for twisting defor-
mation under cylindrical flexure and may produce interlaminar stresses under
bending. These stiffnesses are zero only for antisymmetric (special case of
balanced) or crossply lay-ups. In other cases it is possible to minimize the tor-
sion coupling stiffnesses by a proper choice of stacking sequence.

The only lay-up .for which all three types of coupling stiffnesses By, Aj,
and D;, are zero is the crossply symmetric lay-up, e.g., [0/90,],. One can design



Elastic Behavior of Multidirectional Laminates 167

symmetric and balanced laminates where B;=0 and A, =0, but in general
D;, # 0. However, by proper selection of the stacking sequence, e.g., by increas-
ing the number of layers for the same overall laminate thickness, D;; can be min-
imized.

Consider, for example, a laminate consisting of ten 0° plies, four 45° plies,
and four —45° plies arranged in the following three stacking sequences:

Balanced/asymmetric: [05/454/—454/05]

7\l

This stacking sequence is definitely not recommended because of its asymmetry
and coarse ply distribution. The shear coupling stiffnesses A;; and torsion coup-
ling stiffnesses D, are zero, but the extension/bending coupling stiffnesses (B;;)
are nonzero. The coarseness of the ply distribution would make any interlaminar
edge stresses present more serious. It has been shown analytically that interlami-
nar edge stresses are a function of the stacking sequence and decrease as the
thickness of the various layers decreases.*

Balanced/symmetric:  [05/45,/—45,];

.7\ 7 |l

This stacking sequence is balanced and symmetric; therefore, B;;=0 and
A;;=0. However, the torsion coupling stiffnesses D;, are nonzero and are rela-
tively high due to the coarseness of the ply distribution. It represents an adequate
but not the best design.

Balanced/symmetric:  [0,/45,/0,/—45,/0]

L7 INIPN\ILZ 11

The bending coupling stiffnesses B;; and shear coupling stiffnesses A;; are
zero again. The nonzero torsion coupling stiffnesses D;, are relatively low, near
their minimum, because of the fine ply distribution. This design is rec-
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ommended. The absolute minimum for D;; is obtained by selecting an even
finer ply distribution, e.g., [0/45/0/-45/0/45/0/—45/0];. Although this design rep-
resents an optimum mechanically, it may make the fabrication process more
complicated.

Whenever possible it is recommended to select a symmetric and balanced
lay-up with fine ply interdispersion in order to eliminate bending coupling and
shear coupling and to minimize torsion coupling. Thus warpage and unexpected
distorsions will be avoided, interlaminar stresses will be reduced, and the analy-
sis will become considerably simpler.

5.12 Laminate Engineering Properties

Simple relations can be derived for engineering properties as a function of
laminate stiffnesses for the special case of a symmetric balanced laminate. Con-
sider an element of such a laminate under uniaxial loading N, as shown in
Figure 5.9. Then, by definition, the Young’s modulus I_Zx and Poisson’s ratio
Vv, of the laminate are given by

- N,

E.= h—e’é

_ €

Vy=— Eg (5.67)
X

where €7, € are the normal strains in the x- and y-directions, respectively, and
h is the laminate thickness. Symbols with an overbar denote effective laminate

—» Ny

Fig. 5.9 Symmetric balanced laminate under uniaxial loading.
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properties, and the x and y axes here are the principal laminate axes (denoted
before as x and y).
The force-deformation relations are

N [Aw Ay 0 ][€
0|=|Ay 4,, 0|€ (5.68)
0 0 0 Ag,llO

There is no shear strain y? under the applied loading because the laminate is bal-
anced.
Equations (5.68) in expanded form are (A,, =A4,,)

N,=A, g +A, €

0=A, e +A, € (5.69)

From Egs. (5.69) and (5.67) we obtain

- 1 A?
Ex Z[Axx - Xﬂ]
Yy

< |

. .
=T (5.70)
A}’)’

xy

Similarly, by considering a uniaxial loading N, in the y-direction we obtain

2
5]
Yy Axx

1

h

A
Py — 4 71
Vix =5 (5.71)

G. =2 (572)

The shear coupling coefficients for this balanced laminate are zero:

ﬁxs = ﬁys = Mgz = ﬁsv =0 (-73)
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Expressions for engineering properties in terms of laminate stiffnesses are
more complicated for more general types of laminates, such as symmetric but
not balanced laminates. In that case it is preferable to develop relations in terms
of laminate compliances. For symmetric laminates the bending coupling stiff-
nesses B and compliances b,«j and ¢y, with i, j = x,y,s, are zero. Thus the refer-
ence plane strains are related only to in-plane forces as follows:

E_‘: Oxx axy Axs va

o —

€ | = | Qy ayy Gy || Ny (5.74)
o

Vs Asx as_v Ass NS

where [a] is the extensional laminate compliance matrix, which is the inverse
of the corresponding stiffness matrix

[a] = AT | (5.75)

A symmetric laminate may be treated on a macroscopic scale as a homo-
geneous orthotropic material. Its elastic behavior is analogous to that of a uni-
directional lamina, and thus similar expressions can be used between average
stresses and strains and effective laminate constants. Thus, Eq. (5.74) can be
written in terms of engineering constants by replacing the lamina constants in
Eq. (3.77) with corresponding laminate moduli and noting that the average lami-
nate stresses are

Ol | DNx

_ 1

5, | =N (5.76)
Tl LN

Thus the strain—force relations for the laminate are written in terms of engi-
neering constants as follows:

)

_1_ _& ﬁsx
e E. E Gy |y

v 1 7 1
el=|-2 = 22N (5.77)
; E. E, G, h
Vs = = T LN

Mes My 1

| E. E, Gy |

where
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Ex, Ey = Laminate effective Young’s moduli in the
x- and y-directions, respectively
Vi Vyy = Laminate effective Poisson’s ratios
Txs» Mys» Nswr Nsy = Laminate effective shear coupling

coefficients

By equating corresponding terms in the compliance matrices of Egs. (5.74)
and (5.77), we obtain the following relations, analogous to Eqs (3.80):

1 — 1 — 1

E. = E, = Gy =

*ha, 7 ha, T ha

a a a,

EyI .3 5 =X m =2

Vyy =— » Vyx =~ s Mex = (5.78)
Ay avy s

oG = Gy T =%

MNxs = ’ T]ys - > 'nsy

a,., ayy ags

The symmetry of the compliance matrix implies the following relations among
the laminate engineering constants, as in the case of the single unidirectional
lamina (Eq. 3.78):

Uiy _ VU
E
D _ D (5.79)
E. G,
Tys _ My
E, G,

Thus, in order to calculate the engineering properties of a symmetric lami-
nate using Eq. (5.78) one needs to calculate the extensional stiffness matrix [A]
and then invert it to obtain the compliance matrix [a].

Expressions for engineering constants of general asymmetric laminates can
be obtained from the general strain-load relations (Eq.5.25) that reduce to
Eq. (5.74) for in-plane loading. Thus, using the normal definitions of engineer-
ing properties in terms of average in-plane stresses and strains, one obtains that
relations in Eq. (5.78) are equally valid for general laminates. For example,
comparison of engineering constants of a [0/90] asymmetric and a [0/90]; sym-
metric laminate leads to the correct conclusion that the Young’s moduli are
different for the two laminates. This is because in Eq. (5.78) the compliance
matrices [a;] are different for the two laminates due to coupling effects.
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Fig.5.10 [+45],,, angle-ply laminate.

Sample Problem 5.3

Axial Modulus of Angle-Ply Laminate

It is required to determine Young’s modulus E, of a [£45],,s laminate in terms
of the basic lamina properties (Fig. 5.10). For this balanced symmetric laminate

we can apply Eq. (5.70)

4n
Am= 2 (O te=h Oy

k=1

4n
Ay = (0 t,=h 0,

k=1

4n

Ayy = Z (ny)k e =h Qyy

k=1

(5.70 bis)

(5.80)

where 1, is the ply thickness, & the laminate thickness and Q,,, Q,,, O, the
transformed 45° lamina stiffnesses.
From the stiffness transformation relations in Eq. (3.67) we obtain
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I

(Qrdo=zase = (Oyy)o=xase

(Q11 + O + 2015 ~ 4Q¢6)

ENPP.

(Qxy)9=t45°

Then,

h
A=Ay, = Z(Q“ + O + 2012 + 4066)

h
Ag = 7(Qui + O + 2015 — 40¢0)

From Egs. (5.70) and (5.80) it follows that

2 2
T =(o %o (o Lo
* (Qxx ny>e=:45° (Qxx Qxx>e=:45°

1
= ——~(Qur + Q)(Qrx — Q) (for 8 = £ 45)

and from Egs. (5.81) and (5.82)

E = 4(0q; + O + 2012) O
T Q1+ 0 + 2010 + 4066

For composites with high stiffness fibers

Q11 >>0xn
Q11 >> 012

Q11 >> Ose

and then Eq. (5.86) reduces to

— 40,0
E, ==L =0 40 =4G,
On

(O11 + Q2 + 2017 + 4Q¢6)

173

(5.81)

(5.82)

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

This result shows that the axial Young’s modulus of a [*=45],, laminate is
a matrix-dominated property since it depends primarily on the in-plane shear
modulus G, of the lamina. This was also true for the case of the [45] off-axis

lamina (see Eq. 3.83).
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Sample Problem 5.4

Shear Modulus of Angle-Ply Laminate

It is required to determine the shear modulus Z?—ry of a [£45],, laminate as a
function of the basic lamina properties (Fig.5.10). This is obtained from
Eq. (5.72)

Vel Ass .
Gy =7~ (5.72 bis)
where
4n
Ass = D (O te =1 (Qs)omsase (5.89)
k=1

From the stiffness transformation relations in Eq. (3.67) we obtain

1
(Qss)o=245 = 4 (Qr1 + Q22 —2Q2) (5.90)

and then, using Egs. (5.72) and (5.89),

Q11+ 020 —2012) (5.91)

I

—G—xy = (st)9=t45° =

For composites with high stiffness fibers

[
I

G

9u
v =y

E 5.92)
4 .

Thus the shear modulus of a [£45],; laminate is a fiber dominated property
since it depends primarily on the longitudinal Iamina modulus E;.

Sample Problem 5.5

Poisson’s Ratio of Angle-Ply Laminate

It is required to determine Poisson’s ratio v,,, of a [+45],,, laminate as a function
of the basic lamina properties (Fig. 5.10). This is obtained from Eq. (5.70).
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— Ay )
Vyy = 4, (5.70 bis)
Substituting Eqgs. (5.83) and (5.84) into Eq. (5.70) yields

= _ Qi1+ 02 +2015 — 4066

Ve = 5.93)
Y011+ Qo + 2012 + 4066 (
For composites with high stiffness fibers
- Q11 —40¢s __ E\ — 4Gy,
= = 5.94
"0 + 406 Ei +4Go G99
Sample Problem 5.6
Engineering Constants of [0/x45/90], Quasi-Isotropic Laminate
For the [0/=45/90], laminate discussed before
n n h n .
Ay=2, O n=12 Q=2 0} (5.95)
=t k=1 k=1
where
1j = x,y,8

t = Lamina thickness

h = Laminate thickness

The transformed lamina stiffnesses Q,, of the four different ply orien-
tations are

Qrxe=0m) = Q11

Orx(o=00m = 022

1
Orxo=a5) = Qrx(o=—ase) = Z(Qn + Q2 + 2012 + 4066)

Thus from Eq. (5.95) we obtain

h
A=Ay, = g(3Q11 + 30 + 2015 + 40¢6) (5.96)
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Similarly, from the relations

Q0=0 = CQiy(e=00°) = Q12

1
Orye=as5) = Qy(o=—iis®) = Z(Qn + Qg + 2015 — 406¢)
we obtain
h .
Ay = g(Qn + 022 + 6012 — 4066) (5.97)

and from the relations

Q=0 = Cssee=00) = T

1
Oss(e=a52) = Oss(om—dssy = Z(Q 11+ Q2 —2012)
we obtain
h
A= g(Qu + 0np — 2015 + 4Q¢6) (5.98)

Introducing Egs. (5.96) and (5.97) into (5.70), we obtain

— 1
E, = E(Am + Axy)(Axx - Axy)

- (011 + Q2o + 2012)(Q11 + 02y — 2015 + 4066) (5.99)
(3011 + 3025 + 205 + 40¢6) ’

For a high stiffness composité
Ey >> Ep, 15 << 1, 011 >> 0, Q11 >> 012, Q1 = B
and Eq. (5.99) becomes

EI(EI IGIZ)
* Y 3E1 + 4G12 ( )

Similarly, from the same Egs. (5.96), (5.97) and (5.70) we obtain
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- Ay Qi+ 0xn+60Q15—406
v == 5.101
YAy, 3011+ 302 + 2010 + 406 ( )

which, for a high stiffness composite, becomes

— El - 4G12

Yo = 3E, + 4G, (>-102)

Finally, from Egs. (5.72) and (5.98) we obtain

— A, 1

Gy = o g(Qll + 022 — 2015 + 4Q0s6) (5.103)
which, for a high stiffness composite, becomes

— 1

Gy = S(E1 +4G)0) (5.104)

5.13 Computational Procedure for Determination of
Engineering Elastic Properties

A flow chart for the determination of engineering properties of multidirectional
laminates is given in Figure 5.11. It consists of the following steps:

Step 1 Enter engineering properties of unidirectional layer, E, E5, v,, and G,.

Step 2 Calculate layer stiffnesses Q11, O»0, Q12, and Qgg referred to its principal
material axes using Eq. (3.56).

Step 3 Enter fiber orientation or principal material axis orientation, 6, of
layer k.

Step 4 Calculate transformed stiffnesses [Q],, of layer k referred to the lami-
nate coordinate system (x,y), using Eq. (3.67).

Step 5 Enter through the thickness coordinates of layer k surfaces /4, and A;_;.

Step 6 Calculate laminate stiffness matrices [A], [B], and [D] using Eq. (5.20).

Step 7 Calculate laminate compliance matrix [a], using relations in Eq. (5.27),
or by inversion of 6 x 6 stiffness matrix of Eq. (5.23)

Step 8 Enter total laminate thickness, A.

Step 9 Calculate laminate engineering properties referred to the x- and y-axes
using Eq. (5.78).
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(Eh E2, V12, G2 } Engineering constants of unidirectional
layer
/
Q2 Principal layer stiffnesses

Fiber orientation of layer k

[Q] k Transformed layer k stiffnesses
Xy referred to (x,y) system
-t hg, hk.1| Location of layer k surfaces

Laminate stiffness matrices referred
to (x,y) system

[a] Laminate extensional compliance
i matrix
Total laminate thickness
Y
EXI Ey: GXY
v VA - Laminate engineering constants
Vay, Vyx, T Y 9

ﬁxs, Mys, ‘TTsy

Fig. 5.11 Flow chart for computation of engineering elastic properties of multidirec-
tional laminates.

5.14 Comparison of Elastic Parameters of Unidirectional
and Angle-Ply Laminates

Exact and approximate expressions for the elastic properties of a [+45],, angle-
ply laminate were obtained before, [see Eqgs. (5.86), (5.88), and (5.91) through
(5.94)]. In addition to these results it should be mentioned that the laminate
shear coupling coefficients My, Ny Mys and 7y, are zero since the laminate is
balanced. It is of interest to compare the properties of the angle-ply laminate
with those of the 45° off-axis lamina obtained before, [see Egs. (3.82)
through (3.90)].

Numerical results for all properties above, exact and approximate, were
obtained for a typical carbon/epoxy material (AS4/3501-6; Table 2.6) and com-
pared in Table 5.2. It is seen that values obtained by the approximation formulas



0 0 0 wo - 050 = 050 — b
.SU + w,m

0 0 0 §L0 - 780 - Tz “l

. . U g4 g . . tig 4+ g o
690 99°0 T5p- g 910 81°0 Ty _tg a
(5€'S) 6'9¢ (S1°9) ss¢ vi'q e €6 (os'1) ¥ol i (W) D ““D

G+t :
rs€) vy 91'%) L'8T oy (ev'D) L9l Oy oLl iy (SN gD 7
anjea anjea B[NULIOJ anjea anjea B[MULIOY Kyradoig

joexyg gewrxorddy uonewrxoiddy joeXT gjewnxorddy uonewrxoiddy
Tep=] [sy]

(9-10S€/PSV) sayeurue]
Axodg/uoqre) Aig-a[8uy °[sp=] pue feuondaxipiu) [sp] jo sjugjsuo)) SurreduiSus jJo uospredwo)) 7°S Qe

179



180 Engineering Mechanics of Composite Materials

14
13 1
12 7
117
o 107
S
T 5 - [+0]s angle-ply
5 71
3 6
[e]
= 51 quasi-isotropic
4
3
2 1 [6] unidirectional
1
0 —r : . 1 . T

0 10 20 30 40 50 60 70 80 90

0. (deg.)
Fig.5.12 Young’s modulus of unidirectional and angle-ply laminates as a function of
fiber orientation compared with that of a quasi-isotropic laminate (AS4/3501-6
carbon/epoxy).

are close to the exact values. The differences between the unidirectional lamina
and angle-ply laminate are illustrated in Figures 5.12 to 5.15. The Young’s
modulus, shear modulus, Poisson’s ratio, and shear coupling coefficient are plot-
ted as a function of fiber orientation for the AS4/3501-6 carbon/epoxy material.
Results for a quasi-isotropic laminate are also plotted for reference.

6
iy [+6]s angle-ply
1 208 BB
BCXOCX X X]
77, BRRXRA

Shear modulus, Gxy /Gy 2
w

quasi-isotropic

[0] unidirectional

0 T T T Y T T T T T
0 10 20 30 40 50 60 70 80 90
0. (deg.)

Fig. 5.13 Shear modulus of unidirectional and angle-ply laminates as a function of fiber
orientation compared with that of a quasi-isotropic laminate (AS4/3501-6 carbon/epoxy).
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1.0

Poisson’s ratio, v,

0.8 4

[+0]s angle-ply

0.6 A

0.4 4 .. .
quasi-isotropic

0.2
[8] unidirectional

0 T T T T Y T T T T T N T

0 10 20 30 40 50 60 70 80 90
0, (deg.)

Fig. 5.14 Poisson’s ratio of unidirectional and angle-ply laminates as a function of fiber
orientation compared with that of a quasi-isotropic laminate (AS4/3501-6 carbon/epoxy).

) [£0]s angle-ply quasi-isotropic
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[O] unidirectional

Shear Coupling Coefficient, Ts
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o ®» ®» » M o @
L

T T T L T T b T T T
0 10 20 30 40 50 60 70 80 90
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Fig.5.15 Shear coupling coefficient of unidirectional and angle-ply laminates as a func-
tion of fiber orientation compared with that of a quasi-isotropic laminate (AS4/3501-6
carbon/epoxy).

5.15 Carpet Plots for Multidirectional Laminates

Many design applications involve lay-ups consisting of various numbers of 0°,
90°, and *45° plies. These lay-ups are balanced since the +45° plies are bal-
anced by an equal number of —45° plies. A designation for such a general lay-
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up is [Om/90,,/(i‘45),,]5 where m, n, and p denote the number of 0°, 90°, and
(£45°) plies, respectively. The in-plane engineering constants for a symmetric
laminate depend only on the proportion of the various plies in the entire laminate
and not on the exact stacking sequence. Thus in-plane engineering constants are
a function of the fractional values «, B, and -y, where

2n

B== (5.105)
p

4

N

N =2(m + n + 2p) = total number of plies

For a given material with known basic lamina properties, in-plane properties
for the general [0,,/90,/(+45),], laminate can be obtained as a function of a,
B, and . Although such computations can be performed readily using available
computer programs, it is sometimes useful and practical for the designer to have

]
.
L <

Modulus, Ex/E2

fraction of 0° plies (o)

O = N W H OO N®O
1

0 o1 02 03 04 05 06 07 08 09 10
Fraction of +45° plies (7Y)

Fig. 5.16 Carpet plot for Young’s modulus of [0,,/90,/(+45),], carbon/epoxy laminates
(AS4/3501-6) (o, B, and <y are fractions of 0°, 90°, and £45° plies, respectively).
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Shear Modulus, Gxy/Gi2

O T T T T T T T T T
o 01 02 03 04 05 06 07 08 09 10
Fraction of +45° plies (V)

Fig. 5.17 Carpet plot for shear modulus of [0,/90,/(+45),]; carbon/epoxy laminates
(AS4/3501-6 (o, B, and vy are fractions of 0°, 90°, and £45° plies, respectively).

so-called “carpet plots.” A carpet plot is a parametric family of curves with one
of o, B, or vy as a variable and the other two as parameters, keeping in mind
that a + B + -y = 1. Such plots for Young’s modulus, shear modulus, and Pois-
son’s ratio are shown in Figures 5.16 to 5.18 for the AS4/3501-6 carbon/epoxy
material (see Table 2.6).

Poisson's ratio, vy,

fraction of 0° plies (@)

T T T T

0o 01 02 03 04 05 06 07 08 09 10
Fraction of +45° plies (7)

Fig. 5.18 Carpet plot for Poisson’s ratio of {0,,/90,/(45),]; carbon/epoxy laminates
(AS4/3501-6) (a, B, and +y are fractions of 0°, 90°, and +45° plies, respectively).
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PROBLEMS

5.1

5.2

53

54

5.5

Identify each of the following laminates by name (i.e., symmetric, bal-
anced, and so forth) and indicate which terms of the [A], [B], and [D]
matrices are zero for each laminate.

[£6]

[0/=45]

[0/90,],

[0/45/90/-45]

[0/%30/530/0]

[0/90/0/90]

[30/—45/-30/45]

[—45/30/-30/45]

[*£45/%45]

P

PGt ap o

Name two types of laminates, with specific examples, for which

It

I

0
Ays =Dy =Dy,

By
A =0
Which terms of the [A], [B], and [D] matrices are zero for the follow-
ing laminates?

[o/—a/a/—a/a]

[a/—a/—at/ax]

[a/—c/a/—a]
For an [a/—a], laminate, determine B, in terms of the total laminate
thickness, h, the number of plies, the basic lamina stiffnesses Q11, G12,

0o, and Qg (referred to the lamina material axes), and the ply orien-
tation a.

Compute all terms of the A, B, and D matrices for a [0/90] laminate with
the following lamina properties:
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5.6

5.7

5.8

5.9

5.10

511

Engineering Mechanics of Composite Materials

E, =145 GPa (21 Msi) E, =10.5 GPa (1.5 Msi)
Gy, = 7.5 GPa (1.1 Msi) Vi, =028

lamina thickness: ¢ = 0.25 mm (0.01 inch)

Compute all terms of the [A] and [B] matrices for a [+45/—45] laminate
with the lamina properties of problem 5.5.

Evaluate the [B] matrix for a [+45/-45] laminate in terms of the lamina
engineering properties E|, E,, V15, G|», and the lamina thickness ¢.

Compute all terms of the A matrix for a [0/+45] laminate with the lamina
properties of problem S5.5.

Determine and compare the terms of the [B] matrix for laminates [0,/90,]
and [0/90], in terms of lamina properties Q; and thickness .

An antisymmetric [+45] laminate consists of two carbon/epoxy layers
of thickness ¢. The elastic properties of the lamina are as follows:

El =15 Ew E2 = Eo’ G[Z =0.6 Ea’ Vip = 0.3

Determine the laminate stiffnesses [A], [B], and [D] in terms of E, and
t. Obtain approximate solutions by assuming E, >> E; > G,.

Show that the [0/%60], laminate is quasi-isotropic, i.e., A,, = Az for any
angle .

A/

\VAVAVAY AVAVAVAVIENEE™

e
X

5.12 Prove Egs. (5.64) through (5.66) in sample problem 5.2.

5.13 Prove that a laminate of
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5.14

5.15

5.16

5.17

5.18

5.19

layup is quasi-isotropic, i.e., that all extensional stiffnesses A;; are inde-
pendent of orientation of reference axes.

Prove that for a [*45]; angle-ply laminate, the in-plane lamina shear
modulus Gy, is related to the laminate modulus and Poisson’s ratio as fol-
lows:
. __E
27201 +9y)

(Hint: see sample problems 5.3 and 5.5.)

Determine —E-x, Exy, and v,,, for a [£45]; angle-ply laminate with the lam-
ina properties of problem 5.5.

Determine Poisson’s ratio v,, for a [=30], angle-ply laminate with the
lamina properties of problem 5.5.

Determine Poisson’s ratio v,, for a [0/%45]; laminate with the lamina
properties of problem 5.5.

Show that for a quasi-isotropic laminate the following relation holds
among axial modulus, shear modulus and Poisson’s ratio:

—~ Ex
P21+ 7,)

A laminate of [0/=45/90], layup is loaded under in-plane biaxial loading

N.=N,
N, =2N,
N,=0

and the resulting strains are

e, =13x%x1073
e,=5.1x107

Determine Poisson’s ratio vy,
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5.20

5.21

5.22

5.23

5.24

5.25
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An asymmetric [0/90] laminate is subjected to biaxial loading
N.,=N,=N, and the following strains and curvatures are obtained:
gl = &) = &,; Ky = — K, = K,. Assuming v,,, << 1, obtain an expression
for the laminate modulus E, as a function of its relevant stiffness para-

meters Ay, By, and Dj;.
For the laminate of problem 5.20 above made of AS4/3501-6
carbon/epoxy (see Table 2.6) determine the load N, corresponding to a
curvature k,=2x 107 mm™!(0.051in!). The layer thickness is

t=0.1 mm (0.004 in.).

A symmetric and unbalanced laminate for which E, =Ey and M, =My

is loaded in pure shear Ny = N, and the normal strain &, is measured.

a. Determine the shear strain <y, produced under biaxial compressive
loading N, = N, = — N,, of the same laminate as a function of &,.

b. Determine Poisson’s ratio v, of this laminate if the normal strain &,
under biaxial loading is zero.

A symmetric crossply laminate is designed such that E.=5 Ey. The rel-
ative lamina moduli are E; =14 E,. Determine the approximate ratio
r between the number of 0° plies to that of the 90° plies assuming
E, >> E,.

Two samples were cut from a [0/90]; laminate, one along the 0° direction
and the other at 45°. The measured moduli from these samples were
(E oo = 80 GPa (11.6 Msi) and (E,)g_ss- = 24 GPa (3.5 Msi). Determine
the lamina moduli £, and Gy, assuming E; >> F,.

Based on the results of problem 5.24 above, compute the approximate

properties Ex, Gy and vgy of a quasi-isotropic laminate of the same

material. Verify the relationship of problem 5.18.



Chapter 6

Hygrothermal Effects

6.1 Introduction

The fabrication process of composite materials may introduce reversible and
irreversible effects due to the processing thermal cycle and chemical changes
and due to the mismatch in thermal properties of the constituents. The most
common manifestation of these effects are residual stresses and warpage.

After fabrication, composite structures operate in a variety of thermal and
moisture environments that may have a pronounced impact on their perform-
ance. These hygrothermal effects are a result of the temperature and moisture
content variations and are related to the difference in thermal and hygric proper-
ties of the constituents.

Processing and environmental effects are similar in nature. They can be
viewed and analyzed from the microscopic point of view, on the scale of the
fiber diameter, or from the macroscopic point of view, by considering the overall
effects on the lamina, which is treated as a homogeneous material.

Analysis of the processing and hygrothermal effects is an important compo-
nent of the overall structural design and analysis. The performance of a com-
posite structure is a function of its environmental history, temperature and moist-

ure distributions, processing and hygrothermal stresses, and property variations
with temperature and moisture. Hygrothermal effects can be categorized as fol-
lows:

6.1.1 Physical and Chemical Effects

Moisture absorption and desorption processes in polymer/matrix compos1tes
depend on the current hygrothermal state and on the environment.! The glass
transition temperature of the polymeric matrix varies with the moisture content.
Polymerization processes are a function of the hygrothermal properties of the

189
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constituent materials and the composite and the current hygrothermal state.
Material degradation and corrosion can be related to hygrothermal factors.

6.1.2 Effects on Mechanical Properties

Elastic and viscoelastic (time-dependent) properties may vary with temperature
and moisture concentration. Failure and strength characteristics, especially
interfacial and matrix-dominated ones, may vary with temperature and mois-
ture content.

6.1.3 Hygrothermoelastic (HTE) Effects

The composite material undergoes reversible deformations related to thermal
expansion (o) and moisture expansion (B) coefficients. Intralaminar and inter-
laminar stresses are developed as a result of the thermoelastic and hygroelastic
inhomogeneity and anisotropy of the material.

6.2 Hygrothermal Effects on Mechanical Behavior

The hygrothermal state affects the stress—strain behavior of composite materials
in two different ways; the properties of the constituents may vary with tempera-
ture and moisture concentration, and fabrication residual stresses are altered by
the hygrothermal state. Since the fibers are usually the least sensitive to environ-
ment, hygrothermal effects are most noticeable in matrix dominated properties,
e.g., transverse tensile, transverse compressive, and in-plane shear properties.

Effects of temperature on stress—strain behavior of typical composites are
illustrated in Figures. 6.1 to 6.4. Figure 6.1 shows the transverse stress—strain
behavior of a carbon/epoxy (AS4/3501-6) composite at various ternperatures.2
It is seen that the transverse modulus decreases steadily with increasing tempera-
ture, although the strength and ultimate strain are not affected much. Figure 6.2
shows similar stress—strain curves for in-plane shear loading. The in-plane shear
modulus and strength decrease with increasing temperature, but the ultimate
shear strain remains nearly constant. Figure 6.3 shows the effect of temperature
on the transverse stress—strain behavior of a silicon carbide/aluminum (SiC/Al;
SCS-2/6061 Al) unidirectional composite. The initial modulus is not affected,
but the yield stress decreases and the ultimate strain increases with increasing
temperature. A similar behavior is displayed by the same material under in-
plane shear loading (Fig. 6.4).

The influence of moisture concentration is similar to that of temperature on
polymer matrix composites, and it is more pronounced at elevated temperatures.
Figure 6.5 shows that a 1% moisture concentration produces a very small differ-
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Fig. 6.1 Transverse tensile stress-strain curves for dry AS4/3501-6 carbon/epoxy com-
posite at various temperatures.2

ence in the shear stress versus shear strain behavior of a carbon/epoxy composite
at room temperature; however, it has a noticeable effect at the elevated tempera-
ture of 90°C (195°F). The most deleterious effects on stiffness and strength are
produced by a combination of elevated temperature and high moisture concen-
tration.>* This is further illustrated in Figure 6.6, where it is shown that the

100
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90 4
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o 70 A 10
< 3: 128°C(263°F) =
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o 407 g
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10 -
0 : . : . , : . . : 0
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Strain, 7Y, . (%)

Fig. 6.2 In-plane shear stress~stram curves for unidirectional AS4/3501 6 carbon/epoxy
composite at various temperatures.”
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Fig. 6.3 Transverse tensile stress-strain curves for unidirectional  silicon
carbide/aluminum (SCS-2/6061Al) composite at various temperatures.

torsional stiffness under cyclic loading degrades most at high temperature and
moisture concentration.

Table 6.1 illustrates in a quantitative way the degradation in stiffnesses and
strengths with temperature of a unidirectional intermediate strength carbon/
epoxy.5 It is seen that the longitudinal modulus and tensile strength decrease
by approximately 5% and 10% at 121°C (250°F) and 177°C (350°F) respect-

100

] - 14
90 4 24°C (75°F)
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= 70 1 F10
2 60+ 2
- [ 5 =
i\ 50 n . 15
é 40 4 288°C (550°F) L 6 g
ﬁ 30_ L 4 (75
20 1 399°C(750°F)
L 2
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0 T T T T T T 0
0 1 2 3 4 5 6 7

Strain, Y_, (%)

Fig. 6.4 In-plane shear stress—strain curves for unidirectional silicon carbide/aluminum
(SCS-2/6061Al) composite at various temperatures.
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Fig. 6.5 In-plane shear stress—strain curves for unidirectional AS4/3501-6 carbon/epoxy
composite illustrating effects of temperature and moisture concentration.

ively. Matrix-dominated properties, such as transverse and in-plane shear moduli
and their corresponding strengths, degrade by 50% or more at 177°C (350°F),
with the strengths degrading somewhat more than the moduli. Longitudinal and
transverse compressive strengths decrease to 40% and 60% of their room tem-
perature values, respectively, at 177°C (350°F).

The effect of long term hygrothermal exposure on matrix-dominated proper-
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Fig. 6.6 Torsional stiffness degradation of carbon/epoxy composite under cyclic load-
ing under various hygrothermal conditions.
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Table 6.1 Temperature Effects on Elastic and Strength Properties of a
Typical Intermediate Strength Carbon/Epoxy Composite.”

Normalized property Temperature, T,°C (°F)

24 (75) 121 (250) 177 (350)

Longitudinal modulus

E, (DIEy (T,) 1 0.95 0.93
Transverse modulus

E, (DIE> (T,) 1 0.87 0.50
In-plane shear modulus

G2 (DIG2 (To) 1 0.87 0.50
Longitudinal tensile strength

Fi, (DIFy, (Ty) 1 0.96 0.90
Transverse tensile strength

Fay (DIFy, (Ty) 1 0.82 0.45
Longitudinal compressive strength

Fio. (DIF. (Ty) 1 0.78 0.40
Transverse compressive strength

Fae (DIFs: (To) 1 0.87 0.60
In-plane shear strength

Fg (TFs (Ty) 1 0.70 0.40

T, = reference room temperature; T = current temperature.

ties depends on the composition and type of matrix resin. Glass/fiber composites
with rubber-modified epoxy matrix exhibited high strength degradation when
exposed to hot and humid ambient conditions compared with composites having
a standard (unmodified) “brittle” epoxy matrix, which showed a slight improve-
ment in strength.*®

6.3 Coefficients of Thermal and Moisture Expansion of
Unidirectional Lamina

The hygrothermal behavior of a unidirectional lamina is fully characterized in
terms of two principal coefficients of thermal expansion (CTE), a; and , and
two principal coefficients of moisture expansion (CME), B, and {3, (Fig. 6.7).
These coefficients can be related to the geometric and material properties of
the constituents.

Approximate micromechanical relations for the coefficients of thermal
expansion were given by Schapery’ for isotropic constituents. The longitudinal
coefficient for a continuous fiber composite is given by the relation
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Fig. 6.7 Coefficients of thermal and moisture expansion of a unidirectional lamina.

oy = Efaf Vf+ Em Oy Vm — (EOL)} (6 l)
! EfVi+ Ep Vi E, :

where

E;, E,, = Fiber and matrix moduli, res ectivel
f p y

s a, = Fiber and matrix coefficients of thermal expansion, respectively

V;, V,, = Fiber and matrix volume ratios, respectively

(EC()1 = Ef Or Vf+ Em Oy Vm

E, = Longitudinal composite modulus (by rule of mixtures)

This relation is similar to the rule of mixtures for longitudinal modulus and
gives fairly accurate results. It is identical to that obtained by the self-consistent
scheme discussed before.

The relation for the transverse coefficient of thermal expansion based on
energy principles’ is

oy = o VAL + v + o, V(1 + V) — V12 O (6.2)
where

V¢, V,, = Poisson’s ratios of fiber and matrix, respectively
vi2 = vp Vet v, V,, = Major Poisson’s ratio of composite lamina as obtained
by the rule of mixtures Eq. (3.93)

oy = Longitudinal CTE of lamina as obtained by Eq. (6.1)
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In many cases, such as carbon and aramid composites, the fibers are orthotropic,
i.e., they have different properties in the axial and transverse directions. Proper-
ties for composites with orthotropic constituents were obtained by Hashin.® The
relation for the transverse CTE is

oy oy
Ay = a?_f Vf (1 + vlzf@i) + Qo Vm<1 + Viom J)

Qo
(Ea)
= (Wi2r Vetviam Vi) E 1 (6.3)
where
a5 Qpp = Axial and transverse CTE’s of fiber, respectively
O On,m = Axial and transverse CTE’s of matrix, respectively
Vi2p Viam = Axial Poisson’s ratios of fiber and matrix, respectively
(Ea)l =ElfaIfo+ Elm Aym Vm (6.4)
El =E1fo+ Elm Vm (65)

In most cases the matrix can be considered isotropic, and the orientation desig-
nation of the matrix properties in Egs. (6.3) through (6.5) can be dropped.

The coefficients of thermal expansion are obtained by measuring strains as
a function of temperature and determining the slopes of the thermal strain versus
temperature curves. Thermal strains versus temperature curves are shown in
Figure 6.8 for three material systems, S-glass/epoxy, carbon/epoxy and
Kevlar/epoxy.® It is seen that the CTEs in general are not constant but they vary
with temperature. The S-glass/epoxy system is the least anisotropic material
thermally with both principal coefficients positive. The carbon/epoxy and
Kevlar/epoxy display negative longitudinal coefficients of thermal expansion,
with the Kevlar/epoxy being the most thermally anisotropic material. Coef-
ficients of thermal expansion of some typical composite materials are listed in
Table 6.2.

Once the principal coefficients o; and a5 are known, the coefficients referred
to any system of coordinates x,y can be obtained by the following transformation
relations, which are the same as those for strain transformation (Fig. 6.7):

2
o, = aym? + apn’
— o.n? 2
a, = an” + opm (6.6)

o

o = 0 = 2(0) — oly)mn
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Fig. 6.8 Thermal strains as a function of temperature for three representative unidirec-

tional composites.’

Table 6.2 Coefficients of Thermal Expansion of Unidirectional Composite

Materials’
Longitudinal coefficient of Transverse coefficient of
Material thermal expansion, o thermal expansion, o
1076/°C (1075/°F) 1076/°C (107%°F)
24°C (75°F) 177°C (350°F) 24°C (75°F) 177°C (350°F)
Boron/epoxy 6.1 3.4 6.1 3.4) 303 (16.9) 37.8 (21.0)
(boron/AVCO 5505)
Boron/polyimide 49 @7 49 @D 284 (15.8) 284 (15.8)
(boron/WRD 9371)
Carbon/epoxy -09 (-0.5) 09 (-0.5) 27.0 (15.00 342 (1%5.0)
(AS4/3501-6)
Carbon/polyimide -04 (-02) -04 (0.2) 253 (14.1) 253 (141
(modmor IY'WRD 9371)
S-glass/epoxy 38 @1 38 (2.1 167 (9.3) 549 (30.5)
(Scotchply 1009-26-5901)
S-glass/epoxy 66 (3.7) 141 (79 19.7 (10.9) 265 (14.7)
(S-glass/ERLA 4617)
Kevlar/epoxy —40 (-2.2) =57 (3.2) 57.6 (32.0)0 828 (46.0)

(Kevlar 49/ERLA 4617)
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where m = cos8, n = sinb.

Micromechanical relations for the coefficients of moisture expansion are
entirely analogous. However, some simplification results by taking into con-
sideration the fact that usually the fiber (carbon, boron, glass) does not absorb
moisture, ie., Br=Bir=PRo=0. Then the relations for the longitudinal and
transverse coefficients of moisture expansion for isotropic constituents take
the form

_ Em Vm _ Em Vm
Bl - Bm Ef Vf+ Em Vm - Bm E] (67)
and
Vi
BZ = Bm E; [(a+ vm)Ef Vf+ Vin— Vr Vf)Em] (6.8)
For orthotropic constituents, the equations above take the form
Ei.VY,
Bi=Bim—g (69)
1
and

ﬂﬂ)El — 127 Vet Vizm V) Eim ﬁlﬂ] (6.10)

Vin
BZ = BZm E; [(1 +Viom B2m Bzm

For a composite with isotropic matrix but orthotropic fibers, B, is given by
Eq. (6.7) and B, takes the form

Vim
Bz =Bm 5, (1 + vEif Vit (Vin — Vigs VOEn] (6.11)

The transformation relations for B, and.B, are entirely analogous to Eq. (6.6)
for the CTEs.

6.4 Hygrothermal Strains in Unidirectional Lamina

A lamina undergoes hygrothermal deformation when subjected to a uniform
change in temperature AT=T7-T, and change in moisture concentration
Ac = ¢ — ¢, where (T, c,) is a reference hygrothermal state. Assuming the ther-
mal and moisture deformations to be uncoupled and the thermal and moisture
expansion coefficients to be constant (which is a good approximation for most
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composites under normal service conditions), the hygrothermal strains referred
to the principal material axes of the lamina are

€1 =0 AT+ BI AC
€y = Qg AT + Bz Ac (612)
€6=O

The transformed hygrothermal strains referred to the x,y coordinate system
of Figure 6.7 are

e, =€ m? + e n*

e, =e n? + ey m? (6.13)
exy = €5 =2(e; — ex)mn
where m = cos® and n = sinf. The variation of the normal and shear hygrother-
mal strains e, and e, with fiber orientation 8 is shown in Figure 6.9.
Substituting e, and e, from Eq. (6.12) into Eq. (6.13) and in view of relations
in Eq. (6.6), we obtain
e, =0, AT+ B, Ac
e,=a, AT + B, Ac (6.14)
e, = o, AT + B, Ac

B e e e e e e et e e e e e e — —

2
o

-e
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£
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£ y
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= =

e, / 0

% —x
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Fig. 6.9 Variation of hygrothermal strains with fiber orientation in unidirectional lam-
ina.
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where a,, o, o and B, By, B, are the transformed lamina coefficients of ther-
mal and moisture expansion.

6.5 Hygrothermoelastic Stress—Strain Relations

When a multidirectional laminate is subjected to mechanical ([N], [M]) and
hygrothermal (AT, Ac) loading, a lamina & within the laminate is under a state
of stress [O’]I;,y and deformation [e]f,y. The hygrothermoelastic superposition
principle states that the strains [e])’ﬁ,y in lamina & within the laminate are equal
to the sum of the strains produced by the existing stresses in the lamina,
[o]%,. and the free (unrestrained) hygrothermal strains of the lamina, ie.,

€x Sxx Sxy st Ox Cx
&l =1Sn Sy Sulloy| +|e (6.15)
Vsl Ssx Ssy Sss kL Ts Ik Cs ik

or, in brief,
lelk, = [SIE, [0k, + [elf,

Equations (6.15) can be inverted to give the stresses in lamina k as follows:

Ox Qxx Qxy st € — &y
oy| =|{Qyx Oy Oys||& & (6.16)
Ts 1k Oox st Ous il Ys — €5k

or, in view of the relations in Eq. (5.8)
‘O-x‘) \VQA:X Qxy Oxs Ez + K, — €,
o, =[Oy Oy Oys| | +2¢y— 0y (6.17)
|.TsJk Lst st stJkl_’Y? + K — eS_Ik
or, in brief,
(o1, = [QI ey + [QUE Iy 2 — [OT5lelky (6.18)
As mentioned in Chapter 5, stresses in the laminate may vary discontinu-
ously from lamina to lamina. Therefore a more convenient form of expressing

the stress—strain relations in Eq. (6.17) is in terms of force and moment resultants
for the entire laminate.
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Integration of the stresses from Eq. (6.17) across the thickness of each lam-
ina k and summation for all laminae in the laminate gives the force resultants.

n hk
[N]x,y = Z J’ [Gllé,y dz

k=17 P

Ay

= E f [Q]f,y{[eo]x,y + Z[K]x,y - [e]_le,y} dz
k=17 A1 :

or

Kx Cx

L]

Nx n o rhy, Qx_x Qxy Qx: €
Ny = z ny ny Q_ys €

hy.
k=1Y k-1 4
N, s st Q:y st L\LYs Ks €5k

+zKy | —|e,| (dz

<o

or, in view of Eqs. (5.18) through (5.22),

Nx Axx Axy Axs Ez Bx.x B):y B,, Ky Nfr

— o HT
Ny = A Ay Ayl €|+ 1B, By, B[k, || N (6.19)
Nol Ao Ay Aull¥] B By Byl ) [ N7

where the laminate stiffness matrices [A] and [B] are defined as in Eq. (5.20),
[N T]x’y are the hygrothermal force resultants defined as

NfT n Qxx Qxy st Cx
NfT :2 ny Q}’)’ QYS e)’ U (620)

HT k=1
NS st st st k LCslk

and #, = by ~ hy_; is the thickness of lamina k.

In a similar fashion, integration of the stresses from Eq. (6.17) multiplied
by the z-coordinate across the thickness of the lamina & and summation for all
laminae in the laminate gives the moment resultants

n hk
M],, = > j [01%, zdz

k=17 Pl
n hk ’
= E JI [Q]_I;,y{[eo]x,y + Z[K]x,y - [e]l;.y}zdz
k=1 7 Bt

or, in view of Egs. (5.18) through (5.22),
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M B By By €1 Dy Dy Diys || Ks M
M,|=|B,. By, By |l €|+ |Dy Dy, Dy llx,|—| M7T (6.21)
M,] |Bs By Bel¥e] |Ds Dy, Dyllx] [ M7

where the laminate stiffness matrices [B] and [D] are defined as before in
Eq. (5.20), [MHT]_W are the hygrothermal moment resultants defined as

M,‘?T n Qxx Qxy Qx: ex
M;iT = 2 ny ny st ey Zp Iy (622)
M?T =l st st st k LCslk

t; is the lamina k thickness, and z; = (b + #y_1)/2 is the z-coordinate to the
midplane of lamina k. Equations (6.19) and (6.21) can be rewritten in the form

N V] N (A Ay As| €
Ny i+ Nfr = ij = Ay Ay Ayl €
N LN IN A Ay AsllYs
B, B, By|[x:
+ B, By, By |x, (6.23)
Bsx Bsy Bss Ks
M| [m#r] [ [Be By Bole
M, |+ | M |=|M,|=|B,. By, Byl €
Mr ._MfT —S_ Bsx Bsy Bss V?
Do Dy, Dyl ke
+|Dyy Dy Dyllk, (6.24)
_sz D.s'y Dss._ Ks
or, in brief,
m,y = [Nl + [N7 T]x,y = [A][€°],,, + [BllK],, (6.25)
M), = [M],, + M7, = [BI[€°],, + [Dlixl,, (6.26)

where [1_\?] and [M] are total force and moment resultants equal to the respective
sums of their mechanical and hygrothermal components.
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The above relations can also be presented in a combined abbreviated form as

N il el Il (6.27)

NEL

Thus the force-deformation and moment deformation relations are identical to
those derived before for mechanical loading only (Egs. 5.21 to 5.24), except for
the fact that here the hygrothermal forces and moments are added to the mechan-
ically applied forces and moments.

6.6 Hygrothermoelastic Strain—Stress Relations

As mentioned in Chapter 5, it is preferable to work with strains because they
are continuous through the laminate thickness and because the applied loads are
independent variables. Inversion of the load-deformation and moment-defor-
mation relations in Egs. (6.23) and (6.24) yields the following relations, which
are identical to Eq. (5.25) except for the substitution of total forces and moments
for the mechanical forces and moments.

- - | -
E_O ax.x axv axs |b,\x bxy bxs Nx
X 2 I o
€ Ayx Gy Gys|byx byy by ||| N,
l —
5| | Gex_Guy_ Gesibax boy bus ' s (6.28)
Ky Cxx ny st(’dxx dxy d\cs ‘ Mx
| _
Ky Cyx Cyy nylldyx dyy dys I_V{y
Ks Csx Csy Cssl dxx dsy dss s
or, in brief,
F7—
€’ alb|{{N 629
| = | = (6.29)
K cld||M

where [a], [b], [c], and [d] are the laminate compliance matrices related to the
stiffness matrices [A], [B], and [D] by Eq. (5.27) or obtained by direct inversion
of the 6 X 6 stiffness matrix in Eq. (5.23).
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6.7 Physical Significance of Hygrothermal Forces

The concept of hygrothermal forces, as defined in Eq. (6.20), is not a mathemat-
ical abstraction but can be understood in physical terms. For example, consider
the hygrothermal force NZ7 given by

NAT =3 [0 ex+ Oy €, + Oxs €5l 1 (6.30)
k=1

The quantity in brackets represents the stress o, required to produce a defor-
mation equal to the free (unrestrained) hygrothermal deformation (e,, ey, €;) in
lamina k. This quantity multiplied by the thickness # of the lamina gives the
force necessary to deform lamina k in the same manner as it is deformed by
the free hygrothermal deformation. Finally, the sum of all these lamina forces
adds up to the total hygrothermal force NHT,

Consider, for example, the case of a composite beam made of several layers
and subjected to a temperature change AT = AT, (Fig. 6.10). This temperature
change will result in a net axial strain € =€, without any external forces, i.e.,
N =0. Thus, for case (a) in Figure 6.10 we have

AT=0
N=0
£=0

=
AT = AT,

(a) N=0

€ =8y
- ) )
AT =AT

(b) —% %a— No N=-No

2 e€=0
+ ‘€0
AT=0

(c) -= » N7 N=NT

=&

case (a) = case (b) + case (c)

Fig. 6.10 Tilustration of physical significance of thermal force.
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AT = AT,
N=0
€=¢,

This case can be viewed as the superposition of cases (b) and (c) shown in
Figure 6.10 for which we have, respectively,

AT = AT,
N=-N,
e=0

and

AT=0
N=NT
€=¢€,

For case (b) using the relation in Eq. (6.19) and the definition in Eq. (6.20)
with conditions [€°] =0 and [x] =0, we obtain

N=-N,=—> 01, (6.31)

For the combination of cases (b) and (c) we have
SN=0=NT-N,

Thus

N =N,=> Qe (6.32)
k=1

which means that the thermal force N” is equal to the reaction N, of the fixed-
end beam under thermal loading, or the mechanical force necessary to produce
a strain equal to the purely thermal strain of the laminate.
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6.8 Hygrothermal Stress—Strain Relations

In the absence of externally applied mechanical forces and moments, i.e., when
[N]=0 and [M] =0, the hygrothermoelastic relations in Eqgs. (6.23) and (6.24)
reduce to

N A Ay Au][€] [Bu By Box]
NIT 1 =14, Ay, Ay |l €| +| B, By, By, |, (6.33)
LN LA Ay AGllv] L Bo By By k]
[m#7] [B. B, Byl 2] [Du D, Dyl[x.]
M7 | =By, B,, By |l€|+|D, Dy, D] x, (6.34)
LM ] 1Bo By Bl(v2]  (Ds Dy Dyllx,]

The hygrothermal forces [N“/] and moments [M"7] are defined as in Egs. (6.20)
and (6.22).

Inversion of the relations above yields the reference plane strains [€°] and
curvatures [k] produced by purely hygrothermal changes:

ref?— —axx ayy axs— NHT by by bx; Mot
€ | =|ay ayy ay || YT |+ by by, by || MET (6.35)
_7?_ L3sx Qsy Qs Nf] 4 b.vx bsy bsx_ Mﬁ]T
-Kx_ rcm Cry Cus -NfT dee dyy dy —MfT
Ky |= | Cpx Cyy Cys|| NJT |+ |dye dyy dy || MET (6.36)
Lod  Lew ey eullNET ] dye dyy di ]l MET

6.9 Coefficients of Thermal and Moisture Expansion of
Multidirectional Laminates

For purely hygrothermal loading, i.e., [N] =0 and [M] =0, the reference plane
strains can also be related to the effective, or laminate, coefficients of thermal
and moisture expansion as
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Ez ax Ex
€| =, |AT+|B, | Ac (6.37)
vel e, B,

where [a],, and [E]_r‘y are the coefficients of thermal expansion and moisture
expansion of the laminate, respectively. These can be determined by comparing
Egs. (6.35) and (6.37) and equating the right-hand sides of those equations.

The coefficients of thermal expansion are obtained by setting AT = 1 and
Ac =0 in the above relations. Thus

Ay Axx axy Ays N z b XX b Xy b xs M ,7;
= | — T T
Q| = |y ayy Ay || Ny |+ | by, by, by || M, (6.38)
- T T
Qg Asx asy Ass N B b sx b sy bss M §

where [N7],, and [M"],, are the resultant thermal forces and moments as
defined in Egs. (6.20) and (6.22) in the absence of moisture concentration
change (Ac=0).

The coefficients of moisture expansion are obtained by setting in Eq. (6.37)
AT =0 and Ac=1. Then

Bx Gux Gry Qs || NY bee by byl M2
By|={ay @y ays|| Ny |+ |bye byy by || MY (6.39)
E“‘ Qsx sy Qss Nﬁ{ bsx bsy bss Mf(

where [NH]x,y and [MH]x,y are the resultant hygric forces and moments as defined
in Egs. (6.20) and (6.22) in the absence of temperature change (AT =0).

In the case of symmetric laminates Egs. (6.38) and (6.39) are simplified by
noting that the coupling compliance matrices [»] and [c] are zero.

6.10 Coefficients of Thermal and Moisture Expansion of
Balanced/Symmetric Laminates

In the case of symmetric and balanced laminates a more direct determination
can be made of the coefficients of thermal and moisture expansion in terms of
the laminate stiffnesses. The hygrothermal stress—strain relations in Eq. (6.33)
referred to the principal laminate axes x and y reduce to
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NET Azz Az5 0 |l €2 As;z Az7; O &;AT+E;AC
N;"T = A;; A;;; 0 Eg = A;; A};; 0 Zi; AT + B;AC (6.40)

NHT 0 0 Al 0 0 Asz|lo:AT+B;Ac

s

By setting AT = 1 and Ac = 0, the relations above can be written as follows
in an expanded form (Az5 = Aj%)

G+ A5y 0, = N5 (6.41)

From the definition of thermal force resultants in Eq. (6.20), by setting
AT =1 and Ac =0, we obtain for the balanced laminate

N = [Osz 05+ O55 05 + Q55051 =0
k=1

since

0;:(8) =— 05— 0) and ax(0) = ax(—0)
055(08) =— Q55(~ 6) and o5(8) = o5(~ 6)
0::0) = Os53(—0) and az(8) =— oz(—6)

The coefficients of thermal expansion along the principal laminate axes are
obtained from the system of Eq. (6.41) as follows:

Ay M A5 Ny
Azz A55 = A%s

_ Az NT-Az5Nf
o = (6.42)
VT Az A5y - Afy

OL§=0

These coefficients can be transformed to an arbitrary system of coordinates (x,y)
making an angle ¢ with the principal laminate axes x, y (Fig.5.7) as follows:
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2— 2=
=Mz +nT oy

Rl
I

gy
1l

n’ o+ m’ & (6.43)

Q|
It

s = 2mn (a? - &§)

where m = cos¢ and »n = sing.
The principal coefficients of moisture expansion for the laminate are
obtained in an entirely analogous manner by setting AT=0 and Ac=1:

Ass NE — Az5 N}
Azz A5 — AZs

B

—  Azz NE - Az N
By=2iy TO5y (6.44)
T Amrdyy- Aty

The transformed coefficients of moisture expansion are

Be=m*Bz+n’ By
B, =n?Bz+m? By (6.45)
By = 2mn Bz - By)

6.11 Hygrothermoelastic Isotropy and Stability

A symmetric orthotropic laminate with identical elastic and thermoelastic (or
hygroelastic) properties along at least two perpendicular axes (x,y) has identical
thermoelastic (or hygroelastic) properties in all directions and is called thermo-
elastic (or hygroelastic) isotropic.

Consider, for example, the symmetric orthotropic laminate in Figure 5.7
with x and y as the principal laminate axes. The condition stated above is
expressed as

Rl
1l
RI
1l
Rl

(6.46)

'~<Il

NII

¥
I
1l
<
T
x1

Then, by the transformation relations in Eq. (6.43), we obtain for any arbitrary
direction x at an angle ¢ with the x-axis (Fig. 5.7),
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a, = mPaz + n'ay = am?® +n*)=a (6.47)

where m = cose, n = sing, and @ = invariant coefficient of thermal expansion.
Examples of such laminates are those of [*45],s and [0/90],, lay-up.

Composite materials such as carbon/epoxy and Kevlar/epoxy with £, >> E,
and |a;| << a, have the additional characteristic that

o, ma<<a

Such materials are defined as thermoelastic stable and isotropic. Similarly,
for hygroelastic characteristics such materials have the property

E}:Ex=E<< BZ

Such materials are defined as hygroelastic stable and isotropic.

Sample Problem 6.1

Coefficient of Thermal Expansion of [+45], Laminate

It is required to calculate the coefficient of thermal expansion a, of a
carbon/epoxy [£45]; laminate. For this material the following observations can
be made:

O =E, On=E<<E
Q12 = v12E2 = vZIEl < E2 << El (648)
Oes = G1p < E; << E,
a; =0, ay=a
The transformed coefficients of thermal expansion of the 45° layer are

2 2

o, m?* n® —2mn o | |z i -1]o
a,|=|n* m* 2mn =3 % o (6.49)
lag| Lmn —mn (m*-n®]30e] 1§ -1 0410
Thus
(ase = (Oy)ase = () ase =3 @ (6.50)

(0)as0 = = (Q)gso = — &
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The transformed lamina stiffnesses are

(Qrdas = (Qyylase = (Qn)-sse = (Oyy)ase
= 2011 + Q22 + 2015 + 4Q¢6)
(Qo)ase = (Qiy)ase = 5(Q11 + Q22 + 2012 — 4066) (6.51)
(Qs5ase = (Qss)-as> = 3(Q11 + 022 — 2012)
(Qxs)ase = (Qyase = = (Qrg)—ss = = (Oy)_ase
=011 - 0)

From the definition of thermal forces we have
Nz‘ Qx_t Qxy st G‘X

N1 =100 Q) Oys| || 26AT
NZ _st st st_45° Qs f45°

—Qxx Qxy Oys Oy
+ ny ny st Qy, 2AT (652)

;_st st Q::_—45° Qs |-a5°

where ¢ is the ply thickness.
Substituting the relations in Egs. (6.50) and (6.51) in the above we obtain

NI =NT=(Qp 0 + Oy 0ty + Ous 0)ysohAT (6.53)
N'=0

where & = 4t is the laminate thickness.
From Eq. (6.42) (in which AT = 1), we obtain

NT

=q,=— 6.54
X ay Axx'!'Axy ( )

Rl

Ql

s=0
Noting that in this case

(A +Ag) = b (Qux + Oi)ase
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and substituting Eq. (6.53) into Eq. (6.54) with AT =1, we obtain

et Qo+ O as]
=, = L (6.55)
& 4 [ Q,u + Q:c_v 45
Taking Egs. (6.50), and (6.51) into consideration, we obtain
aQ
_ 5 (Qxx + Qxy - 2st)
(xr =, =
Y Qe+ Oy
a (O + 020+ 2012 — 011 + O2)
=— = (6.56)
2 Q11+ O + 2012
o (Q22 + Q12)
Qi+ 0+ 2012
from which it follows, for high fiber stiffness composites, that
- Ey(1 +vyp) ap Ep(1 + vipay
=q, = = 6.57
%= Ey(1 +vi) + E; (1 + ) E, ( )

and

a, =0, << o

Thus the [*45], laminate is thermoelastic isotropic, and, in the case of
carbon/epoxy, its coefficient of thermal expansion in any direction is much
lower than the transverse CTE a,. For carbon/epoxy (AS4/3501-6) in particular
o, =0.093 a, = ay/1l, ie., the CTE of a [+45]; carbon/epoxy laminate is
fiber dominated.

6.12 Coefficients of Thermal Expansion of Unidirectional
and Multidirectional Carbon/Epoxy Laminates

A typical carbon/epoxy composite, the AS4/3501-6, has the following principal
coefficients of thermal expansion:

a; =— 0.9 x 107°°C (- 0.5 x 107°/°F)
a, =27 x 1075/°C (15 x 107%/°F)
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Fig. 6.11 Coefficients of thermal expansion of unidirectional and angle-ply laminates

as a function of fiber orientation compared with that of a thermally isotropic laminate
(e.g., [0/90];) (AS4/3501-6 carbon/epoxy).

The variation of the transformed CTE, «,, for a unidirectional lamina with fiber
orientation 0 is illustrated in Figure 6.11, where it is compared with the o, of
the angle-ply laminate [*6], and the quasi-isotropic laminate. It is interesting
to note that the variation of o, with angle 6 for the angle-ply laminate is not
monotonic and has a local minimum at 6 = 28°.

A carpet plot of the CTE for the general class of [0,,/90,/(+45),], laminates
is shown in Figure 6.12 as a function of the percentages of the 0°, (£45°), and
90° plies. It can be seen that there are many laminates with exactly zero CTE,
a fact of great importance in the design of dimensionally stable structures, such
as space antennae, mirrors, and other aerospace components and structures.

6.13 Hygrothermoelastic Stress Analysis of
Multidirectional Laminate
Given a hygrothermomechanical loading [N] and [M], as defined in Eqgs. (6.23)

and (6.24), the reference plane strains and curvatures of the laminate are
obtained from Eq. (6.29) repeated here:

Rl Y . (6.29 bis)
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Fig. 6.12 Carpet plot for principal coefficient of thermal expansion of [0,,/90,/(F45) ],
carbon/epoxy laminates (AS4/3501-6) (a, B, and vy are fractions of 0°, 90°, and +45°
plies, respectively).

The total (net) strains in layer k at a distance z from the reference plane are

€ € Ky

o o .
€| =|€&|+2/Ky (5.8 bis)
Vsl ’Y? Ks

Based on the hygrothermoelastic principle stated in Eq. (6.15), the hygro-
thermal strains of layer k are obtained as

| =6l — e (6.58)

Vse lk Vsl €slk

The stresses in layer k referred to the laminate coordinate axes (x,y) can be
obtained by

Oxe Q)cx Qxy st €xe
O-ye = ny ny st Eye (659)
Tse lk st st st k LYselk
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These stresses can be transformed to the lamina axes (1,2) by the transfor-
mation relation

Tle Oxe

02 | = [T] U'_ve

m?> n®>  2mn
[T] = n?> m? 2mn
2_ 2
-mn mn m°—n
and m = cosB, n = sind.
These stresses can also be obtained by first transforming the hygrothermal

strains from Eq. (6.58) to the lamina principal axes and then using the stress—
strain relations for the lamina referred to its principal axes as follows:

€le €xe € —€

€, | =[T] €ye | = |€2 € (6.60)
1 L 1

7Y6e 5Yse Y6

and

O, Qi1 Q12 0 €1e
Oz ={021 O O €2, (6.61)

Te Ik 0 0 Qeele L V6ele

In the absence of mechanical loading, the total loading [N] and [M] in Eq.
(6.29) is replaced by the hygrothermal forces and moments [N77] and [M77].
Then, Egs. (6.59) and (6.61) above give the purely hygrothermal stresses in
each layer.

6.14 Residual Stresses

Residual stresses are introduced in multidirectional laminates during fabrication.
On a micromechanical scale, residual stresses are introduced in unidirectional
layers in and around individual fibers due to the mismatch in thermal properties
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of the constituents. These stresses are accounted for in the analysis and design
of laminates by using lamina properties determined macroscopically by standard
testing. In addition, there exist residual stresses on a macroscopic level, the so-
called lamination residual stresses, due to the thermal anisotropy of the layers.
These stresses are similar in nature to the hygrothermal stresses discussed
before.

During processing at elevated temperatures there is a certain temperature
level at which the composite material is assumed to be stress free. This tempera-
ture level may be taken as the glass transition temperature of the polymer matrix,
or the melting temperature of the metal matrix, or the sintering temperature of
the ceramic matrix. Residual stresses develop in the initially stress-free laminate
if the thermally anisotropic plies are oriented in different directions. Residual
stresses are a function of many parameters, such as ply orientation and stacking
sequence, curing process, fiber volume ratio, and other material and pro-
cessing variables.

Lamination residual stresses can be analyzed by using lamination theory and
lamina material properties.'®"1? Experimentally, they can be determined using
embedded strain gage techniques.®!3~!> It has been shown by viscoelastic analy-
sis that residual stresses are also a function of the cooldown path in the curing
cycle.'%!7 For a given temperature drop over a specified length of time, there
is an optimum cooldown path that minimizes curing residual stresses. A more
precise analysis of residual stresses should take into consideration the viscoelas-
tic properties and the irreversible polymerization (or chemical) shrinkage of the
matrix.!51°

The procedure for elastic analysis of residual stresses is as follows: The
difference AT between ambient and stress-free temperature is introduced in Egs.
(6.14) to obtain the free thermal strains in each layer; then, the thermal forces
and moments are determined using the definitions in Egs. (6.20) and (6.22). The
hygrothermal stress—strain relations in Egs. (6.33) and (6.34) or (6.35) and (6.36)
are solved for the reference plane strains [€°] and curvatures [k]. Then, following
the procedure discussed in section 6.13, the residual (hygrothermal) stresses are
obtained for each individual layer of the laminate.

As an example, residual stresses in a ply of a [£6], angle-ply carbon/epoxy
laminate were calculated as a function of the fiber orientation 8 and plotted in
Figure 6.13. The properties of carbon/epoxy (AS4/3501-6) in Table 2.6 with a
temperature difference of AT =110°C (200°F) were used. The normal lamina
stresses o, and o, are equal and opposite in sign and reach maximum absolute
values for 6 =45°. In the case of a [*£45], laminate, which is the same as a
[0/90], laminate rotated by 45°, the maximum transverse residual stress o, is
approximately equal to half the transverse lamina strength, F,,.

A clear manifestation of lamination residual stresses is shown for hybrid
laminates in Figure 6.14.° Before failure the laminate was flat under the self-
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Fig. 6.13 Residual stresses at room temperature in layer of {£6]; carbon/epoxy laminate
(AS4/3501-6; a temperature difference AT = 110°C (200°F) was assumed).

equilibrated residual stresses. In the [+455/05/0], laminate (where superscripts
C and G denote carbon and glass, respectively) failure of the 0° carbon plies
caused delamination of the outer three-ply (+45%/0%) sublaminate. The com-
pressive residual stresses in the £45° carbon plies and tensile residual stress in
the 0° glass ply of this sublaminate caused the warpage shown in the asymmetric
sublaminate. In the [0%/£455/0%], laminates, the outer three-ply (0%/= 45%) sub-
laminate delaminated and warped as shown due to the tensiie residual stress in
the 0° glass ply and compressive residual stress in the *=45° carbon plies of
the sublaminate.

Sample Problem 6.2

Residual Stresses in Crossply Symmetric Laminate

It is required to calculate the residual stresses in a [0/90], crossply symmetric
laminate in terms of the temperature difference AT and the lamina mechanical
and thermal properties (Fig. 6.15.)'*

The general procedure is to determine the thermal forces [NT], the reference
plane strains from Eq. (6.29), and the thermal strains and stresses using Egs.
(6.58) and (6.59) or (6.60) and (6.61). In the present case a more direct approach
may be taken by making some observations.



e,

Fig. 6.14 Characteristic failure patterns in three carbon/S—glass/epoxy specimens under
uniaxial tensile loading, illustrating presence of residual stresses.”

Fig. 6.15 Crossply symmetric laminate.
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The laminate lay-up implies that

e2=¢€, v3=0
Ky =K, =K, =0 (6.62)

Also, from the laminate symmetry and lay-up, it follows that

A=Ay Ay=A,=0

(B]=0

NI=NI, N[ =0 (6.63)
MI=MI=M]=0

The hygrothermal stress—strain relations in Eq. (6.33) reduce to

NY A Ay 0 €
Ny |=|Ax A € (6.64)
0 0 0 Ay

which, in view of Egs. (6.62) and (6.63) reduce to
NY=NJ = (A + Ages
or

O=f =X (6.65)

The hygrothermal force NT is obtained from its defining relation (Eq.
6.20) as

NE =200y, oy + Q12 ap + Qoo 0p + Q12 @)AT (6.66)

where ¢ is the lamina thickness.
Substituting the above into Eq. (6.65) and evaluating A,, and A,, for the
laminate, we obtain

Q11 + 010y + (O + @12)ay
0 _ -0 _ AT
ST Qi1+ 02+ 202

6.67)
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The residual (thermal) strains in the 0° ply, for example, are then

Ele=€z—el=e_€—a1 AT

€y, = G; — &= E; - azAT (668)

and, substituting from Eq. (6.67),

O + 015
€10 = AT(0p — )=
te 2 UQU + Qoo + 2012
Q1+ 0O
€. = AT(0; — ap) (6.69)
2 U000+ 00 + 2000
Finally, the residual stresses in the 0° ply are obtained as follows:
Q11 02— O
Ole = €1 t+ EE=ATCL - ay)
te=0Q11 €+ Q12 €2 (0 V0,1 + 00 + 201
0y, — 02
02¢ = Q12 €1¢ + Q2 €20 = AT(@) — @) Q11 02 = O (6.70)

}Qu + 02 + 201

For a high fiber stiffness composite the stresses above can be approxi-
mated as

Q11 Opp (1 — v13v91)
011(1 + v1) + Ol +vy2)

o1 = AT(a, — ay)

)

= AT(OLZ - OLI) = AT(CX'Z - OLl)Ez (671)

1 +E'?(1 +V10)

L)

02, = AT(a; — ) = AT(a; — aE;

1+221+
El( Vi2)

For carbon fiber composites where |o;| << a,
O1e =~ 02 = AT Qp E2
It is seen that the residual stresses in the fiber and transverse to the fiber

directions are of equal magnitude and opposite sign, which satisfies equilibrium
conditions. For a temperature drop during cooldown, this means that there is a
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transverse tensile stress and longitudinal compressive stress since AT < 0 and
oy > ay. The stresses in the 90° ply referred to its principal axes are identical
to those of the 0° ply. The results above obtained for a [0/90], lay-up are iden-
tical to those for a [£45], laminate.

6.15 Warpage

Warpage, or out-of-plane deformation, occurs in asymmetric laminates under
uniform hygrothermal loading. It is a result of the induced hygrothermal stresses
and the laminate asymmetry (Fig. 6.16). Bending asymmetries result from an
asymmetric lay-up, designed for a specific purpose, or from inadvertently intro-
duced process or material nonuniformities as well as thermal and moisture gradi-
ents through the thickness. Warpage can be calculated by classical lamination
theory using lamina material properties.'*!9-22
Integration of the curvature-deflection relations

KT T2
9w
=—— 5.7 bis
K)’ ayZ ( )
_ 28%w
%= dxdy

Fig. 6.16 Warpage in hybrid laminate made of a [+45]; carbon/epoxy (AS4/3502) lami-
nate bonded to an aluminum (2024) plate.
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yields the out-of-plane deflection w

w = — (<, 2 + K, ¥7 + K xy) + (rigid body motion) (6.72)
Warpage is described by the quadratic part of this expression.

The curvatures are also related to the hygrothermal forces and moments as
shown in Egs. (6.29):

[Kl.y = [INT],y + (M, 6.73)
which, substituted into Eq. (6.72), yields the specific equation for w describing

the warpage.

Sample Problem 6.3

Warpage of Crossply Antisymmetric Laminate

It is required to calculate the warpage of a [0/90] crossply antisymmetric lami-
nate in terms of the uniform temperature change AT and the lamina mechanical
and thermal properties (Fig. 6.17.)'%%?

The thermal force and moment resultants are

Ng BAT Q11 iz 0 ||loy WAT 020 O 0 ||
N = Qa1 Q22 0 |l 5 Q12 O 0 lloy (6.74)
0 0 0 QL 0 0 Qesll0

r4

Fig. 6.17 [0/90] antisymmetric crossply laminate.
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and

T

M; AT Q11 Q12 0 |y L2AT Oxn 0 0 |jaz

My | = Q21 On 0 flapi=——2— Q12 Qu 0 iy (6.75)
0 0 0 QellO 0 0 OQll0

The following observations can be made for the specific lay-up considered:

€; = €3, v =0
Ky = = Ky, Ky =0
NT=NI,  NI=0 (6.76)

MI=-M,, M{=0

Furthermore,
Bxx == Byy
B,y =By =Bi=0 6.77)

The thermal force deformation relations in Egs. (6.33) and (6.34) reduce to

Nl= (A + Ay) € + B &y

M =B, €+ Dy~ Dy) Ky (6.78)
The system of Egs. (6.78) can be solved for the two unknowns € and K.

(Dxx - xy)Ng - Bxx M,{

€ =¢el= (6.79)
Y (Axx + Axy)(Dxx - ny) - B,%x
and
A +A ML — B, NT
Ky =— K, = A + A)M, = (6.80)

v (Axx + A.xy)(Dxx - Dx‘y) - Bi\

Substitution of Eq. (6.80) into Eq. (6.72) yields the equation of the warped
surface as:

(A, + A )MI - B, NT 5
—_1 XX xy/ " x wxi¥x 2 2 81
S heot A Do =Dy ~ L 77D (680
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which represents a hyperbolic paraboloid or saddle-shaped surface. Predicted
contours of this surface for a woven-glass/epoxy antisymmetric laminate are
shown in Figure 6.18. They are in good agreement with the moiré fringe pattern,
which depicts the same contours.??

TN

(b)

Fig. 6.18 Contours of warped surface obtained by shadow moiré method and predicted
by analysis for [0¢/90¢] woven-glass/epoxy laminate; (a) experimental, (b) predicted.
(Experimental and predicted fringes are loci of points of 0.60 mm [0.023 in.] constant
out-of-plane displacement with respect to points on neighboring fringe).??
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6.16 Computational Procedure for Hygrothermoelastic
Analysis of Multidirectional Laminates

A flow chart for hygrothermoelastic analysis of multidirectional laminates is
shown in Figure 6.19. It consists of two main branches. The left-hand branch
is similar to the flow chart in Figure 5.11 used for computation of laminate
stiffnesses and compliances and has been discussed before. The right-hand
branch consists of the following steps:

| E1, E2, vip G12 | [ o, ap, B1, B2 |
Y AT Ac
a R
Y
Y (el
[Qiy | -
(R
INTT], MAT]

Y
[ Al (8L, [D1] [ INI [M] —
Y

v N, 0]
[Tal, b1, c], (a1} -

[@]xy, [Blx

ol

[e°

TF:LT -
POORROROOOROE ©® POEOEOOO

)

(&
el |
[z F—>

[Tl ]

Fig. 6.19 Flow chart for hygrothermoelastic analysis of multidirectional laminates.

k]
|
kv |
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T2 ]
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Step 1 Enter lamina coefficients of thermal and moisture expansion «y, oy,
B and Bo.

Step 2 Enter temperature and moisture concentration differences, AT and Ac.

Step 3 Calculate free lamina hygrothermal strains e, and e, referred to its
principal material axes (1,2) using Eq. (6.12).

Step 4 Enter ply (or principal axis) orientation, 8, of lamina k.

Step 5 Calculate transformed free lamina hygrothermal strains (exs€y:€5)k
referred to laminate reference axes (x,y) using Eq. (6.13).

Step 6 Enter transformed lamina stiffnesses [Q]f.,_v of lamina k from left-
hand branch.

Step 7 Enter through-the-thickness coordinates &, and A;_, of lamina k sur-
faces and total number of plies x.

Step 8 Calculate hygrothermal forces and moments, N7 and M*”, using
Eqgs. (6.20) and (6.22).

Step 9 Enter mechanical loading [N] and [M].

Step 10 Combine hygrothermal and mechanical loading, [N] and [M].

Step 11 Enter laminate compliances [a], [b], [¢], and [d] from left-hand branch.

Step 12 Calculate laminate coefficients of thermal and moisture expansion,
y, Qy, B,, and Ey, using Egs. (6.38) and (6.39).

Step 13 Calculate reference plane strains [e€°] and curvatures [k] using
Eq. (6.28).

Step 14 Calculate warpage w, using Eq. (6.72).

Step 15 Enter through-the-thickness coordinate, z, of point of interest in lamina
k. For a laminate consisting of many thin (compared with the laminate
thickness) layers or for any symmetric laminate under in-plane loading,
the coordinate of the lamina midplane, z = z;, is used. Then, the com-
puted strains and stresses are the average through-the-thickness strains
and stresses in the layer. However, when the laminate consists of few
and thick (relative to the laminate thickness) layers and is asymmetric
or subjected to bending and twisting, z = A and z = h;_, are entered in
order to determine the extreme values of the strains and stresses at the
top and bottom surfaces of the layer.

Step 16 Calculate total (net) strains (e,, €,, Y); in lamina k using Eq. (5.8).

Step 17 Enter orientation 6, of lamina .

Step 18 Transform total lamina strains [(—;],’ﬁ,y to lamina coordinate axes (1,2).

Step 19 Enter free lamina hygrothermal strains e;, e, referred to lamina axes
(1,2) from step 3.

Step 20 Calculate hygrothermal strains [ee]'f,z referred to lamina axes (1,2)
using Eq. (6.60).

Step 21 Enter lamina stiffnesses referred to lamina axes (1,2).

Step 22 Calculate hygrothermal stresses [Ue]lf_z of lamina & referred to lamina
axes (1,2) using Eq. (6.61).
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The procedure above reduces to purely hygrothermal stress analysis when

the mechanical loading [N] and [M] is zero and to purely mechanical stress
analysis when the hygrothermal loading AT and Ac is zero.
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PROBLEMS

6.1  Determine the coefficients of thermal expansion «; and o, of a unidirec-
tional glass/epoxy lamina of the following properties

E;= 69 GPa (10 Msi)
E,, = 3.80 GPa (0.55 Msi)
ve=0.22
V,, = 0.36
oy=4.5x 107%/°C (2.5 x 1079/°F)
&, = 90 x 1075/°C (50 x 107¢/°F)
V;=0.55

6.2 Determine the coefficients of thermal expansion o and o, of a unidirec-
tional silicon carbide/aluminum (SCS 2/6061 Al) lamina of the follow-
ing properties

E;= 410 GPa (60 Msi)
E,, =69 GPa (10 Msi)

vy=0.20

v,, =0.33

ay= 1.5 x 107%/°C (0.83 x 107%/°F)
o, = 23.4 X 1075/°C (13 x 107%/°F)
V= 0.44

6.3  Determine the coefficients of thermal expansion a; and a, of a unidirec-
tional silicon carbide/glass ceramic composite (SiC/CAS) of the follow-
ing properties



6.4

6.5

6.6

6.7
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E;= 170 GPa (25 Msi)
E,, =98 GPa (14.2 Msi)

vp=0.20

U = 0.20
o, = 5.0 x 107%/°C (2.8 x 1075/°F)
ap=3.2x 1075/°C (1.8 x 107%°F)
V,=0.39

The measured coefficients of thermal expansion of a unidirectional
carbon/epoxy composite of fiber volume ratio Vy=0.65 are

a; =—0.9 x 1075/°C (- 0.5 x 107%/°F)
oy =27 x 107/°C (15 x 107%/°F)

Determine the coefficients ar and a,y of the fiber from the above and
the following constituent properties

E\;=235 GPa (34 x 10° psi)
E,, = 4.1 GPa (0.6 x 10° psi)
vy=10.20
v,, =034
o, =41 x 107%°C (23 x 1075/°F)
Determine the thermal forces N, NyT, and N7 for a [£45], carbon/epoxy

laminate (AS4/3501-6, Table 2.6) for a temperature difference AT = 56°C
(100°F) in terms of the lamina thickness . '

Determine the thermal forces N7, N7, and N] for a [+30], carbon/epoxy
laminate (AS4/3501-6, Table 2.6) for a temperature difference of
AT =56°C (100°F) and lamina thickness ¢ = 0.127 mm (0.005 in.).

Following a procedure similar to that described under Sample Problem
6.1, show that the coefficient of thermal expansion o, of a [0/90];
carbon/epoxy laminate is equal to [Ex(1 + viy) ap)/Ey, i.e., it is equal to
that of the [+45]; laminate.
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6.8

6.9

6.10

6.11

6.12

6.13

6.14

6.15

Determine the coefficient of thermal expansion «, of a [*30];
carbon/epoxy laminate (AS4/3501-6, Table 2.6).

Determine the coefficients of thermal expansion of a [0/90], laminate as
a function of the lamina engineering constants E,, E,, G5, and v,, and
the lamina coefficients of thermal expansion «, and o,. Find a relation-
ship among the lamina properties such that the CTE of the laminate is
zero in all directions.

For a [0,,/90,]; crossply laminate obtain a general relation between
r=m/n and the lamina properties such that the coefficient of thermal
expansion o, along the 0° direction is zero. Determine a specific value
of r for a carbon/epoxy material (AS4/3501-6, Table 2.6).

Calculate the coefficients of thermal expansion @, and «, of a [0/%45];
S-glass/epoxy laminate with properties listed in Table 2.6.

Calculate the coefficients of thermal expansion a, and «, of a [0/%45];
carbon/epoxy (AS4/3601-6, Table 2.6).

Independently of Sample Problem 6.2, show that the lamina stresses in
a [+45], carbon/epoxy laminate subjected to a temperature change AT are

G}EE(I2E2AT
Uzez—azEzAT

assuming that o; = 0 and £, >> E,.

A [£30], carbon/epoxy laminate was cured at 180°C (356°F) and cooled
down to 23°C (73°F) and dry condition. Then, it was allowed to absorb
moisture. Determine the moisture concentration Ac at which the net
hygrothermal stresses will be zero for the following lamina properties:
a; =By = 0; ap =30 x 1075/°C (16.7 x 107%/°F), B, = 0.55.

A [0/90] crossply antisymmetric carbon/epoxy laminate is cooled down
during curing from 180°C (356°F) to 30°C (86°F) (Fig. 6.17). Compute
the curvatures k, and «, for the following lamina properties:

E; = 140 GPa (20.3 Msi)
E, = 10 GPa (1.45 Msi)
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G, = 6 GPa (0.87 Msi)
Vo =0.34
a=p; =0
a = 30 x 107%/°C (16.7 x 107°/°F)
B, =0.55
t=1 mm (0.040 in.) (layer thickness)

6.16 Determine the maximum lamina stresses o, and &,, for the laminate
and conditions of Problem 6.15.

6.17 After cooldown, the dry laminate of Problem 6.15 was exposed to mois-
ture absorption. Determine the moisture concentration at which the lami-
nate will become flat (k, =~ K, =0).

6.18 A [+45] antisymmetric carbon/epoxy laminate was cooled down during
curing from 150°C (302°F) to 50°C (122°F) and the following defor-
mations were measured:

g2=83=-754x10"% =0
Ky =K, =0, Ky =2.47 m!
Compute the maximum lamina residual stresses o'ye, Oz and 1¢, for the
following properties:
E, =150 GPa (21.7 Msi)
E, = 10 GPa (1.45 Msi)
Gy, = 6 GPa (0.87 Msi)

v, =0.30

;=0 =0

a = 30 X 1076/°C (16.7 x 107°/°F)
B, =0.5

t =1 mm (0.040 in.) (layer thickness)

6.19 A [+30], laminate of the same material as in Problem 6.18 was cured
at 180°C (356°F) and cooled down to 30°C (86°F) where it absorbed
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6.20

6.21

6.22

6.23

6.24

0.5% moisture. Determine the hygrothermal lamina stresses o ,, o,, and
Tge for the following measured hygrothermal properties of the laminate:

a, =-3.45 x 107%/°C (-1.92 x 107/°F)
@, = 16.6 X 1075/°C (9.22 x 107%°F)
B, =-0.058
B, =0277
An off-axis lamina undergoes a temperature rise of A7T. Determine the
uniaxial normal stress ¢, (tensile or compressive) that must be applied

in order to prevent shear distortion in the specimen. Find a general
expression for o, in terms of material properties, AT and angle 6.

Z

N
!

=)
ANNN

Oy <&—

In Problem 6.20, determine the numerical value of o, for a carbon/epoxy
lamina (AS4/3501-6, Table 2.6) with 6 =45° and AT = 56°C (100°F).

In Problem 6.20, determine the numerical value of o, for silicon

carbide/aluminum composite (Table 2.6) with 68 =45° and AT =278°C

(500°F).

A [0/90], laminate is clamped on all sides to a rigid frame and undergoes
a temperature change AT. Determine the force N, developed for a
carbon/epoxy material (AS4/3501-6, Table 2.6) with lamina thickness
t=0.127 mm (0.005 in.) and AT =-56°C (-100°F).

N
<

%

In Problem 6.23, determine the force N, for a silicon carbide/aluminum
composite (Table 2.6) with ¢=0.178 mm (0.007 in.) and AT =-278°C
(—500°F).



Chapter 7

Stress and Failure Analysis
of Multidirectional
Laminates

7.1 Introduction

In the classical lamination theory discussed in Chapter 5, stress—strain or load-
deformation relations were developed for multidirectional laminates. It was
shown how the laminate deformation can be fully described in terms of the
reference plane strains and the curvatures, from which the strains can be
obtained at any through-the-thickness location of the laminate. It was pointed
out that, whereas strains are continuous (linear) through the thickness, stresses
can be discontinuous from layer to layer, depending on the material properties
and orientation of the layers (laminae).

Failure analysis of a laminate is much more complex than that of a single
lamina. The stresses in the individual laminae are fundamental and control fail-
ure initiation and progression in the laminate. Failure of a lamina does not neces-
sarily imply total failure of the laminate, but is only the beginning of an inter-
active and progressive failure process. Laminate strength theories, like lamina
strength theories, are macroscopic and are expressed in terms of the basic lamina
strength parameters discussed in Chapter 4. The strength of each individual
lamina is assessed separately by referring its stresses to its principal axes (1,2),
which vary from lamina to lamina, and by applying a selected failure criterion.

The strength of a multidirectional laminate is a function of many factors, in
addition to the fundamental lamina strengths. The varying lamina orientations,
stiffnesses, strengths, and coefficients of thermal and moisture expansion affect
the directional characteristics of laminate strength. The exact stacking sequence

234
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affects the bending and coupling stiffnesses (D and B) and hence the stresses
and strength of the laminate. Finally, the fabrication process affects the residual
stresses, which influence the overall strength. Failure or strength analysis takes
two forms: (1) analysis of an existing laminate and determination of ultimate
loads or safety factors and (2) design of a laminate for a given loading condition.

7.2 Types of Failure

In the failure analysis of a laminate three different types (or definitions) of
failure are discussed: (1) initial or first-ply failure (FPF), (2) ultimate laminate
failure (ULF), and (3) interlaminar failure. In the first case, the laminate is
considered failed when the first layer fails. In the second case the laminate is
considered failed when the maximum load level is reached or exceeded, follow-
ing multilayer failure. In the third case failure is a result of separation between
contiguous layers even when the layers themselves remain intact.

The first two definitions above represent two levels in the failure process,
the initial and the ultimate, which are analogous to the yield and ultimate stress
criteria in elastoplastic materials. The FPF approach is conservative, but it can
be used with low safety factors. The ULF approach is more advanced and
requires more precise knowledge of loading conditions and stress distributions,
and thus it is used with higher safety factors. A general practice in design of
primary structures is to keep working loads below levels producing first-ply
failure. For example, a general practice in the aircraft industry is to limit
maximum strains in carbon/epoxy below 0.4%.

7.3 Stress Analysis and Safety Factors for First-Ply
Failure of Symmetric Laminates (In-Plane Loading)

Given a symmetric laminate under general in-plane loading, the average lami-
nate stresses are (Fig. 7.1)

o, N, ,
N .
o | = 51N (5.76 bis)
;FS NS

where 4 is the laminate thickness.

The laminate strains, which are uniform through the thickness, are equal to
the reference plane strains and to the strains of any layer & and are related to
the applied forces by the force-deformation relations in Eq. (5.74):
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) i

Fig. 7.1 Multidirectional laminate under general in-plane loading.
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The strains in layer k referred to its principal material axes are obtained by
transformation as

€ m?  n? 2mn €l
& | =|n* m* —2mn € (7.2)
1 2,2 Lo
Y6 lk -mn  mn (m“—n") i [3Vs
and the corresponding stresses are
o O Qi 0 ||g
g | =|0Qa1 O 0 ||e (7.3)

Te Ik 0 0 Oes | LV ik

For the FPF approach the selected failure criterion is applied to the state of
stress in each layer separately. Thus, for a state of stress (o, 02, Te)x in layer
k, the state of stress at failure of the same layer is Sg (0, 02, Te)r, Where Sg
is the safety factor for layer k. Substitution of the critical (failure) state of stress
in the Tsai-~Wu failure criterion in Eq. (4.53) yields
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fiSa 0w+ foSpou + fii Sk otk + faa Sk 0%

2 2 _
+ foo S Tex + 212 Sq O1x 0 = 1

or
aSx+bSp—1=0
where
a = fi1 ol + fa2 O3k + fo6 Tex T 212 T1k O
b=fioutfoxn
The solutions of the quadratic Eq. (7.4) or (7.5) are
~ b\ + 4a
Sp = By —
or
— b+ B + 4a
Spa = 2a
and
~b— b+ 4a
Sar = T —
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(7.4)

(7.5)

(7.6)

1.7

(7.8)

where Sg, is the safety factor of layer k for the actual state of stress (oy, 0,
Te)i and Sg, is the safety factor of the same layer k for a state of stress with

reversed sign, i.e., (—o|, =03, —Teh

The procedure above is carried out repeatedly for all layers of the laminate
to find the minimum values of Sg, and Sg,. These minimum values are the
safety factors of the laminate based on the FPF approach, for the actual and

reversed loadings. Thus,
3vfa = (Sﬂ(a)min

gfr = (Sﬂcr)min

(7.9)



238 Engineering Mechanics of Composite Materials

For a given laminate, the layer that fails first depends on its state of stress.
As the laminate loading state varies continuously, the strains (and stresses) in
each layer also vary continuously, but FPF can jump from one layer to another
in a discontinuous manner. Whereas the failure envelope for any given layer is
a continuous surface, the failure envelope for the laminate based on FPF is
discontinuous, consisting of portions of envelopes of individual layers.

7.4 Strength Components for First-Ply Failure of
Symmetric Laminates

Given a multidirectional laminate, it is required, for example, to determine its
axial strength along the x-axis based on FPF. The laminate in Figure 7.1 is
assumed to be loaded under unit average stress in the x-direction, i.e.,

G, =1
5,=0
7. =0

v

Then, the reference plane strains and layer & strains are obtained by Egs.
(5.74) and (7.1) as

Eg €y (3% axy (3

o | — —

S |TIS | T B Gy Gy

o

Vs Ys Jk Asx asy Ass
or

E::) € Ayx

o . J—

€ | =& | = |ay |h (7.10)

o

Vs Ys lk Asx

The strains in layer k along its principal material axes are obtained by trans-
formation as in Eq. (7.2) and the corresponding stresses are obtained as in Eq.
(7.3). The critical (failure) state of stress for layer k is (Sg, O, 0) which substi-
tuted in the Tsai-Wu failure criterion Eq. (7.4) gives two safety factors Sg,
corresponding to o, = 1, and Sg, corresponding to o, = —1.

The axial tensile and compressive strengths of the laminate are obtained as
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Fxt = (Sﬂca)min
(7.11)

—F_xc = (kar)min

The axial strengths along the y-axis are obtained in a similar manner by
assuming the following state of stress in the laminate:

g, =0
o, =1
T, =0

The in-plane shear strength is obtained by assuming the following state of stress:

g, =0
o, =0
T =1

In the case of quasi-isotropic laminates discussed before (Sect. 5.10), the
elastic properties are, by definition, independent of orientation. Thus a uniaxial
loading o, produces the same strains €, and €, in each layer regardless of the
load direction x. Depending on the orientation of the principal layer directions
with respect to the loading direction, a different state of stress exists in each
layer. Thus failure in each layer and the occurrence of first failure in any layer
(FPF) depend on load orientation. This means that quasi-isotropic laminates are
not isotropic as far as FPF is concerned. For example, the [0/=60], quasi-
isotropic laminate would be strongest along a fiber direction (0°, 60°, or —60°)
and weakest along a bisector between fiber directions of different plies (30°,
—30°, or 90°).

Sample Problem 7.1

Uniaxial Strength of Angle-Ply Laminate

It is required to determine the axial tensile strength F,, of a [+45],, laminate
using the Tsai—Hill criterion for FPF. Consider the laminate in Figure 7.2 sub-
jected to a uniaxial stress

— N, _ -
0x=—h-, cry=~rs=0.
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y
A
- —
B —
- 45°
Oy -— - [
- -45°
~— —
—~— — - X

Fig. 7.2 [£45], angle-ply laminate under uniaxial loading.

The strains, which are uniform through the thickness, can be related to the
applied stress and the laminate engineering properties as

Ox
Ef::E—_x
_ C
€ =—-v,= (7.12)
y xyEx
vs =0

The strains in the —45° lamina referred to its principal material axes are
obtained from the strain transformation relations in Eq. (3.58) as

€ =€ =5 (7 + €)

76=€x_6y

T, _
€ =& “Z(l — Vy)
(7.13)
oy
Y6 = = (1 + vxy)

Referring to relations in Egs. (5.86) and (5.93) derived for Sample Problems
5.3 and 5.5, we obtain further
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Gx
E = € —
: 27 00+ 0 + 200,
(7.14)
— a-x
76T 206
The lamina stresses, obtained from Eq. (3.31), are
— On + 012
o, =€ @ +*01)=0
b 2 01+ Oan 20,
— O+ 0
o2 =€ (@12 + 02) = T, = = (7.15)

On + Q0 + 201

X

[\)|Ql

Ts = Yo Qo6 =

The above stress components can be introduced into the Tsai—Hill criterion
to yield an exact value for o, at failure, i.e., F.. An approximate value for the
strength can be obtained more easily for the case of a high stiffness composite,
ie., when E; >> E,. Then the lamina stress components in Eq. (7.15) can be
approximated as

(Tl S EX
E, _
s = (1 + vy ~E—? G, (7.16)
o,
'T6 = —2—

Hence 0, << 0, and o, < 1¢.
Substituting the above into the Tsai—Hill criterion

0-_11‘2+ 9_52.!,. ﬁz_o-ll‘zo'g:]_
F 7, Fe P

we obtain for % = F,,

- 1 1+v )2 E,\? 1 (1 + vyp) [Es
2 12 2 12 21| _
Fifl— + ———=—{=| + — =) = .

= L % I % <E1> 41 % ! % E ! .17

]
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For a high strength composite with F; >> F, and F; >> F, the relation above
is further approximated as

— (1 + v]7)2 E,\? 1
F2 s . —_— .
- [ F3 E, 4 F? ! (7.18)

or, because E, << E|,

Fy = 2Fs (7.19)

Thus the uniaxial strength of a [*45],,, angle-ply laminate, for a high stiff-
ness—high strength composite, is controlled primarily by the in-plane shear
strength of the unidirectional lamina; hence it is a matrix-dominated property.
A similar approximation and conclusion holds true for the axial compressive
strength F.. Similar results are obtained by using other failure theories.

Sample Problem 7.2

In-Plane Shear Strength of Angle-Ply Laminate

It is required to determine the in-plane shear strength F, of a [+45],, laminate
using the Tsai-Hill criterion for FPF. Consider the laminate in Figure 7.2 under
in-plane shear loading

- Ny _ -0
T, ==, 0, =0, =

h y

The strains, which are uniform through the thickness, are

e =€ =0
(7.20)
Yo = I
5 ny
The strains in the +45° ply, obtained by transformation, are
Ts
€ =mnyl =—=
! 2 G,
2 T (7.21)
€ = —mny,=— —= .
2 Vs 2 ny

Y6 = 0
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and the corresponding stresses are

?
o =€ + € = - =
i 1 Ont 2 Q12 = (On sz)sz
T
02 =€ Q2+ € Qo = (Q12 — Q) —— (7.22)
2G,,

Te =™ 0
or, using the relation in Eq. (5.91) in Sample Problem 5.4, we obtain

o = 2(0;, — Q1) T,
Y00t 00— 200,

oo = 2(012 — 020) 74
20+ 02— 201

'T6=O

(7.23)

For a high stiffness composite, with £, >> E,, the above stresses can be
approximated as

(O3] = 2;5
E, _

0= =21 — V) PR 729
E,

T6 = O

Thus the +45° ply is under longitudinal tension and transverse compression.
The stresses in the —45° ply are of the same magnitude but opposite sign as
those of Eq. (7.24). This means that the —45° ply is under longitudinal com-
pression and transverse tension for the same positive shear loading. Since trans-
verse tension is the most severe loading for a typical unidirectional lamina, FPF
will occur in the —45° ply.

Substituting the —45° ply stresses in the Tsai-Hill criterion with appropriate
consideration for tensile and compressive strengths, we obtain for the ultimate
value ™ = F,

u\2 u\2 u o u
o\ (o8} _otei_
Flc F2t Flc

or

1

N

4 F? E,\? [F.\? E,
S + _ 2 (22 <) 4+ — =2
7, [1 (= V) (E1> (Fzz (1 =vid g,



244 Engineering Mechanics of Composite Materials

or, because E; >> E, and assuming £y >> Fs,

4 F2 5 (Ea\? (Fic\
5 + - == — =
2 [1 (= v <E1> o) |5

from which we obtain

_ 2_&: 3 ) 52-2 &2 —-12
FS— 5 [1 +(1 vlz) (El> <F2t (725)

For a typical carbon/epoxy composite the quantity inside the brackets above
is of the order of 3, which means that the shear strength F, is roughly
F 10/2\/5, or approximately 30% of the longitudinal compressive strength of the
lamina. It may be concluded that, under shear loading, this angle-ply laminate
is utilized more efficiently since at FPF, which is a transverse failure, the longi-
tudinal stress in the ply reaches approximately 60% of its ultimate value
(o, =2 1—73). Thus shear strength of a [*45], laminate for a high stiffness-high
strength composite is primarily a fiber dominated property.

7.5 Computational Procedure for Stress and Failure
Analysis of General Multidirectional Laminates
(First-Ply Failure)

A flow chart for computation of safety factors and strength components of a
general multidirectional laminate is shown in Figure 7.3. It is based on the Tsai—
Wu failure criterion and on the FPF approach. The procedure for determination
of safety factors consists of the following steps:

Step 1  Enter basic lamina properties (Ey, E;, Gia, V12)-

Step 2 Compute ply stiffnesses [Q] 2 referred to its principal material axes,
using relations in Eq. (3.56).

Step 3  Enter orientation of principal material axis, 6, of layer k.

Step 4  Calculate transformed layer stiffnesses [Q]ﬁ,y of layer k referred to the
laminate coordinate system (x,y), using Eq. (3.67).

Step 5 Enter through-the-thickness coordinates h; and k., of layer k sur-
faces.

Step 6 Calculate laminate stiffness matrices [A], [B], and [D] using Eq.
(5.20).

Step 7 Calculate laminate compliance matrices [a], [b], [c], and [d] using
Eq. (5.27).
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Fig. 7.3 Flow chart for stress and failure analysis of multidirectional laminates (FPF;

Tsai—Wu criterion).

Step 8  Enter mechanical loading, i.e., forces [N],, and moments [M]y,.
Step 9  Calculate reference plane strains, [€°],, and curvatures [l using

Eq. (5.25).

Step 10 Enter through-the-thickness coordinate, z, of point of interest in layer
k. For a laminate consisting of many thin (compared with the laminate
thickness) layers or for any symmetric laminate under in-plane load-
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ing, the coordinate of the lamina midplane, z = 7, is used. Then the
computed strains and stresses are the average through-the-thickness
strains and stresses in the layer. However, when the laminate consists
of few and thick (relative to the laminate thickness) layers and is
asymmetric or subjected to bending and twisting, z = A and z =
are entered in order to determine the extreme values of the strains
and stresses at the top and bottom surfaces of the layer.

Step 11 Calculate layer strains [e],’i,y referred to laminate reference axes (x,y),
using Eq. (5.8).

Step 12 Calculate layer strains [e]'f,z referred to layer principal axes (1,2),
using Eq. (3.58).

Step 13 Calculate layer stresses [cr]’{,z, referred to the layer principal axes
(1,2), using Eq. (3.31).

Step 14 Enter lamina strengths [F];, and calculate Tsai-Wu coefficients f;,
fi»» using Egs. (4.42) through (4.46) and (4.52).

Step 15 Calculate layer safety factors, Sg,» g using Egs. (7.6) through (7.8).

Step 16a Determine laminate safety factors, Sg,, g, using Eq. (7.9).

Step 16b Determine laminate strength components, [—IE']X,_V, by applying unit
stress in the respective direction of each component and Eq. (7.11).

7.6 Comparison of Strengths of Unidirectional and
Angle-Ply Laminates (First-Ply Failure)

The effect of fiber orientation on the strength of unidirectional and angle-ply
Jaminates is illustrated in Figures 7.4 to 7.6 for a typical carbon/epoxy composite
(AS4/3501-6). Figure 7.4 shows that the uniaxial tensile strength of the angle-
ply laminate is much higher than that of the off-axis unidirectional material for
fiber orientations between 5° and 20°. The maximum ratio between the two
strengths occurs for a fiber orientation between 10° and 15°. Figure 7.5 shows
the variation of uniaxial compressive strength. The differences between the
unidirectional and angle-ply laminates are less pronounced than in the case of
tensile strength.

Figure 7.6 shows the variation of in-plane shear strength for unidirectional
and angle-ply laminates. In the case of the unidirectional lamina there is a large
difference between positive and negative shear strength for reasons discussed
before (see Section 4.2). The shear strength of the angle-ply laminate is the
same for both positive and negative shear loading and is much higher than either
positive or negative shear strength of the unidirectional lamina.
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Fig. 7.4 Uniaxial tensile strength of unidirectional and angle-ply laminates as a function
of fiber orientation (AS4/3501-6 carbon/epoxy; Tsai-Wu criterion).
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Fig. 7.5 Uniaxial compressive strength of unidirectional and angle-ply laminates as a
function of fiber orientation (AS4/3501-6 carbon/epoxy; Tsai—Wu criterion).
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Fig. 7.6 In-plane shear strength of unidirectional and angle-ply laminates as a function
of fiber orientation (AS4/3501-6 carbon/epoxy; Tsai-Wu criterion).

7.7 Carpet Plots for Strength of Multidirectional
Laminates (First-Ply Failure)

As in the case of elastic properties (Section 5.15) carpet plots can be prepared
for strength properties of general multidirectional laminates. A general laminate
of [0,,/90,,/(%45),], lay-up can be described in terms of the fractions o, B, and
v of the 0°, 90° and (£45°) plies, defined as before

2m
C=N
B—gf’— 5.105 bi
=5 (. 1s)
_w
YN

N = 2 (m+n+2p) = total number of plies

Carpet plots for the uniaxial strength and in-plane shear strength are shown
in Figures 7.7 and 7.8 for carbon/epoxy (AS4/3501-6). The gaps and disconti-
nuities in the plot of Figure 7.7 are due to the nature of the FPF approach which
causes finite jumps in the calculated strength near the f = 0 and y = 0 values
for infinitesimally small increments in 8 or -y.
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Fig. 7.7 Carpet plot for uniaxial tensile strength of [0,/90,/(145),]; laminates
(AS4/3501-6, carbon/epoxy) (a, B, and vy are fractions of 0°, 90°, and +45° plies,

respectively).
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Fig.7.8 Carpet plot for in-plane shear strength of [0,,/90,/(+45),]; laminates
(AS4/3501-6, carbon/epoxy) (o, B, and <y are fractions of 0°, 90°, and *45° plies,

respectively).
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7.8 Effect of Hygrothermal History on
Strength of Multidirectional Laminates
(First-Ply Failure; Tsai~Wu Criterion)

For a given laminate lay-up, under mechanical loading, [N] and [M], and hygro-
thermal loading AT and Ac, application of the failure criterion can yield the
following results: (1) safety factor under given loading, (2) laminate strength
components, and (3) allowable laminate thickness (of the same basic lay-up)
for a given allowable safety factor. The critical stresses at failure of layer &,
(0 are obtained by multiplying the stresses induced by mechanical loading
(0;) by the safety factor Sy and combining them with the hygrothermal stresses
(o), where i = 1, 2, 6, i.e.,

(O = Spr (Or + (T (i=12,6)

Substitution of this state of stress in the Tsai~Wu failure criterion (Eq. 4.53)
yields
1oy + 01k T 2 (S0 + 020
+fi1 (Spoy + 010 + faa (Spoa + 02k
+ fos (Sp 6 + Teot

+ 2012 (Sp0) + 01k (Sp0on 02k — 1 =0
or
aSh+bSp+c=0 (7.26)
where

a = fir (0D + foro (03 + feos (T + 212 (01 Tk

b =fi (0 + f2 (02 + 211 (01 01 + 26 (02 020k
+ s (T6 Teede + 212 (0] 020 + 02 01Nk

¢ = fi (010 + fo (@2eh + Fi1 (0T + Foz (05
+ foo (Teede T 212 (01, G2 — 1

The solutions of the quadratic Eq. (7.26) yield the safety factors for the
actual and reversed mechanical loading, Sg, and Sg,, as
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— b + b — dac

Sia = ~ (1.27)

kar = 2a (7 28)

The minimum values of these factors are the laminate safety factors as given
in Eq. (7.9).

The procedure for determining the strength components of the laminate in
the presence of hygrothermal stresses is the same as that discussed in Section
7.4. The laminate is assumed loaded by a unit average mechanical stress in the
direction of the desired strength component. The laminate safety factors obtained
for this unit stress loading combined with the hygrothermal loading yield the
desired strength components as given in Eq. (7.11).

In design applications the objective is to determine a specific laminate con-
figuration, number, and orientation of plies for the given mechanical and hygro-
thermal loading and a given allowable safety factor. The complete design opti-
mization involves many degrees of freedom, both number and orientation of
plies. However, if a basic laminate lay-up is selected, the design objective is
reduced to finding the allowable thickness of the laminate, consisting of a mul-
tiple of the basic lay-up. The approach in that case is to assume a unit laminate
thickness 4 = 1. Then the average mechanical stresses applied to the laminate
are

0 Ny
G, | =N, (7.29)
7] LN

The above mechanical loading combined with the given hygrothermal load-
ing gives the state of stress in each lamina &, (o; + 0y,); for A = 1. Failure of
the lamina occurs when the mechanical loads or stresses are multiplied by the
safety factor, Sp. Following the identical procedure described before, we deter-
mine the minimum safety factor, which is the laminate safety factor, Sf (Sf,, or
Sf,). Then, the allowable laminate thickness is obtained as

n

h, = 224 (7.30)
S¢

where
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Table 7.1 Failure Analysis of Multidirectional Laminates under Combined
Mechanical and Hygrothermal Loading (First-Ply Failure)

Input Output Remarks
Average laminate stresses: Laminate safety factor: : Inputs:
Ty Gy, Ts S¢= (Spdmin N, M, AT, Ac
Unit laminate stress in given  Laminate strength Inputs:
direction: components: N; =
o;=1 Ei{ = (S_ﬂ«)min M; =
Fic = (kac)min . ATv Ac
Average laminate stresses Allowable laminate Inputs:
for unit thickness: thickness: N, AT, Ac
o, =N;
Allowable safety factor: Limited to symmetric
Saut . = San_ laminates under
(Sdmin in-plane loading:
(M=0,B;=0)
i=xy 9.

h, = Allowable laminate thickness

S, = Allowable safety factor

This approach is limited to symmetric laminates ([B] = 0) under in-plane load-
ing only ([M] = 0).

The results of the analysis discussed here, i.e., safety factors, laminate
strengths, and laminate sizing are summarized in Table 7.1.

7.9 Computational Procedure for Stress and Failure
Analysis of Multidirectional Laminates under
Combined Mechanical and Hygrothermal Loading
(First-Ply Failure; Tsai-Wu Criterion)

A flow chart for stress and failure analysis under general combined mechanical
and hygrothermal loading is shown in Figure 7.9. For the most part the pro-
cedure is the same as that described in Section 7.5 for mechanical loading only.
The first seven steps in the flow chart of Figure 7.3 are omitted here, and the
result, laminate compliances, is used as an input. The procedure illustrated in
Figure 7.9 consists of the following steps:
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Fig. 7.9 Flow chart for stress and failure analysis of general multidirectional laminates
under combined mechanical and hygrothermal loading (FPF; Tsai~Wu criterion).

Step 1  Enter mechanical loading, i.e., forces [V],,, and moments [M],,.
Step 2 Enter laminate compliances [a], [&], [c], and [d] (from step 7 of

Fig. 7.3).

Step 3  Calculate reference plane strains, [€°],,,, and curvatures, [k], . using
Eq. (5.25).
Step 4  Enter through-the-thickness coordinate, z, of point of interest in layer
k. For a laminate consisting of many thin (compared with the laminate
thickness) layers or for any symmetric laminate under in-plane load-
ing,'the coordinate of the lamina midplane, z = z, is used. Then, the
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computed strains and stresses are the average through-the-thickness
strains and stresses in the layer. However, when the laminate consists
of few and thick (relative to the laminate thickness) layers and is
asymmetric or subjected to bending and twisting, z = hy and z = hi—q
are entered in order to determine the extreme values of the strains
and stresses at the top and bottom surfaces of the layer.

Step 5  Calculate layer strains referred to laminate axes (x.y), using Eq. (5.8).

Step 6  Transform layer strains to layer principal axes, [e]’f,z using Eq. (3.58).

Step 7  Calculate layer stresses [o]'f‘z, referred to layer principal axes (1,2), ,
using Eq. (3.31).

Step 8  Enter lamina strengths [F];, and calculate Tsai-Wu coefficients f;

_ f.:, using relations in Egs. (4.42) through (4.46) and (4.52).

Step 9  Enter hygrothermal loading, AT, Ac.

Step 10 Calculate hygrothermal stresses following the procedure outlined in
the flow chart in Figure 6.19.

Step 11 Introduce combined mechanical and hygrothermal stresses in Tsai—
Wu failure criterion and determine layer safety factors, using Egs.
(7.26) through (7.28).

Step 12a Determine laminate safety factors, Efa, Ef,, using Eq. (7.9).

Step 12b Determine laminate strength components, [F],,, using unit in-plane
loading in the respective direction of each component and Eq. (7.11).

Step 12c Determine allowable laminate thickness for selected basic layup using
Eq. (7.30) for symmetric laminates under in-plane loading ({Bj =0,

(M] = 0).

7.10 Micromechanics of Progressive Failure:
Stiffness Reduction

In most cases failure in a multidirectional laminate is initiated in the layer (or
layers) with the highest stress normal to the fibers. Failure initiation takes the
form of distributed microcracks, which coalesce into macrocracks as illustrated
in the case of a unidirectional lamina under transverse tension (see Fig. 4.17).
This macrocracking extending across the thickness of the layer constitues FPF
as discussed before.

The failure process is best illustrated for the case of a crossply laminate
under uniaxial tension (Fig. 7.10). The axial stress in the 90° layer is uniform
initially and, when it reaches a critical value, it produces random microcracks
as shown. The microcracks coalesce into roughly evenly spaced macrocracks,
resulting in a redistribution of the average axial stress in the 90° ply with zero
value at the crack faces and maximum value at the center between cracks. As
the applied stress o, is increased, the maximum axial stress in the 90° ply
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Fig. 7.10 Progressive failure and stress distributions in transverse ply of crossply lami-
nate under uniaxial tension.

increases up to a value equal to the transverse tensile strength of the lamina,
F,,, and further macrocracking takes place, resulting in futher stress redistri-
bution. This process continues up to a minimum crack spacing, at which point
any further increase in applied stress cannot increase the axial stress in the 90°
layer to the failure level F,,. This state is called the characteristic damage state
(CDS) of the laminate.! In most cases the minimum crack spacing is of the
order of the layer thickness. The progression of cracking in the 90° layer of a
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Fig. 7.11 X-radiographs of a [0/90,], carbon/epoxy laminate under uniaxial tensile
loading at various applied stress levels.

[0/90,], carbon/epoxy laminate is illustrated by the X-radiographs in Figure
7.11.

As the damage grows, the stiffness of the damaged ply as well as that of
the entire laminate is reduced. Analytical models have been developed for pre-
dicting the stiffness degradation as a function of damage.?® A shear lag analysis
has been used to obtain closed form solutions for stress distributions, transverse
matrix crack density and reduced stiffnesses of the damaged plies and the entire
laminate as a function of applied stress, properties of the constituent plies, and
residual stresses.®

The reduced axial modulus of a [0,,/90,], crossply laminate is expressed in
the form of a modulus reduction ratio as

E! 2 Eh ! E 2 Nt
pE=—_;=I:1+—- 2 ztanha——}-g_i—x(l——tanhg—)} (1.31)
X

al El h1 2 T, El ’ al 2
where

E,, E. = Initial and reduced modulus of the laminate, respectively
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Z
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Fig.7.12 Element of crossply laminate with transverse cracks in 90° layer.

E,, E, = Longitudinal and transverse moduli of lamina
! = Crack spacing
hy, h, = Longitudinal and transverse layer thicknesses, respectively in

[0,,/90,], laminate (see Fig. 7.12).

2 _ 3+ hy) Ex_ Gy Goz
hihy E{ Ey  hy Goz + hy Gyp

(7.32)

where

G4, Go3 = In-plane and out-of-plane shear moduli of lamina

0,1 = Axial residual stress in 0° layer

The reduced effective (in situ) modulus of the cracked transverse layer, E3,
is related to the modulus reduction ratio of the laminate as follows:

B} Eh
“E PP Eh

2 (1 = pg) (7.33)

The normalized reduced modulus of a [0/90,], carbon/epoxy laminate computed
by Eq. (7.31) is plotted versus normalized transverse crack density in Figure
7.13 and compared with experimental results. The normalized in situ modulus
of the cracked 90° layer obtained from Eq. (7.33) is plotted versus normalized
crack density in Figure 7.14. It is seen that, at the limiting crack density, the
laminate modulus is reduced to approximately 90% of its original value, and
the in situ modulus of the 90° layer is reduced to approximately 25% of its
original value.

Progressive failure under a general in-plane biaxial loading has also been
analyzed.”!? Besides Young’s modulus, the reduction of the in-plane shear
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Fig.7.13 Normalized axial modulus of [0/90,], carbon/epoxy (AS4/3501-6) laminate
as a function of normalized transverse crack density.®
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Fig.7.14 Effective in situ normalized transverse modulus of cracked 90° layer in
[0/90,], carbon/epoxy (AS4/3501-6) laminate as a function of normalized transverse
crack density.
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Fig.7.15 Shear modulus reduction as a function of normalized crack densities of
[05/905], crossply carbon/epoxy laminate.!!

modulus has been calculated and correlated with the state of damage (cracking)
in the laminate.!' The variation of shear modulus for a [03/90;]; carbon/epoxy
laminate as a function of crack spacings is shown in Figure 7.15.

7.11 Progressive and Ultimate Laminate Failure

As discussed before, progressive failure of a lamina within the laminate consists
of cracking of the lamina up to a characteristic limiting crack density. Following
this FPF, the failure process continues up to ULF. The latter can occur at a
much higher load than FPF.

Figure 7.16 illustrates the progression of damage in a [0/ % 45/90];
glass/epoxy laminate under uniaxial loading. The first failure mechanism con-
sists of transverse cracking in the 90° layer. These cracks increase in density
up to a limiting value or the characteristic damage state. Thereafter, as the load
increases, cracking starts in the +45 plies precipitating ultimate failure.

Consider for example the stress—strain response of a multidirectional lami-
nate under uniaxial tensile loading (Fig. 7.17). Initially, the laminate behaves
linearly, with a stress—strain slope equal to the original laminate modulus E, up
to a point (1) where the first ply fails. After this ply reaches its maximum crack
density (characteristic damage state), its effective transverse modulus drops to
Ej and the laminate modulus drops to a value E(cl). If the material behaves in
a brittle manner, the modulus drop will be sudden. It will be manifested by a
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Fig. 7.16 Damage progression in a [0/+45/90], glass/epoxy laminate under increasing
uniaxial tensile loading.
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Fig. 7.17 Stress—strain curve of multidirectional laminate under uniaxial tension show-
ing progressive failure (Z = constant, load rate control; 3 = constant, strain rate control).

horizontal or vertical shift in the stress—strain curve, depending on whether the
test is conducted under load or strain control, respectively.

Under increasing load the specimen will respond linearly with a stress—strain
slope equal to the reduced modulus EX up to point (2), where the next ply or
plies fail. Again, if the ply or plies fail instantly in a brittle manner, there will
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be a further sudden drop in the modulus to a value E{®. This value corresponds
to the laminate with all the failed plies to date discounted or reduced in stiffness.
The drop in modulus will be manifested as a sudden horizontal or vertical shift
in the stress—strain curve, depending on the test control mode as discussed
before. This progressive failure continues up to a point (say, point 3) where
ultimate failure takes place. If the plies fail gradually due to ductile behavior
or statistical variation in local strengths and failures, the stress—strain curve will
appear smoother with gradual transitions in slope at the points of partial ply
failures (Fig. 7.17).

At each stage of failure there is a corresponding strength. Thus, one can
define the initial stage (or FPF) and last stage (ULF) tensile strengths, FO and
F. respectively. The ratio of these two strengths, ¢y, is a measure of laminate
efficiency and indicates the level of fiber strength utilization at FPF:

—y =
F  Frpr

. 34
PrL F_,;t (7 )

FyLr

This ratio depends on both the material system and the laminate layup.

A comparison of FPF and ULF of different multidirectional laminates under
uniaxial tensile loading is shown in Tables 7.2 and 7.3 as has been done pre-
viously for a similar set of materials.'? The laminate efficiency ratio for {0/90];
crossply laminates is fairly low for all material systems, ranging from 0.20 for
glass/epoxy to 0.42 for boron/epoxy. In the case of [0,/ = 45], laminates the
laminate efficiency ratios are much higher, ranging from 0.33 to 0.88.

7.12 Analysis of Progressive Laminate Failure

The determination of the ultimate strength of a laminate requires an iterative
procedure taking into account the damage progression in the various plies. The
approach used consists of the following steps:

1. The load required to produce FPF is determined from the lamina stresses
using a selected failure criterion (see Fig. 7.9). The lamina stresses are
obtained as a function of the loading and are referred first to the laminate
coordinates (x,y) and then transformed to the lamina coordinates (1,2).

2. The failed lamina or laminae are replaced with laminae of reduced stiff-
nesses. These usually are the matrix-dominated stiffnesses, such as E, and
Gy, The stiffness reduction factors can be selected based on analysis as
discussed before (see Eq. 7.33), or the affected stiffnesses can be discounted
completely (ply discount method). New laminate stiffnesses [A], [B], and [D]
are then calculated.
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3. Lamina stresses are recalculated and checked against the selected failure cri-
terion to verify that the undamaged laminae do not fail immediately under
their increased share of stress following the FPF above.

4. The load is increased until the next ply failure occurs and steps 1, 2, and 3

above are repeated.

5. When the remaining undamaged laminae, at any stage of the progressive ply
failures, cannot sustain the stresses, ultimate failure of the laminate occurs.

The computational procedure for the multiple ply failure approach for the
case of a symmetric laminate under in-plane loading is illustrated by the flow
chart of Figure 7.18 and consists of the following steps:

| (8L, =fINL, = 1]

[A] [a]

[E]:‘s_f[rEL“',z] Ilﬁi,yl
[\

YES

NO

[Fliy=[F1;y

Unit applied laminate
stress component
Laminate stiffnesses and
compliances

Laminate strains (x,y axes)

Layer strains (x,y axes)

Layer strains (1,2 axes)

Layer stresses (1,2 axes)

Strenhth parameters
Tsai-Wu coefficients

Safety factors of layer k
for ithloading cycle

Failed layer under ith
loading cycle

Laminate strength components
under it loading cycle

Question if load can be
increased after ithcycle

Ultimate laminate failure
at (i-1)th loading. cycle

Fig.7.18 Flow chart for determination of load-deformation curve and failure levels of

symmetric laminates under in-plane loading.
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Step 1  Enter unit average laminate stress (or load) in desired direction, i.e.,

G,=loro,=lor7, =1L

Step 2 Enter laminate extensional stiffnesses [A] and compliances [a]
obtained from basic lamina properties and laminate lay-up (steps 1-
7 in the flow chart of Figure 7.3).

Step 3  Calculate average laminate strains €., €,, Y, referred to (x,y) axes using
Eq. (5.74).

Step 4 Calculate layer strains (€, €, Yoo which are equal to the laminate
strains.

Step 5 Calculate layer strains (€1, €, Ve« referred to layer principal axes
(1,2), using Eq. (3.58).

Step 6 Calculate layer stresses, (o7, 02, Te)w Teferred to layer principal axes
(1,2), using Eq. (3.31).

Step 7  Enter lamina strengths, [F];,, and calculate Tsai—-Wu coefficients f;,
fi» using relations in Egs. (4.42) through (4.46) and Eq. (4.52).

Step 8  Calculate layer safety factors, Sg, and Sp- using Egs. (7.6) through
(7.8).

Step 9a Identify failed layer, k;, under ith loading cycle from Sg; = (Sp)min-

Step 9b Determine laminate strength components [F], for ith loading cycle.

Step 10 Question whether the computed strength component of the ith loading
cycle, F', is higher than the strength at the previous loading Fi-L

Step 11a If answer is “yes,” i.e., if loading can be increased, the damaged lam-
ina k; is replaced with one having the following properties:

Eli=r E

Eki=ry E,
Gy = 15 Gz (7.35)
vio =11 vin

where ry, 15, 11> are stiffness reduction factors, obtained from analysis
or prior experiments. Typical values of these factors are

r = 1, rZErIZEO.ZS

The conservative approach is complete ply discount, i.e., ri = 1,
rp=rip =0,

Step 11b Go to i + 1 loading cycle and recalculate modified laminate stiff-
nesses [A] and compliances [a]. Repeat steps 2 through 10 above. In
step 7, the lamina strengths of the failed layer k; should be made
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fictitiously very high to avoid repeated failure indication in the
same layer.

Step 12 If answer to question of step 10 is “no,” then ultimate failure occurs
at the (i — 1)th loading cycle, i.e. F* = F'~!,

Hygrothermal loading can be included in the above procedure as in the case
of the flow chart for FPF (Fig. 7.9). However, in subsequent loading cycles,
the coefficients of thermal and hygric expansion of the failed plies must be
modified. The presence of hygrothermal (or residual) stresses also affects the
local stresses in the cracked laminate, the extent of layer cracking, and the
modulus reduction ratios (Eqgs. 7.31 and 7.33). The effect of hygrothermal
stresses on the laminate strength decreases with failure level, i.e., it is much
less pronounced on ultimate failure than on first ply failure. A similar procedure
can be followed for the general case of an asymmetric laminate under general in-
plane and moment loading by combining the flow charts of Figures 7.9 and 7.18.

7.13 Interlaminar Stresses and Stféngth of
Multidirectional Laminates: Edge Effects

7.13.1 Introduction

One of the assumptions of the classical lamination theory discussed in Section
5.1 is that the laminate and all its layers are in a state of plane stress, i.e., all
out-of-plane stress components are zero, g, = T, = T,, = 0. This assumption is
justified away from geometric discontinuities, such as free edges. Mechanical
and hygrothermal loadings can produce interlaminar stresses, both shear and
normal, especially near free edges. Normal tensile interlaminar stresses, or peel
stresses, tend to separate the laminae from each other. Interlaminar shear stresses
tend to slide one lamina over adjacent ones. In both cases interlaminar stresses
can cause interlaminar separation or delamination. Interlaminar stresses are a
function of the laminate stacking sequence, thus they can be controlled by proper
design of the stacking sequence. For example, in some cases a tensile interlami-
nar normal stress, o,, can be transformed into a compressive one by simply
rearranging the layer sequence.

There are three types of interlaminar stress problems associated with three
types of laminates, [=60] angle-ply laminates, [0/90] crossply laminates, and
laminates combining both angle-ply and crossply configurations.

7.13.2 Angle-Ply Laminates

Consider for example a [*+6], angle-ply laminate under average axial tensile
stress 0, (Fig. 7.19). Each layer is subjected to the same axial stress, 0, = 0.
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Fig. 7.19 TIllustration of generation of interlaminar and intralaminar shear stresses in
angle-ply laminate under axial tension.

Because of the off-axis orientation (shear coupling), layers 6 and —6 when
considered independently will undergo shear deformations of opposite signs as
shown in Figure 7.19. When bonded together in the laminate the layers must
have zero shear strain. This is achieved through interlaminar shear stresses T,
transmitted from one layer to the other. These stresses vary across the width of
the specimen, being zero over most of the central region and peaking near the
edges (Fig. 7.20). The moment produced by these stresses is equilibrated by
intralaminar shear stresses T, acting on the transverse cross section of the layer.
These stresses are constant over most of the central region and drop to zero at
the (stress-free) edges (Fig. 7.20). The interlaminar shear stress (7,,) is a function
of fiber orientation in the [£6]; laminate as illustrated in Figure 7.21 for a
carbon/epoxy [+ 6], laminate.'? The 7, stress (as close to the interface and near
the edge as can be determined numerically) is zero at 8 = 60° as well as
6 = 0° and 6 = 90°. It reaches a peak value (for this carbon/epoxy) at 6 = 35°.
The physical existence of interlaminar stresses was demonstrated by determining
axial displacements across the width of a [+25]; carbon/epoxy specimen by
means of the moiré method.'*

7.13.3 Crossply Laminates

A different state of interlaminar stresses arises in the case of crossply laminates.
Consider, for example, a [0/90]; crossply laminate under average axial tensile
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Fig. 7.22 Illustration of generation of interlaminar stresses in crossply laminate under
axial tension.

stress 0, (Fig. 7.22). The load sharing is such that each layer undergoes the
same axial deformation. Because of the different Poisson’s ratios, the 0° and
90° layers will undergo different transverse deformations when acting indepen-
dently. When bonded together in the laminate the 0° and 90° layers must have
the same transverse strain. This is achieved through interlaminar shear stresses
T, Which tend to expand the 0° layer and compress the 90° layer in.the y-
direction. These stresses vary across the width of the specimen, being zero over
the central region and peaking near the free edges.

The development of interlaminar-stresses in a crossply laminate is further
illustrated in Figure 7.23. Considering a free body diagram of an element of
the 0° ply near the edge, one can see that the interlaminar stresses T,, must be
equilibrated by normal stresses o, acting on the layer. Moment equilibrium in
the yz plane requires interlaminar normal stresses o, with a distribution produc-
ing a zero force resultant in the z-direction and a moment equal and opposite
to that produced by the 7, and o, stresses. For the case under discussion this
means high tensile interlaminar normal stresses near the edge, i.e., a tendency
for delamination. Of course the sign of all interlaminar stresses is reversed when
the applied stress O, is compressive.

7.13.4 Effects of Stacking Sequence

In the case of a general multidirectional laminate all three types of interlaminar
stresses are generated near free edges, i.e., 0, Ty and Ty In all cases the
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Fig.7.23 Distribution of interlaminar normal stress o, and interlaminar shear stress 7,
in {0/90], laminate under axial tension.

magnitude and distribution of interlaminar stresses depend greatly on the stack-
ing sequence of the laminate. The effect of stacking sequence on the interlaminar
normal stress o, is illustrated in Figure 7.24 for a laminate consisting of £15°
and *+45° layers under axial tension.' The distribution of stress o, through the
thickness is given for three stacking sequences, [*+15/+45],, [15/=45/—15],,
and [+45/%15];. It is seen that both the magnitude and sign of the stress can
change drastically with stacking sequence. It is obvious that, for design consider-
ations, stacking sequences resulting in low tensile or compressive o, stresses
should be selected.

The effect of stacking sequence on interlaminar edge stresses, e.g., o,, and
thereby on strength is dramatically illustrated in the case of laminates with circu-
lar holes. In this case edge effects are accentuated by the stress concentration
on the edge of the hole. Two boron/epoxy panels of [0,/ +45/0], and
[+45/0,/0], stacking sequences with circular holes were loaded in axial tension
to failure.'® These two stacking sequences result, respectively, in tensile and
compressive interlaminar normal stresses near the edge of the hole at the point
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Fig. 7.24 Effect of stacking sequence on through the thickness distribution of interlami-
nar normal stress o, near free edge.'”

of maximum stress concentration. Figure 7.25 shows fringe patterns in a photo-
elastic coating around the hole near failure. The pattern for the [0/ +45/0],
specimen is fairly symmetric with lower stress concentration; the pattern for
the [+45/0,/0], specimen is skewed with higher stress concentration. The failure
modes of the two specimens were dramatically different (Fig. 7.26). The
[+45/0,/0], specimen failed horizontally in a catastrophic manner at an average
applied axial stress of 426 MPa (61.7 ksi). The [02/i45/6]s specimen failed by
vertical cracking in a noncatastrophic manner at an applied axial stress of
527 MPa (76.4 ksi). The specimen then split into two strips that carried a much
higher ultimate stress of 725 MPa (105 ksi). Thus stacking sequence can influ-
ence, through interlaminar edge effects, the strength and mode of failure. In
summary, there are three types of interlaminar stress problems associated with
three types of laminates:

1. [+6] angle-ply laminates exhibit effects of shear coupling mismatch and thus,
only T, interlaminar shear stresses are generated.
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Fig.7.25 Isochromatic fringe patterns in photoelastic coating around hole in
boron/epoxy specimens of two different stacking sequences (G, = 392 MPa [56.8 ksi]).!®
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Fig.7.26 Failure patterns of boron/epoxy tensile panels with holes of two different

stacking sequences. '®
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2. [0/90], crossply laminates exhibit effects of Poisson’s ratio mismatch and
thus only interlaminar shear stresses, T, and interlaminar normal stresses,
o,, are generated.

3. General multidirectional laminates, combining angle-ply and crossply sub-
laminates, exhibit effects of both shear coupling and Poisson’s ratio mis-
match. Thus all three types of interlaminar stresses, g, T, and T, can
be generated.

7.13.5 Interlaminar Strength

The analysis and exact determination of interlaminar stresses, which is essential
for interlaminar strength evaluation, is highly complex and requires numerical
methods that are beyond the scope of this book. Computer programs were
developed recently that aim at providing an engineering solution to this prob-
lem.'” In practice the effect of interlaminar stresses can be controlled, since
they are confined to a narrow zone near free edges or free hole boundaries. This
is usually done by means of edge fastening that constrains the effect of interlami-
nar tensile (peel) stresses and prevents delamination propagation. As long as
the laminate is free of severe delaminations (which can be revealed by non-
destructive evaluation), the basic assumptions of Section 5.1 including that of
plane stress are valid.

Failure of a laminate under the action of interlaminar stresses cannot be
analyzed easily. The lamina failure criteria discussed in Chapter 4 are not appli-
cable. In addition to the basic lamina strengths, interlaminar shear and interlami-
nar tensile strengths must be determined. These strengths may not be constant
material properties but may also depend on the layer (fiber) orientation and the
laminate stacking sequence.

Interlaminar strength is a matrix-dominated property, and thus it depends
on factors such as moisture and temperature, which affect matrix and interfacial
performance. Several test methods are available for determination of interlami-
nar strength, as will be discussed in Chapter 8. Results from such tests cannot
be treated as design allowables, but may be used for comparative parametric
investigations or for qualitative evaluation of interlaminar performance. Simpli-
fied tests exist that provide a good measure of interlaminar quality and serve
as a means of quality control of the fabrication process.

Sample Problem 7.3

Interlaminar Shear Stresses under Flexure

Consider a cantilever beam made of a multidirectional laminate and loaded by
a concentrated force P at the free end (Fig. 7.27). The beam is subjected only
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to a bending moment M, and a transverse shear force V, such that

M, = Px
(7.36)
V,=P

All other forces and moments are zero.
The axial strains at any point of section a—a at a distance z from the reference
plane are

€, Ky
& | =z(K, (7.37)
'YS a KS a

since the reference plane strains are zero. Referring to Eq. (5.25) and noting
that N, = N, = N, = 0 and M, = M, = 0, we can rewrite Eq. (7.37) as

e'c dxx
& | =2|dy | My (7.38)
'YS a dSX

y4

A dx

ol|-FA-F4-+4-}

Reference plane

Fig. 7.27 Stresses acting on element of composite cantilever beam.
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where d;; are the laminate compliances and M, the moment at section a—a.

Using the constitutive relations for layer k referred to the x—y-coordinate
system, we obtain the layer axial stress at section a—a and at location z as

— Nk k i
Oxa = Yrx €xa + Qxy €yq + Q.vs Ysa

=2 Mm Q,l;x dtx + lefy dyx + Qlis dsx

z an [Q d]k (739)

Similarly, we obtain the axial stress in layer k at section b—b and at location z as

O = 2 My, [Q dli (7.40)

The crosshatched element of the beam in Figure 7.27 is in equilibrium under
the action of the axial normal stresses o,, and o, and the interlaminar shear
stress T,,, acting between layers j—1 and j. Equilibrium of forces in the x-direc-
tion

N,=0
yields
n hk
Tdx = dM Y, [Q dl; J zdz (741)
k=j A1
from which we obtain
1dM &
T = 2= >, [Q dli | HE — h—, (7.42)
2 dx
k=j
or
T =V, 2 [0 dli 2 1 (7.43)
k=j
where

aM
V.= T (shear force)
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zx = Coordinate to center of layer k

t, = Thickness of layer &

7.14 Interlaminar Fracture Toughness

Interlaminar cracking or delamination can occur under three basic modes, open-
ing or peel mode (Mode I), forward sliding shear mode (Mode 1II), or tearing
mode (Mode III), or under combinations thereof (Fig. 7.28). The resistance to
delamination growth is expressed in terms of the interlaminar fracture toughness,
which has three forms corresponding to the three basic delamination modes.
The interlaminar fracture toughness is measured by the strain energy release
rate (Gy, Gy, or Gyy), which is the energy dissipated per unit area of delami-
nation growth.

Consider a composite beam delaminated along its midplane over a length,
a, and loaded at the ends by loads P as shown in Figure 7.29. The total energy
balance is expressed as'®

Mode |
(Opening)

Mode i
(Shearing)

Mode ll
(Tearing)

Fig. 7.28 Basic delamination modes in composite material.
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-

L—'a P

Fig.7.29 Double cantilever beam (DCB) for measurement of mode I delamination frac-
ture toughness.

W=U+T+D (7.44)
where

W = External work
U = Elastic strain energy
T = Kinetic energy

D = Dissipative energy associated with fracture

The energy released per unit area of crack extension is expressed as

1 d du dT
GI:Z%ZH%‘EZ_E] (7.43)
where b = width of beam. Noting that
% =P % (7.46)
and that, for linear elastic behavior,
U= % P8 (1.47)

we can rewrite Eq. (7.45) as
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o ldp L[, & dp_dT
Y bda 26| da da da

(7.48)

Methods of analysis and applications of the double cantilever beam (DCB)
specimen for determination of interlaminar fracture toughness have been dis-
cussed in the literature.!®~2! In the compliance method the strain energy release
rate is expressed in terms of the compliance

(7.49)

)
€=p

Substituting 8 = PC in Eq. (7.48) and neglecting kinetic energy, we obtain

G = iz dc 7.50
' 2bda (7:30)
The compliance C is calculated by considering the DCB specimen as two canti-
lever beams of length « joined at the crack tip. Thus, for a unidirectional com-
posite DCB specimen with the fiber direction along the longitudinal axis,

8 24 [1(a\’ 1 [E\[a
C"F“ﬂHﬁ) “15(en) (zﬂ @20

and

oo 2P [(a\? 1 (B 752
VU E b2 h |\ 10 \ G, :

Another commonly used method of analysis is the so-called area method.
In this approach the specimen is not modeled as a beam. The energy released
per unit area of crack extension is simply calculated as

1

G1= 2pAa

(P13, — P23y (7.53)

where load P; comesponding to opening deflection 3; drops to load P, corre-
sponding to deflection 8, after a finite increment Aa in crack length (Fig. 7.30).
The quantity %(Pl 8, — P, &;) in Eq. (7.53) is equal to the shaded area AA in
Figure 7.30. It should be noted that the relation above is valid only for linear
load-deformation response. Variations of the DCB specimen above and other
experimental and analytical procedures for determination of strain energy release
rates Gy, Gy, Gy and combinations thereof are discussed in Chapter 8.
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P
A 18A _ 1
G( =E-—E=ma—(P1 82-P261)
20
Pyl o
AAL
1] 1
1 !
1 1
N
1 i
1] i
1 [} =5
5, o

2

Fig. 7.30  Area methed for calculation of strain energy release rate using a double canti-
lever beam specimen.

7.15 Design Methodology for Structural
Composite Materials

The design of composite structures is an integrated process involving material
selection, process specification, optimization of laminate configuration, and
design of the structural components. Design objectives vary according to the
structural application. Specific application requirements define one or a combi-
nation of two or more of the following basic design objectives:

Design for stiffness.

Design for strength (static and fatigue).
Design for dynamic stability.

. Design for environmental stability.

. Design for damage tolerance.

DR e

The design process is guided by certain considerations and optimization cri-
teria. A major consideration in aerospace applications is weight savings. In com-
mercial applications, such as in the automotive and sports industries, an
additional consideration is cost competitiveness with more conventional
materials and processes. For critical applications of all types, in addition to the
above requirements, the need is added for assurance of quality, durability, and
reliability over the lifetime of the structure. The various design objectives, struc-
tural and material requirements, and typical materials and applications are sum-
marized in Table 7.4.

Applications such as aircraft control surfaces, underground and underwater
vessels, thin skins in compression, and sport products such as bicycles and tennis
rackets require small deflections under working loads, high buckling loads, and
low weight. The design objective in these cases is high stiffness and low weight,
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i.e., high specific stiffness. This requires selection of high stiffness fibers in
general, such as boron, carbon, graphite, and aramid. For high flexural stiffness,
a sandwich construction with composite skins and low density aluminum honey-
comb or foam cores, or a hybrid laminate with high stiffness outer layers and
low stiffness (and low cost) inner layers, are recommended.

Pressure vessels, truss members in tension, thin composite skins in sandwich
panels, ribs, and joints require high load carrying capacity (static and dynamic)
combined with low weight. A design for strength is indicated. This requires the
selection of high strength fibers, such as carbon, aramid (in tension only), and
S-glass. The optimum laminate is one with a high efficiency ratio, ¢, and a
high degree of fiber strength utilization.?? The first one, as defined in Eq. (7.34),
is the ratio of the FPF to the ultimate laminate failure strength and depends
primarily on the material system. The second one is measured by the ratio of
the longitudinal stress reached in the lamina at FPF to its longitudinal strength
and depends primarily on the laminate layup for a given loading. Both of these
are related to the principal modulus and principal strength ratios of the lamina®?

E,

=1 54

PE E, (7.54)
F

Pr=g (7.55)

and their ratio, lamina stiffness-strength ratio,

Pe _ EVE,
PEF op  FF, (7.56)
The ideal laminate, optimized for strength and minimum weight, would be one
with high fiber strength utilization and with all its layers failing simultaneously
in their fiber direction. :

In addition to in-plane stresses, interlaminar stresses must be taken into
account. Thus, in addition to meeting the requirements for in-plane loading,
selected laminates must maintain high interlaminar normal and shear strengths
and high interlaminar fracture toughness. These properties are primarily domi-
nated by the matrix characteristics.

Rotating structural components such as turbine blades, rotor blades, and fly-
wheels, as well as components subjected to vibration and flutter, must have long
fatigue life, low mass, high stiffness, high damping, and high resonance fre-
quency and allow for better vibration control. A design for dynamic control and
stability is required. This is achieved by using high strength fibers (carbon),
fibers with high specific modulus (E/p), tough matrices, and hybridization with
soft and high damping interlayers.
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Space structures (radar and space antennae, mirrors, and solar reflectors)
require high dimensional stability under extreme environmental fluctuations. A
design for environmental stability is indicated, requiring high modulus thermally
anisotropic fibers, such as carbon, graphite (GY-70), and aramid in laminates
designed for thermoelastic and hygroelastic isotropic behavior (see Sect. 6.11).

Impact-resistant structures such as ballistic armour and bullet-proof vests
require materials and laminates with high impact resistance and high compres-
sive strength after impact. A design for damage tolerance is recommended. Ara-
mid (Kevlar) fibers and tough matrices such as thermoplastics and laminates
with selective interleaving can provide the necessary impact and damage propa-
gation resistance.

7.16 Illustration of Design Process: Design of a
Pressure Vessel

A thin-wall cylindrical pressure vessel is loaded by internal pressure, p, and an
external torque, 7, as shown in Figure 7.31. It is also given that the vessel
operates at room temperature and dry conditions and that curing residual stresses
can be neglected. It is required to find the optimum composite material system
and lay-up to achieve minimum weight and to compare it with an aluminum
reference vessel. The allowable safety factor is S,; = 2.0. The design of the
aluminum vessel is based on the von Mises criterion with a material yield
strength o,, = 242 MPa (35ksi). The density of aluminum is given as
p = 2.8 glem?® (0.101 Ib/in.3). The design of the composite laminate is based on

the Tsai—Wu failure criterion for FPF. Balanced symmetric laminates are to be

p = 2.07 MPa (300 psi)
T =283 kN-m (2.5x106 Ib-in.)
D =89 cm (35in.)

Fig. 7.31 Thin wall cylindrical pressure vessel under internal pressure and torque load-
ing.
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investigated of three candidate composite materials, S-glass/epoxy, Kevlar/
epoxy, and carbon/epoxy.

The unit loads acting on an element of the cylindrical shell along the axial
and hoop directions (x and y) are obtained as follows:

— pD

Nx = Oy h = —Z—
_ D

N, =5,h= 5’2— (7.57)
_ 2T

N, =7, h = D2

Substituting the data given, we obtain

N, = 460 kN/m
N, = 920 kN/m (7.58)
N, = 228 kN/m

The principal stresses for the above state of stress are

_ 1,014 .
o, = (in kPa)
h
— 366
0y = (in kPa) (7.59)
(-):3 = O

7.16.1 Aluminum Reference Vessel

According to the von Mises yield criterion,

(G — T2 + (@ — G3)* + (T3 — 0% = i—i‘_"m (7.60)
all

Substituting the numerical results of Eq. (7.59) and the given data in Eq. (7.60),
we obtain

1,257
ha

= 170,766 kPa
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which yields

h, = 7.36 mm (0.290 in.)

7.16.2 Crossply [0,/90,], Laminates

Since the ratio of hoop stress to axial stress is 2:1, a similar ratio between the
number of 90° and 0° layers, or n:m, is selected initially. The process of optimi-
zation for a given type of lay-up is best carried out by using one of several
available computer programs.?>~>3

Initially the safety factor Sy is obtained for a [0/90,]; lay-up of the material
investigated, the thickness of which is h, = 6¢, i.e., six ply thicknesses. The
multiples m; and n; for the initial trial are obtained as

~

oy San
m; = =

2
= = (7.61)
2 Sq 5
and the allowable laminate thickness is k, = 6mt = mh,. The optimum choice
from the point of view of weight is reached by trying different values of / and
n around the initial guess until the sum (m -+ n) is minimized. Results for the
three materials investigated are tabulated in Table 7.5.

Table 7.5 Optimum [0,/90,]; Lay-up for Three Composite Materials

S-glass/epoxy Kevlar/epoxy Carbon/epoxy
Ply thickness, (¢, mm) 0.165 0.127 0.127
m 10 12 10
n 28 29 22
Safety factor, Sp 2.017 2.029 2.043
Optimum lay-up* [010/9048]s [0,2/9059]¢ [0,0/902],
Laminate thickness (k, mm) 12.54 10.41 8.13

*To reduce interlaminar stresses, it is recommended to interdisperse the plies and minimize layer thicknesses as
discussed before in Section 5.11.

7.16.3 Angle-Ply [+0],, Laminates

Optimization of this type of laminate involves only one variable, 6. This is
accomplished by selecting the angle 6 for the basic laminate unit [*8], that
maximizes the safety factor S The basic laminate unit has a thickness 4, = 4t,
i.e., four ply thicknesses. Then the allowable laminate thickness is
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357 !
] r1.3
307 Kevlar/epoxy [1:2
] r1.1 ¢
1S [ £
€ 25 1.0 s
§ 207 S-glass/epoxy | 08 2
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S o1 i =
= 157 Carbon/epoxy _—0.6 ;
o ] ; Los 3
¥e) 1 S0 - ©
g 107 Fo.4 3
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Angle, 9, deg.

Fig.7.32 Effect of lamination angle on allowable thickness of [+6],,, angle-ply laminate
in pressure vessel.

S 8t
p, = Sy 8 (7.62)
A

To find the optimum 6, the allowable (required) thickness &, was computed
and plotted versus 0 for the three materials considered in Figure 7.32. It is
interesting to note that the optimum angle 8 corresponding to the minimum
allowable thickness is almost the same for all three materials, 55° for S-
glass/epoxy and carbon/epoxy and 54° for Kevlar/epoxy. Although the three
materials considered have comparable strength properties, the variation of the
required minimum laminate thickness with angle 6 is very different for each
material (Fig. 7.32). The curve for Kevlar/epoxy shows the sharpest variation
with angle, but it has roughly the same minimum (4, = 4.24 mm) as that of
carbon/epoxy (h, = 4.14 mm). Although the strength properties of S-
glass/epoxy are higher than those of Kevlar/epoxy, the required minimum thick-
ness for S-glass/epoxy is much higher (b, = 11.37 mm). The results above are
tabulated in Table 7.6.

The results obtained illustrate the important fact that the structural efficiency
of a laminate is not only a function of the lamina strength properties but also
of its lamina stiffnesses and their ratios (degree of anisotropy) as discussed
before in Eqs. (7.54) to (7.56).%
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Table 7.6 Optimum [+90],,, Lay-up for Three Composite Materials

S-glass/epoxy Kevlar/epoxy Carbon/epoxy

Ply thickness (¢, mm) 0.165 0.127 0.127
Optimum 6 (degrees) 55 54 55
Safety factor (Sp n = 1) 0.116 0.240 0.246
Minimum allowable thickness

(hg, mm) 11.37 4.24 4.14
Optimum lay-up [£55];8s [£54]g¢ [£55]os
Safety factor

(S5 optimum lay-up) 2.091 2.125 2.209
Laminate thickness

(h, mm, optimum lay-up) 11.89 4.57 4.57

7.16.4 [90/%0],, Laminates

Optimization of the [90/%6],, laminate again involves only one variable, 6.
Safety factors are computed for the basic laminate unit [90/*6]; for the three
materials investigated for various values of 6. The minimum allowable thickness
for each laminate is obtained as

S 12t
hy =2 b, =

== (7.63)
Sr Sr

Results are tabulated in Table 7.7. The optimum angle  was found to be 48°,
45°, and 45° for the S-glass/epoxy, Kevlar/epoxy, and carbon/epoxy materials,
respectively. Again, as in the previous case of the [*6],, laminates, the

Table 7.7 Optimum [90/+0],,; Lay-up for Three Composite Materials

S-glass/epoxy Kevlar/epoxy Carbon/epoxy

Ply thickness (¢, mm) 0.165 0.127 0.127
Optimum 6 (degrees) 48 45 45
Safety factor (S5 n = 1) 0.155 0.240 0.335
Minimum allowable thickness

(h,, mm) 12.76 6.35 4.55
Optimum lay-up [90/+48] 5, [90/+45]q, [90/%45]¢¢
Safety factor

(S5 optimum lay-up) 2.018 2.159 2.012

Laminate thickness
(h, mm, optimum lay-up) 12.87 6.86 4.57
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Table 7.8 Optimum [0/£6],,; Lay-up for Three Composite Materials

S-glass/epoxy Kevlar/epoxy Carbon/epoxy

Ply thickness (z, mm) 0.165 0.127 0.127
Optimum 6 (degrees) 75 67 67
Safety factor (Sp n = 1) 0.157 0.254 0.293
Minimum allowable thickness

(h,, mm) 12.61 6.01 5.21
Optimum lay-up [0/=75] 25 [0/*67]gs [0/£67]7,
Safety factor,

(S optium lay-up) 2.041 2.029 2.047
Laminate thickness

(h, mm, optimum lay-up) 12.87 6.10 5.33

Kevlar/epoxy material appears much better than the S-glass/epoxy because of
its higher laminate efficiency and fiber utilization factors.

7.16.5 [0/£8],, Laminates

Optimization of the [0/%6],, laminate is similar to the previous one. Safety
factors and minimum allowable laminate thicknesses are calculated as before in
Eq. (7.63). Results are tabulated in Table 7.8. The optimum angle 6 was found
to be 75°, 67°, and 67° for the S-glass/epoxy, Kevlar/epoxy, and carbon/epoxy
materials, respectively. As in the previous case the required laminate thickness
for the S-glass/fepoxy material was approximately double that for the other
two materials.

7.16.6 Quasi-Isotropic [0/£45/90],s Laminates

Quasi-isotropic [0/45/90],,, laminates are investigated for reference purposes.
Safety factors are calculated for the basic unit (# = 1) and allowable thicknesses
computed as before

Sau 16¢
By ="y =— (7.64)
Sp 7 8

Results are tabulated in Table 7.9. As can be seen, this is the least efficient lay-

up for all three materials.

7.16.7 Summary and Comparison of Results

Results of the optimum lay-ups for the three composite materials considered
and the relative weight savings compared with an aluminum pressure vessel are
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Table 7.9 Optimum [0/+45/90],, Lay-up for Three Composite Materials

S-glass/epoxy Kevlar/epoxy Carbon/epoxy

Safety factor (S5 n = 1) 0.181 0.257 0.361
Minimum allowable thickness

(h,, mm) 14.59 7.91 5.63
Minimum » 12 8 6
Optimum lay-up [0/£45/90], 4, [0/+45/901g, [0/%45/90]¢,
Safety factor

(S optimum lay-up) 2.173 2.055 2.169
Laminate thickness

(h, mm, optimum lay-up) 15.84 8.13 6.10

summarized in Table 7.10. The optimum lay-up for all three materials is the
angle-ply [+0],, lay-up. Given the fixed ply thicknesses for the materials, total
laminate thicknesses were obtained that resulted in safety factors slightly higher
than the allowable one (S,; = 2.0). Both, the Kevlar/epoxy and carbon/epoxy
materials resulted in the same laminate thickness, which is less than half of the
required one for the S-glass/epoxy material. The relative weight savings com-
pared with the aluminum reference pressure vessel were calculated as follows:

AW W, — W
. . — — al com
Weight savings W ———————EWal
or
AW h
— 1 _ pcom D comp (7.65)
w Pat Mal

Table 7.10 Summary of Optimum Lay-Ups for Three Composite Materials

S-glass/epoxy Kevlar/epoxy Carbon/epoxy

Density (p, g/cm?) 2.0 14 1.6
Ply thickness (f, mm) 0.165 0.127 0.127
Optimum lay-up [#55]gs [*+54]1qs [+55]9s
Safety factor

(Sp optimum lay-up) 2.091 2.125 ‘ 2.209
Laminate thickness

(h, mm, optimum lay-up) 11.89 4.57 4.57

Weight savings compared to
aluminum (AW/W, %) —-154 69.0 64.5




288 Engineering Mechanics of Composite Materials

As shown in Table 7.10, there are weight savings of 69% and 64.5% in the
Kevlar/epoxy and carbon/epoxy designs, but a weight increase of 15.4% in the
S-glass/epoxy design.

7.17 Ranking of Composite Laminates

The results above are summarized in bar-graph form in Figure 7.33. Here the
different composite laminate options are ranked according to their weight per
unit wall area. A clear trend is observed that is common for the three material
systems considered, i.e., minimum weight for [£6], angle-ply configurations
with 8 = 55° and significantly higher weights for crossply [0,,/90,]; and quasi-
isotropic {0/=45/90],,; lay-ups.

The design procedure illustrated before can be very time consuming if all
potential lay-ups are examined for each material system considered. Based on

this illustration and prior experience, a shortened ranking procedure is rec-
ommended:

1. Select a material system and determine the best lay-up for this system to
achieve minimum weight.

2. Compare different material systems for this lay-up.

3. Select the material system giving the lowest weight in step (2) and repeat
step (1) for this material system.

4 -

© B S-glass/epoxy T 0.05

J - - o. “
S Yl Keviar/epoxy <
o)) - Eel
& 3- B Ccarbon/epoxy <
o} f - 0.04 o
5 [ Aluminum e
: 3
€ L 0.03 £
2 2
E= r =
c c
> ~0.02 32
g g
e 2 B =
2 é 0.01 2
z % L z

; _% ; 0

7
[0/90], [£6/90],

I+
[«o]

/0], Quasi-isotropic

Laminate layup

Fig.7.33 Ranking of different material systems and laminate lay-ups according to
weight for pressure vessel design example.
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It should be pointed out that the above sizing and ranking procedure is based
on FPF, which is considered a conservative approach for many applications. A
less conservative approach may be based on ULF, using higher allowable safety
factors. In this approach, the carbon/epoxy system with its high ultimate strength
would rank much more favorably than the other candidate material systems.
This is related to the lower structural efficiency ratio, ¢, of this carbon/epoxy,
which means that its fiber strength is not utilized efficiently at FPF (see Tables
7.2 and 7.3). At ULF, which in many cases is related to fiber failure, the
carbon/epoxy laminate is significantly stronger.
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PROBLEMS

7.1

7.2

7.3

7.4

7.5

7.6

A [0/90]; laminate is subjected to uniaxial loading N,. Which of the fol-
lowing four answers is a correct approximation of the ratio of stresses o,
to o, in the 90° and 0° layers, respectively, before FPF?

(903
4. —= =92 E/E
(O8] 2l

o, 2/
92

= E,/E
oy V12 Lo/Ly

Ty .
d. 0'_1 = E2/V12 El

Determine the FPF strength of a [0/90], laminate under uniaxial tension
or compression based on (a) the maximum stress criterion and (b) the
Tsai—Wu criterion (material: AS4/3501-6 carbon/epoxy, Table 2.6).

Determine the axial tensile strength F,, at FPF of a [*45], laminate using
the Tsai—Wu criterion. Obtain an exact expression and then an approximate
one for a high stiffness—high strength composite.

Determine exact and approximate values for the axial tensile strength I_f"xt
at FPF of a [+45]; laminate using the Tsai-Hill criterion for the following
materials listed in Table 2.6:

a. E-glass/epoxy

b. Kevlar/epoxy

c. Carbon/epoxy (AS4/3501-6)

Determine exact and approximate values for the axial compressive
strength F . at FPF of a [£45], laminate using the Tsai—Hill criterion for
the following materials listed in Table 2.6:

a. E-glass/epoxy

b. Kevlar/epoxy

c. Carbon/epoxy (AS4/3501-6)

Determine exact and approximate values for the shear strength F; at FPF
of a [*45], laminate using the Tsai-Hill criterion for the following
materials listed in Table 2.6:

a. E-glass/epoxy

b. Kevlar/epoxy

¢. Carbon/epoxy (AS4/3501-6)
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77 A [*45],, laminate is loaded in pure shear and uniaxial tension as shown.
Which one of the four following statements is wrong?

a. The tensile strength F, is primarily controlled by the lamina in-plane
shear strength Fi.

b. The positive laminate shear strength F{") is equal to the negative
shear strength F{™. '

c. The tensile strength F, is primarily controlled by the lamina trans-
verse tensile strength F,.

d. The laminate shear strength I_‘"i‘) is primarily controlled by the
fiber strength.

+)
—_—
Ns

B —

7.8 A [+45],, laminate is loaded biaxially as shown. Determine the magnitude
of the biaxial stress F, = 0% at FPF using both the maximum stress and
Tsai-Wu criteria (material: AS4/3501-6 carbon/epoxy, Table 2.6). Hint:
Transform the [*+45]; into a [0/90]; lay-up.

I

450 __
[y
L 450

T o, = -G,

7.9 For the laminate and loading of Problem 7.8 the biaxial stress at FPF
based on the maximum stress criterion is one of the following. Select
correct answer.

a. FOZFG
b. F‘,:cm
C. ﬁ; ::Fbt
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7.10 A [£30], laminate is loaded in uniaxial compression as shown. Deter-

mine the compressive strength I—*’xc at FPF according to the maximum
strain theory for the following given properties:

€4, = 0.015 €4, = 0.006
€. = —0.015 4. = —0.024
vé = 0.015
E,=61.4GPa (89 Msi) ¥, =12
y
A /(
300
Ex:: — e — ‘_:-xc = _x
X

7.11 A beam of a symmetric crossply laminate [0/90] is loaded under pure

7.12

bending M, in the 0° direction as shown. Determine the maximum o; and
o, stresses in the top ply in terms of the lamina stiffnesses Qy;, thickness 7,
laminate bending stiffnesses Dy;, and the applied moment M.

(Note: €, = zk,, €, = zK,.)

00
90°
900 |

OO

M

X

Determine the axial tensile strength F'x, at FPF of a [0/*45], laminate
by the Tsai-Hill criterion. Obtain exact and approximate expressions for
a high strength—high stiffness composite in terms of the lamina properties,
the laminate modulus E, and Poisson’s ratio Vo



294

7.13

7.14

7.15

7.16
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y
A
ST S020260.02020
XX LOLOI0I0I0TT6
— RO BDE X XX X BB —
F, =— BResEResssaestt —» T,
X XXX XX X X X X X X
¢ X X X X X X X
XX KX s X
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Determine exact and approximate values for the strength F., of the above
Problem 7.12 for the carbon/epoxy material AS4/3501-6 listed in Table
2.6 using the maximum stress theory. What is the prevailing failure
mode? The laminate modulus is E, = 64.1 GPa (9.30 Msi) and Poisson’s
ratio is v, = 0.65.

Determine the uniaxial tensile and compressive strengths at FPF for the
[0/90], laminate of Problem 7.2, taking into account the residual stresses
due to cooldown AT = —150°C (—270°F) during curing. Use both
maximum stress and Tsai—-Wu criteria. What are the failure modes in
tension and compression? Thermal stresses are given as o,, = —0y,
= 39 MPa (5.65 ksi) for both layers.

A [0/90], laminate is cured at an elevated temperature and cooled down
to room temperature. What is the effect of increasing the moisture con-
centration Ac on the FPF uniaxial laminate strength F,? Neglect the effect
of moisture on unidirectional lamina properties. Select the correct answer:
a. Reduction in compressive strength and increase in tensile strength.
b. Increase in compressive strength and reduction in tensile strength.
c. No effect on compressive strength and increase in tensile strength.
d. Increase in both tensile and compressive strengths.

A [%45],, carbon/epoxy (AS4/3501-6) laminate is loaded under pure
shear as shown. Determine the shear strength F, at FPF taking into
account the residual stresses due to the hygrothermal loading
AT = —150°C (—270°F) and Ac = 0.5%. Compare results based on the
maximum stress and Tsai-Wu criteria and identify the failure mode.

Ts
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7.17

7.18

7.19

7.20

7.21

7.22

Determine the biaxial stress F, of Problem 7.8 taking into account the
residual stresses due to the hygrothermal loading AT = —150°C
(—270°F) and Ac = 0.5%.

A [*30],, angle-ply laminate is loaded under a uniaxial stress &, and a
hygrothermal loading AT = —150°C (—270°F) and Ac = 0.5%. Deter-
mine (a) the residual stresses due to hygrothermal loading alone, (b) the
mechanical stresses due to applied stress o, as a function of this stress,
and (c) the axial tensile strength F, at FPF under the combined mechan-
ical and hygrothermal loading. Use both the maximum stress and Tsai—
Wu criteria and identify the prevailing failure mode (material: AS4/3501-
6 carbon/epoxy, Table 2.6).

?
,i

\Qoo

Determine the axial compressive strength of the laminate of Problem 7.18
above for the same hygrothermal conditions. What is the failure mecha-
nism in this case?

Determine the ultimate laminate failure tensile strength and the laminate
efficiency ratio ¢, for the [0/90]; laminate of Problem 7.2, using the
maximum stress criterion and total ply discount method.

The laminate efficiency ratio ¢, = Frpp/Fyp (ratio of FPF to ultimate
laminate failure strength) for a [0/90], laminate is approximately equal
to one of the following ratios. Select the correct one.

a. ¢ = FylF),

b. ¢, = E;F,,/E\F|,

=(2) (7]
c. PL= vo1) \Fy,
o o= (3 (2
’ Ey) \Fy,

Determine the FPF and ULF uniaxial tensile strengths of a [0/90,1,
carbon/epoxy laminate using the maximum stress criterion and total ply
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7.23

7.24

7.25

7.26
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discount method. Plot the stress—strain curve to failure (material:
AS4/3501-6 carbon/epoxy, Table 2.6).

For a [0,/90,], carbon/epoxy (AS4/3501-6) laminate under axial tension
compute the laminate efficiency factor as a function of m and n. Use the
maximum stress criterion for FPF.

What is the effect of temperature reduction on the uniaxial tensile
strength I—TX, of a [*45], laminate? Select correct answer based on the
maximum stress criterion.

a. Increase in FPF strength but no effect on ULF strength.

b. Reduction in FPF strength but no effect on ULF strength.

c. Increase in both FPF and ULF strengths.

d. No effect on either FPF or ULF strength.

A cantilever beam of a carbon/epoxy [0/+45/90], laminate is subjected
to a concentrated force P at the free end (see Fig. 7.27). Determine the
force P at initiation of delamination for the properties of AS4/3501-6
carbon/epoxy listed in Table 2.6 and interlaminar shear strength
F,. = 90 MPa (13 ksi).

A thin-walled cylindrical pressure vessel made of a [%30],; carbon/epoxy
laminate was cured at 180°C (356°F) and cooled down to 30°C (86°F).
Subsequently, it absorbed 0.5% moisture by volume and was loaded by
an internal pressure p = 1 MPa (145 psi). Calculate (a) the stresses in
each layer due to the pressure loading only, (b) the stresses due to the
hygrothermal loading only, and (c) the total stresses due to the combined
mechanical and hygrothermal loading (material: AS4/3501-6 carbon/
epoxy, Table 2.6).

[9Y Y _—y _______ R
gp 3 A@* { ) o %=1oo
\AA| X /

The [+30], laminate properties are

E, = 57.8 GPa (8.38 (Msi) o, = —3.47 X 10-6/°C (—1.93 X 107%°F)
E, = 14.0 GPa (2.03 Msi) @, = 13.28 X 107%/°C (7.38 X 10%/°F)
G, = 29.5 GPa (4.27 Msi) B, = —7.50 X 1073

Uy = 118 B, = 0.107
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7.27

7.28

7.29

For the pressure vessel of Problem 7.26 calculate the allowable pressure
for FPF based on the maximum stress criterion and an allowable safety
factor S,; = 2.0. What is the expected failure mode?

A thin-wall cylindrical pressure vessel made of a [+60],, S-glass/epoxy
laminate was cured at 100°C (212°F), cooled down to 20°C (68°F), and
stored in a dry environment. For a design internal pressure of p = 1.2 MPa
(174 psi), calculate the required wall thickness (h,) for an allowable
safety factor S,; = 2.0. Use both the maximum stress and Tsai-Wu failure
criteria for first ply failure and compare results (material: S-glass/epoxy,
Table 2.6).

HOS — 50~~~ 777 RN
é‘p E @’ f— \] D=0.6m(23.6in.)
ARAI X Z

Measured laminate thermal strains due to cooldown:

&= 145X 1070 & = —347 X 107% F{=0

Mechanical (pressure) strains given for £ = 1.0 mm (0.039 in.):

€'=825x107°, &' =1x10"% ¥ =0

A thin-wall cylindrical pressure vessel of the same overall dimensions as
that of Problem 7.28 is made of a [*+60],, carbon/epoxy laminate
(AS4/3501-6, Table 2.6). It is subjected to a hygrothermal loading
AT = —150°C (—270°F) and Ac = 0.005. For a design pressure
p = 1.2 MPa (174 psi) and allowable safety factor S,;, = 2.0.

a. Determine the required wall thickness and compare it with the corre-
sponding thickness obtained for the S-glass/epoxy vessel of Problem
7.28. Use both the maximum stress and Tsai~Wu failure criteria.

b. Determine the required thickness for a pressure vessel of the same
overall dimensions made of aluminum with a yield stress of o, = 200
MPa (29 ksi) using the von Mises failure theory.

c. Compare the required thicknesses for the aluminum and
carbon/epoxy vessels and calculate the weight savings of the
carbon/epoxy vessel with respect to the aluminum one.
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The laminate strains produced by cooldown and moisture absorption
were measured as

T = —1.46 X 1072

EHT = 483 X 1077

—HT =0

Strains due to pressufe loading only for a 1 mm (0.039 in.) thick vessel
are given as

M =547 x 1073
EM =254 % 1073

Vo' =

The densities of aluminum and carbon/epoxy are 2.8 g/cm3 and
1.60 g/cm?, respectively.



Chapter 8

Experimental Methods for
Characterization and Testing
of Composite Materials

8.1 Introduction

The analysis and design of composite structures requires the input of reliable
experimental data. As in the case of analysis, experimental characterization can
be done on several scales; micromechanical, macromechanical, and structural.
Testing of composite materials has three major objectives: determination of
basic properties of the unidirectional lamina for use as an input in structural
design and analysis; investigation and verification of analytical predictions of
mechanical behavior; and independent experimental study of material and struc-
tural behavior for specific geometries and loading conditions. Under these gen-
eral objectives, specific types and applications of testing include the following:

1.

Characterization of constituent materials, i.e., fiber, matrix and interphase,
for use in micromechanics analyses. Knowing these properties, one can pre-
dict, in principle, the behavior of the lamina and hence of laminates and struc-
tures.

Characterization of basic unidirectional lamina which forms the basic build-
ing block of all laminated structures.

Determination of interlaminar properties.

. Material behavior under special conditions of loading, e.g., multiaxial,

fatigue, creep, impact, and high rate loading.

Experimental stress and failure analysis of composite laminates and struc-
tures, especially those involving geometric discontinuities such as free edges,
cutouts, joints, and ply dropoffs.

. Assessment of structural integrity by means of nondestructive testing.

299
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A variety of experimental methods are used for the various applications
above. Most of these deal with measurement of deformation or strains. Exper-
imental methods for composite materials are much more complex than for iso-
tropic materials and require significant modifications. Test methods and exten-
sive related references have been reviewed in the literature.'~

8.2 Characterization of Constituent Materials

Constituent properties are important for understanding and predicting the macro-
scopic behavior of composite materials by means of micromechanics. These
include physical and mechanical properties of fibers and matrices.

8.2.1 Fiber Characterization

The most commonly measured properties of fibers are the longitudinal modulus,
tensile strength, and ultimate tensile strain.”® A mechanical test method is
described in ASTM specification D3379-75.5 The method is recommended for
fibers with an elastic modulus greater than 21 GPa (3 Msi). The filament is
mounted along the centerline of a slotted paper tab and axial alignment is
accomplished without damaging the fiber (Fig. 8.1). After the specimen is
mounted in the test machine the paper tab is cut to allow for filament elongation.
Specimens of various gage lengths are tested to failure at a constant crosshead
rate, and the load-displacement curve is obtained.

To determine the elastic modulus of the fiber, the measured load displace-
ment curves must be corrected for the system compliance. The measured or
“apparent” compliance is assumed to be the sum of the fiber and system com-
pliances.

u 1 u

=—=£‘I—}—u—s=———— ) -
Ca=5=7% YA @.1)

where
C, = Apparent compliance
u = Crosshead displacement
ur = Actual fiber elongation
u, = Displacement due to system compliance
P = Load
| = Fiber gage length

E,; = Longitudinal fiber modulus



Characterization and Testing of Composite Materials 301
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Fig. 8.1 Fiber specimen mounted on slotted paper tab (ASTM D3379-75).°

The system compliance, C; = u,/P, is obtained as the zero gage length intercept
by plotting the apparent compliance obtained from the various specimens versus
fiber length. A typical compliance versus gage length curve is shown in Figure
8.2 for a silicon carbide fiber. The fiber modulus is determined from Eq. (8.1).
The cross sectional area A is determined by measurements of representative
fiber cross sections under the microscope.

The fiber strength is simply obtained from the maximum load as

Pmax ’
Fr = A 8.2)

The ultimate strain is obtained from the maximum fiber elongation

Fiber gage length, /, (in.)
[v] 1 2 3 4 5 6
4 i L " 1 1 1 n 1 " 1 A ]

-~

a
a

] System compliance

Apparent compliance, C, (10 ° cnN)
N
1

Apparent compliance, C, (10 3 in/lb)

0 “+-r—r—r—v—1—+——r—r——"——+—+—+—1—"——+0
0 5 10 15 20
Fiber gage length, /, (cm)

Fig. 8.2 Apparent compliance versus fiber gage length for silicon carbide fiber
(SCS-2, Textron Specialty Materials).
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l Clamp
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Fiber |
W0

Titanium silicate

Fig. 8.3 Fixture for stiffness measurement of fiber.?

u (1P max
oy = =L (8.3)

A new mechanical test method suitable for measuring fiber stiffness at vari-
ous temperatures has been described recently.® A length of fiber is fixed at the
ends on a plate of very low thermal expansion material (Fig. 8.3). Titanium
silicate, having a coefficient of thermal expansion of 0.3 X 10~7/°C (1.7 X
10~8/°F), can be used as the support plate. The fiber is fixed to the titanium
silicate plate over a span length [ with the plate held vertically inside a furnace.
Small incremental weights, W, W,, W5, etc., are suspended at the center of the
fiber and the corresponding deflections, 8,, 8,, 83, etc., are recorded photo-
graphically. The equilibrium condition yields the following relation

2 Jur2? + 9 '
where

o = Stress in fiber
A = Cross sectional area of fiber

From geometric considerations we obtain the following relation for the strain
in the fiber

23(U2)?% + 8% — I

E=€0+€W:E(J+ l

(8.5)

where

€y = Initial strain

€w = Strain produced by deflection under weight
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The stress obtained from Eq. 8.4 is plotted versus the weight-induced strain
obtained from Eq. (8.5), ie.,

W, 3
o= J(U238)% + 1 (8.6)
Versus

ew = 1 + 25,/ — 1 (8.7)

A typical stress—strain curve for an intermediate modulus carbon fiber (IMS,
Hercules, Inc.) is shown in Figure 8.4.

In addition to mechanical properties, thermal properties of fibers are very
important. Relatively few results are available for coefficients of thermal expan-
sion of fibers.®? In a recently described method for measurement of the coef-
ficient of thermal expansion, a length of fiber is fixed loosely at the ends of a
titanium silicate plate (Fig. 8.5).% A constant weight W is suspended at the center

500 L 70
450 1
© . 60
400 1
350 A 6 - 50
ol —
300 1
s [ 0 8
; 2501 7
@ 171
12 ®
@ L 30 =
= 200 A 3
N ] w
150 A - 20
100 A
L 10
50 A
0 — T T — 7 T T —r— 0
0 02 04 06 08 10 1.2 14 16 1.8 20

Strain, 10 3

Fig. 8.4 Stress-strain curve of carbon fiber (IM6, Hercules, Inc.).?

) Clamp
F}ber 3y &,
T=To /
T=Ti \ -
wO \V

Titanium silicate

Fig. 8.5 Deflection of fiber with fixed ends under suspended load at various tempera-
8
tures.
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and the deflection 8, at room temperature Ty is measured optically. The stretched
length of the fiber under these conditions (7 and W) is

Lo = 24(12)* + & (8.8)

The temperature is then raised to the next step 7; and the corresponding
deflection 9, is measured. The new fiber length is then

L; = 227 (1 + o, AT)* + 87 (8.9)
where
o, = Coefficient of thermal expansion of mounting plate material

(titanium silicate)

AT = T; — Ty = temperature difference

The difference in fiber length L; — Lg is due primarily to the thermal expan-
sion and in a smaller part to any possible changes in the fiber stiffness with
temperature. For small loads and fibers of high modulus not varying much with
temperature, the mechanical changes are negligible. Then, the thermal strain is
given by

Li—Ly_ [+ o, AT)? + (28,0
Lo 1 + (280/1)*

el =

1 (8.10)

The thermal strain obtained from Eq. 8.10 is plotted versus temperature, and
the coefficient of thermal expansion at any temperature is the slope of the curve
at that temperature. A typical thermal strain versus temperature curve for a
silicon carbide fiber (Nicalon, Nippon Carbon Co.) is shown in Figure 8.6. The
technique described here was modified for stiff large diameter fibers, such as
boron and silicon carbide (SCS type) filaments.®

In addition to the longitudinal properties above, there is need to measure
other properties of fibers, especially anisotropic fibers such as carbon and aramid
(Kevlar) fibers. Properties of interest are the longitudinal shear modulus, G5
longitudinal Poisson’s ratio, vy transverse modulus, Eyg and transverse coef-
ficient of thermal expansion o, Methods for direct measurement of these
properties are not available in general or are currently under development.

8.2.2 Matrix Characterization

Polymeric matrices are characterized by casting the material in sheet form and
cutting and testing coupons from these sheets. The specimens are usually pris-
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Fig. 8.6 Thermal strain versus temperature for silicon carbide fiber (Nicalon NLM-202,
Nippon Carbon Co.).?

matic or dogbone in shape. The suggested geometry and dimensions depend on
the sheet thickness and are described in ASTM specifications D638-89, D638-
89M, and D882-83.%>'0 Strains are measured by means of strain gages or an
extensometer. When the specimen thickness is small and/or the material stiffness
is low, optical techniques are recommended. Uniaxial tensile tests to failure
yield the following properties: Young’s modulus, E,,,, Poisson’s ratio, v,,, tensile
strength F,,,, and ultimate tensile strain, €%, In the above, it is assumed that the
matrix is isotropic and that its bulk properties are the same as the in situ proper-
ties in the composite.

Metallic matrices are characterized in a similar way by testing coupons of
the matrix metal. However, the bulk properties of the metal or metallic alloy
may be appreciably different from the in situ properties of the matrix within
the composite due to the heat treatment during the fabrication process and inter-
actions with the fibers. In such cases, it is important to identify the condition
of the matrix within the composite and to characterize a bulk material of similar
properties. For example, in the fabrication of silicon carbide/aluminum com-
posites (such as SCS-2/6061-Al), the matrix within the composite after pro-
cessing is considered equivalent to bulk aluminum of T4 temper.

Ceramic matrices can also be tested in bulk form to obtain elastic properties.
However, strength and failure characteristics are not the same as those of the
ceramic matrix within the composite. These properties can be obtained indirectly
by testing the composite material.
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8.3 Physical Characterization of Composite Materials

Physical characterization of composites includes the determination of density,
fiber volume ratio, void volume ratio, coefficients of thermal expansion, coef-
ficients of moisture expansion, and heat conduction coefficients.

8.3.1 Density

The procedure for measuring the density of a composite material is the same
as that used for any other solid and is based on ASTM specification D792-86.°
The procedure consists of the following steps:

1. Weigh specimen in air to the nearest 0.1 mg.

2. Attach specimen to analytical balance with a thin wire and weigh while the
specimen and portion of the wire are immersed in distilled water.

3. Weigh wire alone, partially immersed up to the same point as in the pre-
vious step.

The density of the material at 23°C (73.4°F) is determined as follows:

a
p =7 (09975 (8.11)

where,

p = Density (in g/em?)
a = Weight of specimen in air
b = Apparent weight of fully immersed specimen and partially
immersed wire
w= Apparent weight of partially immersed wire
0.9975 = density of distilled water at 23°C (in g/em®)

8.3.2 Fiber Volume Ratio

A variety of methods exist for determination of fiber volume ratio, an important
property of a composite. When it can be confirmed that the composite material
has zero or negligible (less than 1%) porosity, the fiber volume ratio can be
obtained from the densities of the composite and the constituents by the follow-
ing gravimetric relation:
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Pc — Pm
Vo= — (8.12
/- pf — Pm )

where
Per P Pr = Densities of composite, matrix, and fiber, respectively.

The ignition or burnout method, based on ASTM specification D2584-68
(1985), can be applied to composites having inorganic fibers in an organic
matrix, such as glass/epoxy and boron/epoxy composites.” A sample of the com-
posite material is oven dried, weighed, and then heated in a crucible until the
matrix is completely burnt. The residue is washed of the ashes, dried, and
weighed. The fiber volume ratio is obtained as

W,/

= Pr

\Z Wlo. (8.13)
where

W, We= Weight of composite and fibers, respectively.

The acid digestion method, described in ASTM specifications D3171-76
(1982) and D3553-76 (1989), is used with composites having a matrix that is
soluble in some acid that does not attack the fiber.> A sample of the composite
material is dried and weighed. Then it is immersed in an acid solution to dissolve
the matrix. The type of acid used is one that dissolves the matrix without attack-
ing the fibers. The residue is filtered, washed, dried, and weighed, and the fiber
volume ratio is determined by Eq. (8.13).

The fiber volume ratio can also be determined reliably by optical techniques
based on image analysis of photomicrographs of transverse (to the fibers) cross
sections of the composite. An elementary approach consists of counting the
number of fiber cross sections and fractions thereof within the frame of the
photomicrograph, calculating the total area of the fiber cross sections and divid-
ing it by the total area photographed. More sophisticated image analysis tech-
niques are also used and can determine both fiber volume ratio and void volume
ratio in one operation, as will be discussed below.

8.3.3 Void Volume Ratio (Porosity)

The void volume ratio (or porosity ratio) is obtained as described in ASTM
specification D2734-70 (1985).° It is expressed in terms of the quantities meas-
ured in the acid digestion or ignition methods as follows:
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V.o=1-— LVL/pf+ (Wc — Wf)/pm
’ We/pc

(8.14)

In the above relation the void volume ratio, which is usually a small number,
is expressed as the difference between two much larger numbers; therefore the
result is very sensitive to the measurement accuracy involved.

A preferred method for determination of porosity in a composite is the image
analysis method mentioned before. A photomicrograph of a cross section of a
carbon/epoxy composite, for example, shows the fibers, matrix and voids as
light grey, dark grey, and black, respectively (Fig. 8.7). In the image analysis
procedure, the specimen cross section is viewed by a video camera, which trans-
mits the image in digital form to the “image grabber” of a PC computer. The
image is converted into a rectangular array of integers, corresponding to the
digitized grey level of each picture element (pixel). The image processing board
in the PC processes this digital image information and represents it in the form
of a grey level histogram, such as the one shown in Figure 8.8. This histogram
summarizes the grey level content of the image. It shows for each grey level
the number of pixels in the image that have that grey level. The three peaks of

Fig. 8.7 Digitized image of carbon/epoxy cross section used for determination of fiber
volume and void volume ratios.
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Fig. 8.8 Trimodal grey level histogram of the image of Figure 8.7.

the histogram of Figure 8.8 correspond to the porosity, matrix, and fibers. The
pixels closest to the three peaks above are separated by a thresholding process
into three groups corresponding to porosity, matrix, and fibers. The void volume,
matrix volume, and fiber volume ratios are obtained as follows:

v, = %
v, = "—]\j (8.15)
V= ”—A?

where

ny, ny, n3 = Number of pixels corresponding to grey levels associated with
porosity, matrix, and fibers, respectively
N = Total number of pixels

8.3.4 Coefficients of Thermal Expansion

As mentioned before in Chapter 6, the thermal behavior of a unidirectional
lamina can be fully characterized in terms of the two principal coefficients of
thermal expansion, «; and a,. Determination of these coefficients consists of
measuring the corresponding thermal strains in a unidirectional composite speci-
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men as a function of temperature. These measurements can be made by means
of interferometric, dilatometric, optical noninterferometric or strain gage
methods. "1 The interferometric method is the most sensitive one and can give
results for the coefficients o, and a, with a resolution of 10~8/°C. The dila-
tometer also gives results with high precision, but it requires one specimen for
each coefficient.

Strain gages have been shown to be a practical and adequate means of meas-
uring thermal strains in composites.!!~'* However, they must be properly com-
pensated for the purely thermal output. One method of temperature compen-
sation employs an identical gage bonded to a reference material of known
thermal expansion exposed to the same temperature as the composite speci-
men.'! The true thermal strain in the composite is given by

€c = €ac ~ €ar T &, (8.16)
where

€,. = True thermal strain in composite specimen
€, = Apparent strain in composite specimen
€, = True thermal strain in reference specimen

€, = Apparent strain in reference specimen

Reference materials used are usually ceramics of low and stable coefficient of
thermal expansion, such as fuzed quartz (o, = 0.7 X 10-%/°C) and titanium sili-
cate (o, = 0.03 X 107%°C). For a temperature change of AT, the true thermal
strain in the reference material is o, AT.

A unidirectional composite specimen is usually instrumented with two-gage
rosettes to record thermal strains along the fiber (1) and transverse to the fiber
(2) directions (Fig. 8.9). For better results it is preferable to use gages on both
surfaces of the specimen, or even embedded gages, to correct for any possible
bending of the specimen due to asymmetries or small thermal gradients through
the thickness. Measured thermal strains are plotted versus temperature as shown
in Figure 8.9. The slopes of these curves at any point give the coefficients of
thermal expansion. Thermal strain curves for typical composites were shown in
Figure 6.8 and typical results in Table 6.2.

8.3.5 Coefficients of Moisture Expansion

The hygric (moisture) behavior of a unidirectional lamina, like the thermal
behavior, can be fully characterized in terms of two principal coefficients of
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Fig. 8.9 Measurement of coefficients of thermal expansion by means of strain gages.

moisture expansion, ; and B,. Determination of these coefficients consists of
measuring the principal direction strains in a unidirectional composite as a func-
tion of moisture concentration. Specimens are preconditioned by drying them
in an oven at a moderately high temperature (65°C; 150°F) for approximately
two hours. Subsequently they are exposed to the moisture conditioning environ-
ment. Moisture absorption can be accomplished by immersing the specimens in
a water bath inside an oven at a moderately high temperature, e.g., 50°C (120°F).
Moisture expansion or swelling has been measured by means of a
micrometer or a caliper gage.?%?! The application of strain gages has been diffi-
cult because conventional strain gage adhesives are attacked by moisture.! Fur-
thermore, the presence of the gage on the surface of the specimen may inhibit
locally the process of moisture diffusion. A newer method utilizing embedded
strain gages has been shown to be more reliable and consistent than previously
used techniques.®” The method consists of embedding encapsulated strain gages
in the midplane of the specimen. The technique results in good adhesion without
the need for additional adhesive and does not cause any local disturbance in
moisture diffusion, since the gage is located at a plane of symmetry.
Unidirectional specimens with and without embedded strain gages are dried
(preconditioned) and then immersed in a 50°C (120°F) water bath inside an
oven. The embedded gages in the immersed specimen are connected to a data
logger and monitored continuously throughout the duration of conditioning.
Specimens without gages exposed to the same environment are removed period-
ically from the water bath and weighed on an analytical balance to determine
the relative weight gain, M. The average moisture concentration ¢ representing
the relative volume occupied by water is related to the weight gain as follows:
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c=Yu_ =P Mo Peyy (8.17)

where

V,,, V. = Volumes of water and composite, respectively
W,,, W. = Weights of water and composite, respectively
p.» P = Densities of water and composite, respectively
The measured hygric strains are plotted versus average moisture concen-

tration c as illustrated in Figure 8.10 for a carbon/epoxy composite. The slopes
of these curves yield the coefficients of moisture expansion 3, and B,.

8.4 Determination of Tensile Properties of
Unidirectional Lamina

Uniaxial tensile tests are conducted on unidirectional laminae to determine the
following properties:

E,, E;: Longitudinal and transverse Young’s moduli,
respectively

0.30
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Hygric strain, el (%)
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0 T T ——— T
] 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Moisture concentration, ¢, (%)

Fig. 8.10 Hygric strains in unidirectional AS4/3501-6 carbon/epoxy composite as a
function of moisture concentration.
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Major and minor Poisson’s ratios, respectively

Vi2, Vai:

Fi, Fop Longitudinal and transverse tensile strengths,
respectively

€i, €5, Longitudinal and transverse ultimate tensile strains,
respectively

Tensile specimens are straight-sided coupons of constant cross section with
adhesively bonded beveled glass/epoxy tabs (Fig. 8.11). More details are given
in ASTM specification D3039-76 (1989).> The longitudinal (0°) coupon is usu-
ally 1.27 cm (0.50 in.) wide, while the transverse (90°) coupon is 2.54 cm (1.0
in.) wide. Recommended thicknesses are 0.5 to 2.5 mm (0.020 to 0.100 in.),

-

3.8cm
(1.51in.)

1. Longitudinal tensile, [Og]
2. Transverse tensile, [90g]

22.9 cm (8.0 in.)

e 152cm (6.0in) —— e

ET
5 £
O| o= @)
LN
v Y
12.7 mm 25.4 mm
(0.5in.) (1.01in.)

Fig. 8.11 Specimen geometries for determination of tensile properties of unidirec-
tional lamina.
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usually six plies for the longitudinal specimen and at least eight plies for the
transverse one. Both specimens have an overall length of 22.9 cm (9.0 in.) and
a gage length of 152 cm (6.0 in.). The specimens are loaded to failure under
uniaxial tensile loading. A continuous record of load and deformation is obtained
by an appropriate digital data acquisition system. Axial and transverse strains
are obtained by means of a pair of two-gage rosettes mounted on both sides of
the specimen. In some cases when the transverse strain is not needed for determi-
nation of Poisson’s ratio, the axial deformation alone is recorded with an exten-
someter mounted on the specimen. Typical stress—strain curves for 0° and 90°
carbon/epoxy specimens are shown in Figures 8.12 and 8.13. Results obtained
from these curves are shown in the figures as well as in Table 2.6. Typical
fractures of unidirectional tensile coupons were shown in Figures 4.6 and 4.18.
Failure of the 0° specimens consists of fiber fractures, matrix splitting, and fiber
pullout. The latter mechanism is much more pronounced in the “brooming”
failure pattern of glass/epoxy. Transverse (90°) specimens fail in a brittle manner
by matrix tensile failure between fibers.

Sometimes the unidirectional material to be characterized is prepared in thin-
wall tubular form, following the same fabrication procedure used for tubular
structures. Rings approximately 2.54 cm (1.0 in.) wide are machined from a
thin-wall composite cylinder. They are instrumented on the outer surface with
strain gages along the axial and hoop directions. They are mounted in a specially
designed fixture and loaded to failure under internal pressure (Fig. 8.14). The
rings are thus subjected to uniaxial hoop stress equivalent to the axial stress in
a flat coupon. The hoop stress oy is obtained from the internal pressure p as

3.0
I 400
) €1

2.5 1 | 350
© 2.0 Oy 300 _
o [}
g 250 X
b. 1.5 4 | 200 ?
[} [}
(%] w
S 1.0 L 150 2
@D E, = 177 GPa (25.7 Msi) o

Fy, = 2530 MPa (367 ksi) 100

051 g = 0.0137 | 5o

. Vyp = 0.29
0 . . . ' . , 0
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Strain, £ , (%)

Fig. 8.12 Stress—strain curves for [Og] carbon/epoxy specimen under uniaxial tensile
loading (IM6G/3501-6).
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Fig. 8.13 Stress—strain curves for [90g] carbon/epoxy specimen under uniaxial tensile
loading (IM6G/3501-6).
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Fig. 8.14 Sketch of fixture for subjecting composite ring specimen to uniform tensile
hoop stress.
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~[%

(8.18)

Ty =

where 7 is the mean radius and % the wall thickness. A record is obtained of
the pressure and strain gage signals up to failure and stress—strain curves similar
to those of Figures 8.12 and 8.13 are obtained.

8.5 Determination of Compressive Properties of
Unidirectional Lamina

Compression testing of composites is one of the most difficult types of testing
because of the tendency for premature failure due to crushing or buckling. Over
the years, many test methods have been developed and used, incorporating a
variety of specimen designs and loading fixtures. These methods have been
reviewed elsewhere.'

Compression test methods can be classified into three broad categories. In
the first one (type I) specimens with a very short but unsupported gage length
are used. One of these, the so-called Celanese test, makes use of coupon speci-
mens, 14.1 cm (5.5 in.) long, 15 to 20 plies thick, and 0.64 cm (0.25 in.) wide
as described in ASTM D-3410-87.% The coupons are tabbed with long tapered
glass/epoxy tabs, leaving a gage section 1.27 cm (0.5 in.) long. Load is intro-
duced through friction by means of split conical collet grips, which fit into
matching sleeves that in turn fit into a snugly fitting cylindrical shell. One major
disadvantage of this fixture is that it requires a perfect cone-to-cone contact.
This contact is not normally achieved due to small variations in tab thickness.
Instead, contact can be limited to two lines on opposite sides of the specimen.
This unstable condition causes a lateral shift in the grips, which then produces
high frictional forces in the enveloping cylinder. This situation can result in
erroneously high values for the stiffness and compressive strength.

The IITRI test method represents a modification of the method above.?® The
conical grips are replaced with trapezoidal wedges. This eliminates the problem
of line contact, since surface-to-surface contact can be attained at all positions
of the wedges. Furthermore, it permits precompression of the specimen tabs to
prevent slippage in the early stages of loading. The lateral alignment of the
fixture top and bottom halves is assured by a guidance system consisting of two
parallel roller bushings. The specimen, grips, and fixture assembly are illustrated
in Figure 8.15. Strains are measured by means of strain gages mounted on both
sides of the specimen to verify that it fails in compression and not by buckling.
This is the case when strain readings from both faces of the specimen are nearly
the same up to failure. Typical results obtained with this fixture for a
carbon/epoxy material are plotted in Figures 8.16 and 8.17.
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Fig. 8.15 IITRI compression test specimen and fixture.
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Fig. 8.16 Stress—strain curve for [0,4] carbon/epoxy specimen under uniaxial compres-
sive loading (AS4/3501-6).
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Fig. 8.17 Stress—strain curve for [90,4] carbon/epoxy specimen under uniaxial com-
pressive loading (AS4/3501-6).

In the second category of test methods (type II), a relatively long, fully
supported specimen is used. The test specimen is similar to the tensile coupon
discussed before but slightly shorter and with longer tabs. The fixture provides
contact support over the entire gage length of the specimen. The type II tests
yield data similar to those obtained by the type I tests, except in the case of 0°
specimens, for which they give consistently low values. This may be due to
some premature buckling despite the lateral support.

In the third category of compression test methods (type III) the composite
laminate is bonded to a honeycomb core that provides the required lateral sup-
port. Sandwich specimens can be tested in direct edgewise compression or in
pure bending.

In the first case two composite coupons are bonded to a honeycomb block
as described in ASTM standard C364-61 (1988).° The specimen has a rectangu-
lar cross section with a width of the order of 50 mm (2 in.) (Fig. 8.18). The
unsupported length should be limited to prevent buckling and should not exceed
twelve times the total specimen thickness (ASTM C364-61).° The loaded ends
are reinforced with a potting compound, such as epoxy syntactic foam, which
fills the honeycomb cells at the ends. The ends are fitted inside grooved cylindri-
cal rods that are loaded between two metal plates. It is very important to machine
the loaded surfaces parallel to each other and to ensure that the loading surfaces
of the testing machine are parallel. Results are very critically dependent on the
parallelism of the loaded surfaces, and for this reason this type of test is not
widely used.
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Fig. 8.18 Sandwich column specimen for direct compression testing of composites.

The sandwich flexure specimen consists of a honeycomb core with a com-
posite skin or facing sheet bonded on the top (compressive) side and a metal
sheet bonded on the bottom (tensile) side (Fig. 8.19). The beam is loaded in
four point bending at two quarter-span points, which subjects the top composite
skin to nearly uniform compression as described in ASTM standard C393-62
(1988).° The overall beam is 56 cm (22 in.) long and 2.54 cm (1 in.) wide; the
honeycomb core is 3.8 cm (1.5 in.) deep, and the thicknesses of the composite

Fig. 8.19
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Sandwich beam spe'cimen for compression testing of composites.
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and metal faces are adjusted to ensure compressive failure in the top face. This
is ensured when

Lh=4 F. /F_ (8.19)
where

L = Span length
h = Composite facing thickness
F,. = Compressive strength of composite facing

F_, = Allowable core shear stress

If the beam is not long enough, core shear failure may occur instead of com-
posite compressive failure.

The beam is loaded through hard rubber pads on the top face or loading
blocks embedded in the honeycomb core next to the metal sheet to prevent local
crushing. Strains are measured by means of strain gages mounted on the com-
posite facing. The center deflection can also be monitored with a deflectometer.
The stress in the composite facing is determined by assuming uniform defor-
mation in the face sheets and neglecting the bending stresses in the core, ie.

7 =M PL (8.20)

O = T bh(QH + h + K') :

The elastic properties are obtained from the strain readings as
o PL
E.=—%= 21
* g 4bhe,2QH+ h+hH) ®.21)
€

Ve = é (8.22)

Results obtained from sandwich beam tests tend to be higher than those
obtained by the other methods discussed, probably because of the restraint pro-
duced by the honeycomb and the biaxial state of stress induced in the com-
posite facing.
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8.6 Determination of Shear Properties of
Unidirectional Lamina

Full characterization of a unidirectional composite requires the determination of
lamina properties under in-plane shear parallel to the fibers, i.e., shear modulus,
G5, shear strength, Fg, and ultimate shear strain vg. There are four generally
accepted test methods for determination of these properties: (/) the [£45],,
coupon test, (2) the 10° off-axis test, (3) the rail shear test, and (4) the tor-
sion test.

The first test method utilizes an 8-ply [%£45],, coupon of the same dimen-
sions as the 90° unidirectional tensile coupon discussed before (Fig. 8.20).2*
The test procedure is described in ASTM standard D3518-76 (1982).> When

> Strain gages

Fig.8.20 [+45],, angle-ply specimen under uniaxial tension for the determination of
in-plane lamina shear properties.
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this coupon is subjected to a uniaxial tensile stress, T, the stresses acting on a
lamina element shown are

Ox

o= t Ty
Oy

oy = —2* — Tay (8.23)
Oy

iy

where T, is the in-plane shear stress generated because of the shear coupling
mismatch (see Figs. 7.19 and 7.20). The in-plane lamina strains are

+
€ =€ = E—"—z—i (8.24)

Yo = €x — & (8.25)

where €, and €, are the axial and transverse strains in the coupon measured
with two-gage rosettes. This in-plane (or intralaminar) shear modulus of the
unidirectional lamina is obtained from the initial slope of the T¢ Vs. yg Curve as

Ty

Gp=—=""2
2 (Ex - ey)

(8.26)

This value of the modulus is not affected by the edge effects present in this
specimen or by the biaxial state of stress existing in the lamina.

Equation (8.26) can be rewritten in the following form (by dividing numer-
ator and denominator by €,):

Ex

Gy = ——E—
220+ 7y

(8.27)

Thus the lamina shear modulus G, can be obtained in terms of the axial modu-
lus E, and Poisson’s ratio v, of the [+45],, laminate (see Sample Problems
5.3 and 5.5 and Problem 5.14).

The above method tends to overestimate the in-plane shear strength of the
lamina because of the constraint imposed on the lamina by the adjacent plies.
In estimating this strength the method does not take into account edge effects
or the influence of the other stress components o and o, on the lamina (see
Sample Problem 7.1). A typical shear stress versus shear strain curve obtained
from a [+45],, carbon/epoxy coupon is shown in Figure 8.21.
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Fig.8.21 Shear stress versus shear strain in [+45],, carbon/epoxy specimen under uni-
axial tensile loading (AS4/3501-6).

The second test method is the 10° off-axis test.!>23 The 10° angle is chosen
to minimize the effects of Jongitudinal and transverse stress components oy and
0 on the shear response. The specimen is a 6-ply unidirectional coupon with
the fibers oriented at 10° with the loading axis, 1.27 cm (0.5 in.) wide and
approximately 23 cm (9 in.) long. It is tabbed with tapered tabs and instrumented
with a two-gage rosette on each side of the test section. The two gages A and
B of the rosette are oriented at 45° and —45° with the fiber direction as shown
in Figure 8.22. The algebraic difference of the strain readings of gages A and
B gives the in-plane shear strain directly

Yo = €4 — €p (8.28)

This difference is read directly by the gage instrumentation when the two gages
are connected to adjacent arms of the Wheatstone bridge.

The specimen is subjected to a uniaxial tensile stress o, up to failure. The
intralaminar shear stress referred to the fiber coordinate system is given by

Te = — 0, sinb cos® = 0.171 o, (8.29)

where 6 = —10°. The in-plane shear modulus is obtained by plotting T4 versus
Yo and taking the initial slope of the curve. The ultimate values of 74 and g
define the shear strength and ultimate shear strain. A typical shear stress versus
shear strain curve obtained from a 10° off-axis carbon/epoxy specimen is shown
in Figure 8.23. This method tends to underestimate the ultimate properties due
to interaction of the transverse tensile stress across the fibers.
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Fig.8.22 Arrangement of strain gages on an off-axis composite specimen for measure-
ment of in-plane shear strain.
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Fig. 8.23 Shear stress versus shear strain in [10]s carbon/epoxy specimen under uniax-
ial tensile loading (AS4/3501-6).

The third method of determining shear properties is the rail shear test, the
two-rail or the three-rail test as described in ASTM standard D4255-83.° In the
two-rail test a rectangular composite coupon is gripped along its long edges by
two pairs of rails that are loaded in a direction nearly parallel to the edges. In
the three-rail test a rectangular composite coupon is clamped between three
parallel pairs of rails (Fig. 8.24). The load is applied to one end of the middle
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Fig. 8.24 Three-rail shear test fixture.

rails and reacted at the opposite ends of the two outer pairs of rails. The average
shear stress applied to the specimen is

__F 8.30
6T 2 lh (8.30)
where
P = Load

I = Specimen length along rails

h = Specimen thickness

The shear strain is obtained from a single gage placed at the center of the
exposed specimen at 45° with the rail axes,

Yo = 2(€)o-45° (8.31)

Sometimes a three-gage rectangular rosette, with additional gage elements in
the x- and y-directions, is used to ensure that the state of stress at the center of
the specimen is pure shear. This condition is best approximated when the aspect
ratio between length and width of exposed specimen section is large, usually
8:1. The state of stress near the ends is not pure shear, and the large normal
stress concentrations at the ends may result in premature failures.
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Fig. 8.25 Modified three-rail shear test fixture.2%%

Modifications of the three-rail shear test have been propos<aci.26‘27 The modi-
fied fixture allows the use of standard tensile coupons (Fig. 8.25). The aspect
ratio of the two test sections is 2:1. The shear deformation is determined by
means of an extensometer, which measures the relative motion of the central
rails with respect to the outer ones. The Timoshenko beam theory is used to
account for bending effects in the determination of the shear modulus:*’

6Pb E, w*

G2 = 105 E, hw® — 5Pb°

(8.32)

where

5 = Deflection measured by extensometer
w = Specimen height (or coupon width)
h = Specimen thickness

b = Test section width

This fixture can be applied to 90° and [0/90],, crossply coupons as well. In the
latter case it has been used to monitor shear modulus degradation due to matrix
cracking, and the results showed excellent agreement with theoretical predic-
tions. 2627
ions.

The fourth method is the torsion method utilizing a solid rod or a hollow
tubular specimen subjected to torque. For a tubular unidirectional specimen with
the fibers in the axial direction, the maximum shear stress and shear strain are
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2Tr,
(T6)max = R (8.33)
(Yodmax = U7y = (€o=ase — (€x)o——a50 = 2 (Ex)o=450 (8.34)

where

r;, 1, = Inner and outer radii
U = Angle of twist per unit length

(€x)o=a5° (€)p=—45- = Surface strains at 45° and —45° with tube axis
For a thin-wall tube Eq. (8.33) can be approximated as follows:

T
(T6)max = T (8.35)

where r = 3 (r, + r;), the mean radius. For a solid rod, r, = 0 in Eq. (8.33).
The shear strain can be obtained by measuring the angle of twist or the strains
at 45° and/or —45° with strain gages. Although the tube torsion test seems very
desirable from the mechanics point of view, tubular specimens are difficult to
make and load. The solid rod torsion test is less desirable because of the shear
stress gradient across the section.

A new torsion method was developed recently.”®?° It utilizes thin rectangu-
lar coupons of the type used in tensile loading (Fig. 8.26). A closed form so-
lution was obtained for such a specimen under torsion relating the applied
torque, 7, with the angle of twist, ¥, in terms of the shear moduli of the lamina.
For a unidirectional laminate twisted about the longitudinal (fiber) axis, the
torque-twist relationship is

1 tanh
T=-al Gy h (1 - M) (8.36)
3 B
where
a = Specimen width
{ = Angle of twist per unit length
h = Specimen thickness
a —
B =2, V10 Gi3/Gy (8:37)

G1, G13 = In-plane and out-of-plane shear moduli
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Fig. 8.26 Rectangular coupon under torsion for determination of shear moduli.??

For a unidirectional laminate twisted about the transverse axis

~~
90
W
<O
~

a
B = iﬁ V10 Gz3/G12

where Go3 = Out-of-plane shear modulus in the transverse 23 plane.

The three shear moduli of a unidirectional composite, G2, Gi3 and Gp3,
can be determined by conducting selected tests on unidirectional prismatic cou-
pons and measuring the torque and angle of twist. A minimum of three tests
would be needed, e.g., two tests with 0° specimens of different cross-sectional
dimensions (A, a) and one test with a 90° specimen. However, direct measure-
ment of the overall angle of twist does not yield accurate results because of end
effects from the specimen tabs and grips. In the method described by Tsai and
Daniel,?° all three shear moduli can be obtained from two tests of a unidirec-
tional material twisted about the fiber and transverse to the fiber direction. In
each test the strains are measured on the face and on the edge of the coupon
at 45° with the torque axis. Typical curves of applied torque versus surface and
edge strains at 45° for a [0,] carbon/epoxy specimen are shown in Figure 8.27.
Results of the complete shear modulus characterization for a carbon/epoxy
material (AS4/3501-6) are
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Fig. 8.27 Torque versus surface and edge strains at 45° with torque axis for [03,]
carbon/epoxy specimen (AS4/3501-6).2°

G1» = 6.90 GPa (1.00 Msi)
G5 = 6.97 GPa (1.01 Msi)
Gy = 3.73 GPa (0.54 Msi)

Another type of shear test is based on the fact that a shear force transmitted
through a section between two edge notches produces a nearly uniform shear
stress along the section. Two test methods and fixtures are based on this prin-
ciple, the Arcan and losipescu tests. The Arcan fixture is illustrated in Figure
8.28.30 The specimen is a short coupon with two 90° notches. The coupon is
mounted on the fixture through a bolted specimen holder. The load can be
applied at various orientations with respect to the section through the notches.
This allows the application of any biaxial state of stress from pure shear to
transverse tension or any combination thereof. Pure shear loading is obtained
for a = 0°. In the Tosipescu test the specimen is a beam with two 90° notches
loaded in the fixture shown in Figure 8.29.3! In both cases the average shear
stress applied through the notched section of the specimen is

j2
=17 (8.39)

where

! = Specimen height at notch location

h = Specimen thickness
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Specimen holder

Fig. 8.28 Arcan loading fixture and specimen holder for pure shear and mixed mode
loading.3°

N

Test specimen
P 7

P

Fig. 8.29 Schematic of loading fixture for Iosipescu shear test.3!

The shear strain, ¢, can be measured with a strain gage located at the center
of the notched section at 45° with the loading direction as in the case of the
three-rail shear specimen (Eq. 8.31). The in-plane shear modulus, Gy, is
obtained as the slope of the T¢ versus yg curve. The ultimate value of 7 yields
the in-plane shear strength Fg of the lamina.
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The Arcan test can also be used to measure the out-of-plane (interlaminar)
shear modulus, G3;, by bonding the faces of a thick unidirectional lamina to
the specimen holder in Figure 8.28. The relative motion of the two parts of the
specimen holder must then be measured as a function of applied load.

8.7 Determination of Interlaminar Strength

8.7.1 Interlaminar Shear Strength

Interlaminar shear strength is a measure of the in situ shear strength of the
matrix layer between plies. There is no method available for exact determination
of this property. Approximate values of the interlaminar shear strength, or appar-
ent interlaminar shear strength, can be obtained by various tests.

The most commonly used test is the short beam under three-point bending
(Fig. 8.30). The beam is machined from a relatively thick (at least 16 plies
thick) unidirectional laminate with the fibers in the axial direction and is loaded
normally to the plies (in the 3-direction). (ASTM D2344-84.)° Some doubts
have been raised about the validity of results obtained from thin laminates (less
than 16 plies thick) because of local compressive failure near the loaded points.
Better results are obtained with thicker (approximately 50-plies thick) lami-
nates.’>?3 Because of its simplicity, the short beam shear test is used as a quality
control (qualification) test of the lamination process and related matrix-domi-
nated properties of the composite.

If the beam is sufficiently short compared with its depth, shear failure will
take place at the midplane in the form of delamination. This is true only suf-
ficiently far away from the load and reaction points, where a parabolic shear
stress distribution through the thickness can be assumed. A finite element analy-
sis has shown that the shear stress distribution is skewed near the load and
reaction points and that interlaminar shear stresses larger than those predicted

Fig. 8.30 Short beam shear test for measurement of interlaminar shear strength.
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by classical beam theory exist.** The apparent interlaminar shear strength
obtained from classical beam theory is given by

3P

where

P = Load at failure initiation

b = Width of beam

h= Depth of beam (laminate thickness)

If the beam is too long compared with its depth, flexural failure (tensile or
compressive) may take place at the outer plies of the beam. To ensure interlami-

nar shear failure prior to flexural failure, the span to depth ratio must satisfy
the relationship

2L  F,

—_—< 4

h Fs, (®.41)
where

L = Beam span

F, = Flexural strength of beam in fiber direction (smaller of Fy, or F;.)

For a typical carbon/epoxy 15- to 20-ply laminate, a span length . = 1 cm
(0.4 in.), width b = 0.64 cm (0.25 in.), and thickness A = 1.9 to 2.5 mm (0.075
to 0.100 in.) are used.

Another test proposed for the same purpose is the double-notch shear test
as described in ASTM specification D3846-79 (1985).% The specimen is a unidi-
rectional coupon 79.5 mm (3.13 in.) long, 12.7 mm (0.50 in.) wide, and 2.54 to
6.60 mm (0.100 to 0.260 in.) thick (Fig. 8.31). Two parallel notches or grooves
are machined, one on each face of the specimen, 6.4 mm (0.25 in.) apart and
of depth equal to half the specimen thickness. When this specimen is loaded in
uniaxial tension or compression, shear failure results along the midplane of the
specimen between the notches. In the case of compressive loading, a supporting
fixture is recommended to prevent buckling as shown in ASTM D3846-79
(1985).5 The interlaminar shear strength is then given by

P
= 8.42
Fy3y ol (8.42)
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Fig. 8.31 Double-notch specimen for determination of interlaminar shear strength.

where P is the failure load, [ is the distance between notches, and w the width
of the specimen.

A stress analysis of the notched specimen showed that the interlaminar shear
stress along the midplane between the notches is nonuniform, but becomes more
uniform as the distance between the notches decreases.>® For shear failure to
take place between the notches, the following condition must be satisfied (for
tensile or compressive loading):

Fy, _h
—_— < J— R
F <2 (8.43)

or

Fa _ h
Fi. 2

where

Fy1, Fi. = Longitudinal tensile and compressive strength of the lamina

h = Specimen thickness

The interlaminar shear strength can also be measured by means of the Arcan
test discussed before. The faces of a unidirectional coupon are bonded to the
specimen holder of Figure 8.28 and the failure load recorded. The interlaminar

shear strength is obtained by an expression similar to Eq. (8.42), where now [
is the length and w is the width of the coupon.

8.7.2 Interlaminar Tensile Strength
Determination of interlaminar tensile strength has the following objectives:

1. Assessment of laminate integrity in the out-of-plane direction (3- or z-
direction) for quality control of the lamination process.
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2. Generation of design allowables for thick composite laminates subjected to
three-dimensional states of stress.

3. Evaluation of laminate resistance to delamination caused by interlaminar ten-
sile stresses near free edges under in-plane loading.

There are two approaches for determining the interlaminar tensile strength (Fs,),
direct and indirect ones.

The direct approach is similar to that used for determination of in-plane
transverse tensile strength (F»,).> Solid or hollow cylindrical specimens with
slightly reduced cross section in the gage section can be machined from rela-
tively thick laminates as shown in Figure 8.32a,b. The specimens are bonded
at the ends to metallic tabs. For thinner laminates ring specimens are cut and
bonded to metallic discs (Fig. 8.32c). These types of tests of course are valid
when the tensile strength of the adhesive bond is higher than the interlaminar
tensile strength of the composite. Furthermore, there is a problem with stress
concentration due to possible Poisson’s ratio mismatch between the composite
and metallic tabs. The only results that are valid are those corresponding to
failure in the reduced section away from the metallic tabs.

An indirect determination of F5, was suggested in conjunction with the edge
delamination tension test (EDT), to be discussed in the following section.>¢7
This test, however, is complex and involves the combined effects of both inter-
laminar shear and interlaminar tensile stress at the edges. A better indirect test,
the so-called split ring test, was originally suggested for characterization of fila-
ment wound composite elements.>® This test was recently modified and
improved.*® It consists of a curved laminated beam specimen loaded in tension,

Z N
Yp L_V E—.—l Yp
a—d— ‘ D \ |—— D——>
D Dy l———D >
(a) (b) (c)

Fig. 8.32 Specimens for direct determination of interlaminar tensile strength.® (a) Solid
cylindrical specimen for thick laminates. (b) Hollow cylindrical specimen for thick lami-
nates. (¢) Ring specimen for thin laminates.
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Fig. 8.33 Semicircular curved beam specimen for determination of interlaminar ten-
sile strength.3®

as shown in Figure 8.33. Under this loading a pure interlaminar radial tensile
stress, o, is induced in the apex of the specimen test section. For semicircular
geometry this stress can be closely estimated by the following relation:

(8.44)

where

P = Applied tensile load

L = Distance between load and test section
b = Beam width

h = Beam thickness

R = Mean radius of circular section

Test results obtained with this specimen are characterized by high scatter
and low mean value of Fj,. Better results were obtained by using a “scarfed
circular specimen” with significantly reduced test section and also by using
specimens with elliptical geometry.3° Regardless of the experimental approach
used, the quality of the results can be assessed by how close the values of Fj,
are to those of F,,.
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8.8 Determination of Interlaminar Fracture Toughness

As discussed previously (see Sect. 7.14), interlaminar crack propagation can
occur under opening, forward shearing, tearing, or a combination thereof; there-
fore delamination fracture toughness can be characterized by stress intensity
factors or strain energy release rates corresponding to modes 1, II, and III. Sev-
eral test methods have been developed for modes I, II, and III and combination
thereof. Reviews of some of these methods have been published.*>*!

8.8.1 Mode I Testing

The most commonly used specimens for mode I characterization are the double
cantilever beam (DCB) specimen40 and the width-tapered double cantilever beam
(WTDCB) specimen.*? These specimens have been used by a number of investi-
gators for determination of mode I delamination fracture toughness,*042% A
height-tapered double cantilever beam (HTDCB) specimen has also been pro-
posed for the study of rate effects on interlaminar fracture toughness.>>

Methods of analysis for the DCB specimen were discussed in Section 7.14.
In the beam analysis or compliance method the specimen is assumed to consist
of two identical cantilever beams with built-in ends and length equal to the
length of the crack. For quasistatic loading the critical energy release rate is
given by

12 P2 [(a\? E,
= 2"+ 52 bi
Gie = E, 1% [(h) 0 Gal] (7:52 b19)

where

P = Maximum applied load at crack extension
b = Specimen width
h = Cantilever beam thickness
E, = Longitudinal modulus (in fiber direction)
Gy, = Transverse shear modulus

a = Crack length

Another commonly used method of analysis is the area method. The energy
released per unit area of crack extension is simply calculated as



Characterization and Testing of Composite Materials 337
1 .
G = A (P, 3y — Py ) (7.53 bis)

where the load P, comresponding to opening deflection 8, drops to load P,
corresponding to deflection 3, after an increment Aa in crack length (see Fig.
7.30).

The uniform DCB specimen is usually 22.9 cm (9 in.) long, 2.54 cm (1 in.)
wide, and 3 to 3.6 mm (0.120 to 0.140 in.) thick, with an initial artificial crack
of 3.81 cm (1.5 in.) length at one end. This crack is produced by inserting a
0.025 mm (0.001 in.) thick folded polytetrafluoroethylene (PTFE, Teflon) film
at the midplane of the laminate near one end. Metallic piano hinges are bonded
to the cracked end of the specimen as shown in Figure 8.34 to allow for unre-
strained rotation at that end during load introduction.

The specimen is loaded in a testing machine at a low crosshead rate of the
order of 0.5 to 1.3 mm/min (0.02 to 0.05 in/min) in order to produce stable
crack growth. The opening deflection is determined by measuring the crosshead
displacement or by means of a linear variable differential transformer (LVDT)
extensometer. A continuous load-deflection curve is obtained as shown in Figure
8.35. Incremental crack lengths are marked on this curve during the test. Crack
extension is monitored in several different ways. At low crosshead rates crack
extension can be monitored visually. At higher rates the crack can be monitored
either by means of strain gages mounted on the top face of the specimen or by
means of a conductive paint circuit applied to the edge of the DCB speci-
men,48:50.55

The use of the uniform DCB specimen requires monitoring of the crack
length a, which becomes more difficult at high loading rates. This problem is

Piano hinge

Adhesive 2h

Initial crack
(Teflon insert)

Pl %
Fig. 8.34 Double cantilever beam specimen with initial crack and attached hinges for
loading.
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Fig.8.35 Load versus crack opening deflection for uniform DCB specimen with an
initial crack of a,=3.81cm (1.5 in.) loaded at a crosshead rate of 0.0085 mm/s
(0.02 in./min) (AS4/3501-6 caxbon/epoxy).so

alleviated with the WTDCB, which has the property of constant rate of change
of compliance with crack length, i.e., dC/da = constant. For this reason this
specimen does not require exact monitoring of the crack length and yields a
constant crack velocity for a constant opening deflection rate.>® The critical
strain energy release rate based on the compliance method is

12 P2 i? 1 E; [B\?
=2 1+ —=L1Z 45
Cre E K [1 10 G3; \a (8.45)
where
a
=%

b = Beam width at crack length a
An alternative expression based on the area method is

P152 P251k
az_a1

G = (8.46)
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Fig. 8.36 Typical dimensions in mm (in.) of a width-tapered double cantilever beam
(WTDCB) specimen.>>

where a; and a, are crack lengths corresponding to loads P, and P, and deflec-
tions §; and 3,, respectively.

Typical dimensions for a WIDCB specimen are given in Figure 8.36. A
rectangular section is provided near the end to facilitate the attachment of hinges
for load introduction. A continuous load-deflection curve obtained with a
carbon/epoxy WTDCB specimen is shown in Figure 8.37.

Typical results of critical strain energy release rates for various types of
carbon fiber composites are shown in Table 8.1.4! These results demonstrate
the effectiveness of the DCB test in manifesting the significantly higher
(approximately one order of magnitude higher) Gy. values of composites with
tough thermoplastic matrices like PEEK compared to those with standard
€poxy matrices.

8.8.2 Mode II Testing

Delamination fracture toughness for pure mode II can be obtained by testing in
three-point bending the same type of DCB specimen used for mode I (Fig. 8.38).
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Fig. 8.37 Load versus crack opening deflection for WTDCB specimen loaded at a

crosshead rate of 0.85 mm/s (2 in./min) (T300/F-185 carbon/epoxy).so

Table 8.1 Mode I Critical Strain Energy Release Rates for Various Carbon
Fiber Composite Materials

Load, P, (Ib)

Strain energy
release rate, Gy,

Material Type of test J m~2 (Iblin.) Reference
T300/5208 DCB 103 (0.59) Ramkumar and
Whitcomb*®
DCB 88 (0.50) Wilkins et al.*®
AS4/3501-6 DCB 198 (1.13) Aliyu and Daniel*®
DCB 190 (1.08) Gillespie et al.”!
HTDCB 189 (1.08) Daniel et al.®®
AS4/3502 DCB 160 (0.91) Whitney et al.*°
T300/F-185 WTDCB 1,880 (10.73) Daniel et al.*°
AS4/PEEK DCB 1,750 (9.99) Gillespie et al.”!
DCB 1,460 (8.33) Prel et al.>*
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Fig. 8.38 End-notched flexure (ENF) specimen for determination of mode II interlami-
nar fracture toughness.

This test is referred to as the end-notched flexure (ENF) test.’® The width of
the specimen is usually 2-54 cm (1 in.), the crack length also 2.54 cm (1 in.),
and the total span 10.16 cm (4 in.). The specimen is first loaded as a DCB
specimen in mode I up to the point of crack initiation. Then it is loaded in
flexure as shown in Figure 8.38 until further crack growth occurs at the
maximum load. A load-deflection curve is recorded. Independently, a com-
pliance calibration is performed by testing similar specimens with various crack
lengths. The strain energy release rate based on linear beam theory with linear
elastic behavior, including effects of shear deformation, is given by

9 P2 4* E; (h\?
=—— 1+ 02 (= 4
Gre 6E, [1 ozG31 (a> (8.47)

Neglecting shear deformation, the above is expressed in terms of the measured
compliance C as

9P2a%C

Cue = 2 17 + 32

(8.48)

Since the ENF test is relatively new, only a limited amount of data has been
published.3#7-61

In general, mode II interlaminar fracture toughness may be obtained from
mixed mode tests. One such test is the end-loaded split laminate (ELS) test (Fig.
8.39).% In this case, the expression for Gy, neglecting shear deformation, is
similar to the one for the ENF test.

(8.49)
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Fig. 8.39 End loaded split laminate (ELS) specimen for determination of mode II inter-
laminar fracture toughness.

The Arcan test configuration can be used for pure mode II as well as any
combination of modes I and II by attaching an end-notched coupon in the speci-
men holder (Fig. 8.40).5%2 Additional mixed mode tests used for computation of
Gy include the end-notched cantilever beam (ENCB) and the cantilever beam
with enclosed notch (CBEN).>*

Typical results for mode II critical strain energy release rates are summarized
in Table 8.2 for various types of carbon/epoxy composites.*! These results show
how the ENF test manifests the higher (approximately three times higher) Gy
values of composites with tough thermoplastic matrices like PEEK compared
to composites with standard epoxy matrices.

Specimen holder

Fig. 8.40 Specimen holder and loading fixture for pure and mixed mode interlaminar
fracture testing in Arcan fixture.%?
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Table 8.2 Mode II Critical Strain Energy Release Rates for Various Carbon
Fiber Composite Materials

Strain energy
release rate, Gy,

Material Type of test J m~2% (Ibfin.) Reference
T300/5208 CLS 433 (2.47) Ramkumar and
Whitcomb*®
CLS 154 (0.88) Wilkins et al.*6
T300/914 ENF 518 (2.96) Prel et al.>*
CBEN 496 (2.83) Prel et al.>*
AS1/3501-6 ENF 458 (2.61) Russell and Street®®
AS4/PEEK ENF 1,765 (10.07) Russell and Street>
ENF 1,109 (6.33) Prel et al.>*
CBEN 1,860 (10.62) Prel et al>*
ENCB 1,780 (10.16) Prel et al.>*
AS4/3502 ELS 543 (3.10) Corletto and Bradley>®
ENF 587 (3.35) Corletto and Bradley>®

8.8.3 Mixed Mode Testing

Mixed mode (I and II) fracture toughness has been measured by a variety of
test methods such as the cracked-lap shear (CLS), mixed mode bending (MMB),
edge delamination tension (EDT), and the Arcan specimen. The CLS specimen
shown in Figure 8.41 has been used for composite materials as well as adhesive
bond evaluation.*>*6 Uniaxial loading is applied to one arm (strap) of a split
unidirectional laminate. The load transfer to the other arm (lap) produces both
shear (mode II) and peel (mode I) stresses along the interface between the lap
and strap arms. The relative magnitudes of Gy and Gy can be modified by

adjusting the relative thicknesses of the strap and lap parts. The exact determi-

= =
= l

-<—a—>|

Strap
Fig. 8.41 Cracked-lap shear specimen.
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Fig. 8.42 Mixed-mode bending specimen and test apparatus.5*

nation of the two fracture toughness components is usually done by means of
finite-element analysis.®?

The mixed mode bending specimen is shown in Figure 8.42.%* The individ-
ual components of fracture toughness are determined as follows:

3 P? 42

Ce = 2R I E,

Bc — L)? (8.50)

9 p2 4

GIIC = 16b2 h3 L2 E'1

(c + L)? (8.51)
Their ratio

GGy =373, ¢c=

4 3¢ — L)? L
3+ L2’ 3 (8.52)

is only a function of the load position ¢ and half span length L.

The EDT test utilizes [(*8),/90/90], and [+6/0/90], laminates designed to
delaminate at the edges under tensile loading.®>%® The orientation  is usually
30° in the first laminate and 35° in the second. In these laminates, a noticeable
change in the load-deflection curve occurs at the onset of edge delamination.
The total critical strain energy release rate associated with edge delamination
growth in an unnotched composite laminate is given by®

G, = <Ex - E;) (8.53)
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where

€. = Tensile strain at delamination onset
h = Specimen thickness
E, = Laminate modulus before delamination

E"x‘ = Laminate modulus after total delamination along one or more inter-
faces

The value of G, is independent of delamination size, but it depends on the
laminate lay-up, which determines Ex, and on the location of the delaminated
surfaces, which determines L_?ﬁ. The two moduli are determined by both laminate
plate theory and the rule of mixtures. The total strain energy release rate above
consists of components Gy, Gy, and Gyyy. As in the case of the CLS specimen,
numerical analyses are required to determine the individual components.

The Arcan test configuration can be used in principle to apply any desired
combination of mode I and mode II interlaminar loading (Fig. 8.40).5%

8.8.4 Mode III Testing

Compared with mode I and mode II testing, relatively little work has been
reported on mode III testing. A split DCB specimen made by bonding the com-
posite laminate between two aluminum bars has been described (Fig. 8.43).57
These bars are loaded in the direction parallel to the crack plane and normal to
the beam axis. As in the case of the mode I DCB test, the load drops suddenly
as the crack extends, causing some uncertainty in the crack length corresponding

Composite
specimen

Aluminum
alloy bar

Bolted metal plate

Adhesive bond

initial crack Pinned

Fig. 8.43 Split cantilever beam specimen for determination of mode III interlaminar
fracture toughness.®’



346 Engineering Mechanics of Composite Materials

to the critical load. Finite element analysis of this specimen shows that at the
delamination front there is a Gy component in addition to the Gy component.
Furthermore, the Gy component increases near the free edges. One conservative
way to determine Gyy. from such a test is to assume that Gy, = Gy

A new test method was proposed recently for determination of Gyp,.%% The
specimen is a doubly-split DCB, as shown in Figure 8.44. The symmetry of
the specimen ensures self-balancing and prevents twisting. The uncertainty in
identifying and measuring the correct crack length at the critical load and the
so-called stick-slip phenomenon are eliminated by adding a support to the dou-
bly-split DCB specimen, as shown in Figure 8.44. The strain energy release rate
for this specimen is given as

(8.54)

where

e = Distance between the end load and the support
E = Modulus of laminate along beam axis

b = Width of outer split beams

h = Laminate thickness

The fracture toughness in this case is independent of crack length (a + e), and
the critical tearing load P remains constant as the crack propagates.

Fig. 8.44 Doubly-split double cantilever beam specimen for determination of mode III
fracture toughness.5®
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8.9 Biaxial Testing

8.9.1 Introduction

Failure theories, such as the Tsai—Wu theory, can predict FPF of multidirectional
laminates under any state of in-plane stress. Ultimate failure, however, is diffi-
cult to predict analytically on the basis of lamina properties because of nonlinear
behavior and interaction of failure modes. To check or verify analytical predic-
tions and to generate useful failure envelopes for design purposes, it is necessary
to conduct extensive testing of composite laminates under biaxial states of stress.
The application of a general in-plane biaxial state of stress, including normal
tension and compression and shear components, poses a difficult problem in
composite testing. Some of the basic requirements for a biaxial test specimen
are:

1. A significant volume of the material must be under a homogeneous state
of stress.

2. Primary failure must occur in the test section.

3. The state of stress in the test section must be known or easily determined
without the need for secondary measurements or analysis.

4. It must be possible to vary the three in-plane stress components (o, 0y,
T,) independently.

A variety of specimen types and techniques have been proposed and used
for biaxial testing of laminates. They include the off-axis coupon or ring, the
crossbeam sandwich specimen, bulge plate, rectangular plate under biaxial ten-
sion, and the thin-wall tubular specimen.

8.9.2 Off-Axis Uniaxial Test

Uniaxial loading of a unidirectional lamina along a direction other than one of
the principal axes produces a biaxial state of stress (Fig. 8.45). The state of
stress referred to the principal material axes under uniaxial stress o, is obtained
from the transformation relations in Eq. (3.57):

gy =m" o,

o, = n? o, (8.55)

Tg = — MmN 0,

where m = cosf and n = sin6.
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Fig. 8.45 Off-axis specimen for biaxial testing of unidirectional lamina.

The off-axis specimen has been used successfully in coupon and ring
form.8-"2 In the latter case thin-wall rings with the principal material axes at
an angle with the circumferential direction are subjected to internal pressure
loading. Some of the limitations of the off-axis specimen are:

1. The biaxial normal stresses are always of the same sign.

2. There is no possibility for independent variation of the three stress compo-
nents (non-proportional loading).

3. Erroneous stiffness and strength results may be obtained when using tensile
coupon specimens of dimensions and with clamping conditions customarily
used in testing along principal axes.

If the applied stress o, were uniform throughout, i.e., if the specimen were
free to deform, the specimen strains would be

1
€, = 'E‘O'x
Yo .
&= "% Oy (3.74 bis)
X
= s o
Ys E,

which means that a rectangular coupon would deform into a parallelogram-
shaped one as shown in Figure 8.46a, due to shear coupling. If the specimen
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(a) (b)

Fig. 8.46 Effect of end constraint on off-axis tensile specimen: (a) free ends and (b)
clamped ends.”

is clamped at the ends during loading, the shear deformation is constrained and
the specimen deforms, as shown in Figure 8.46b.7> This constraint induces a
shear and bending moment at the ends as shown that disturb the stress field
uniformity in the specimen. It was shown analytically that a uniform state of
stress and strain will exist at the center of the specimen if the aspect ratio L/w
(length/width) is sufficiently large.”* Furthermore, an expression was obtained
for the error involved and a correction factor for determination of the true axial
modulus as follows:

E.=FE¥(1 -0 (8.56)
and
6 st i‘i‘
[ = x o= M . (8.57)
2L E. 2/L
AT
w ny 3\w

where
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E, = True axial modulus

o
E%x = e—x = Apparent (uncorrected) axial modulus
"X

{ = Correction factor
S Sxs» Sss = Compliance parameters of off-axis lamina (functions of 0)
E,, G, M,s = Engineering parameters of off-axis lamina (see Chapter 3)
L = Specimen length

w = Specimen width

The shear coupling effect in a uniaxially loaded off-axis specimen as charac-
terized by the correction factor { in Eq. (8.57) depends on the following vari-
ables:

1. Clamping conditions.

2. Degree of anisotropy of the composite which affects the ratio E,/G,-

3. Shear coupling parameter m,, which depends primarily on the off-axis angle
0 and becomes predominant in the range 10° <8 < 45°.

4. The specimen aspect ratio or length to width ratio Liw.

Of these variables, the first and last are the only ones that can be varied in
testing a given material at a given off-axis angle. When the aspect ratio L/w
is large enough, the shear coupling effect becomes independent of clamping
conditions.”® For an E-glass/epoxy specimen with a ratio L/w = 24, small differ-
ences were observed in strength and stiffness for clamped and hinged end con-
ditions ({ < 0.05). Reliable biaxial data were obtained for E-glass/epoxy with
brittle and ductile matrices using the off-axis specimen. Partial failure envelopes
were obtained by varying the off-axis angle 6 in the range 10° =<0 =90°
(Fig. 8.47).7

Off-axis testing is not limited to the unidirectional lamina. Multidirectional
symmetric laminates can be tested under uniaxial loading at an angle with one
of the principal laminate axes (x,y). The off-axis laminate can also be tested
in compression by using it as a skin in a honeycomb-core sandwich beam under
pure bending. Within the limitations stated before the specimen is reliable and
simple to use.

8.9.3 Crossbeam Sandwich Specimen

The crossbeam sandwich specimen consists of two intersecting beams subjected
to pure bending. In one of the many types discussed, the laminate is used as
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Fig. 8.47 Brittle and ductile failure envelopes for interfiber matrix failure in off-axis

specimens under uniaxial tensile loading (length to width ratio: L/w = 24; “brittle” com-
posite is E-glass/Epon 828-Z; “ductile” composite is E-glass/Epon 815-Versamid 140).72

Test section

Honeycomb

Support

Fig. 8.48 Crossbeam sandwich specimen for biaxial testing of composite laminates.

one skin of a honeycomb-core sandwich (Fig. 8.48). This type of specimen
allows, in principle, the application of tension-tension, tension-compression,
and compression—compression loading in the central test section. One of the
major limitations of this specimen is the disturbing influence of the corners on
stress distributions in the test section and on fracture initiation at the points of
stress concentration. The state of stress in the test section cannot be determined
from the specimen geometry and applied loads without prior knowledge of the
material properties.
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8.9.4 Flat Plate Specimen

The flat plate specimen is usually a square plate subjected to tension—tension
loading on its sides through fiberglass tabs. A variety of biaxial states of stress
(in the tension-tension—shear space) can be achieved by rotating the principal
material axes with respect to the loading directions. Nonproportional loading is
possible to some degree. To ensure stress homogeneity within a reasonable test
section and failure within this region, it is necessary to design the tabs and
transition region very carefully.

A typical geometry of a plate specimen designed for equal biaxial
tensile loading is shown in Figure 8.49.7677 The composite specimen is a
40.6 X 40.6 cm (16 X 16 in.) square plate with the corners cut off. It is tabbed
with glass/epoxy tabs that have a 20.3 cm (8 in.) diameter cutout. Loading is
introduced by means of four whiffle-tree grip linkages designed to apply four
equal loads to each side of the specimen. A photograph of such a biaxial speci-
men with the loading grip linkages is shown in Figure 8.50.

There are two problems with this type of specimen. The state of stress in
the test section is not easily determined from the applied loads because of the
unknown load sharing between the tab and the specimen. This problem can be
resolved by prior calibration of the system and by ensuring (or assuming) that
the tab stiffness remains constant throughout the test. The other problem is
premature failure at the corners due to stress concentrations. This problem can
be alleviated by proper design of the tab geometry. The specimen is most suit-
able when the influence of biaxial stress on notches is investigated.76’77

The uniformity or homogeneity of the state of stress in the test section has
been verified experimentally by means of photoelastic coatirlgs.76'77 In the case
of unequal biaxial loading, an elliptical reduced thickness region (or tab cutout
in this case) has been proposed to ensure uniform biaxial stresses throughout
the test section.”® The ellipse is selected to satisfy the relation

b _ \/@ (8.58)
a o

where G, 0, are the average stresses along the two loading directions, and a
and b are the major and minor semi-axes of the ellipse along the correspond-
ing directions.

8.9.5 Thin-Wall Tubular Specimen

Of the various biaxial test specimens mentioned, the tubular specimen appears
to be the most versatile and offers the greatest potential. It offers the possibility
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Fig. 8.49 Geometry of plate specimen for biaxial testing.’®

of applying any desired biaxial state of stress with or without proportional load-
ing. A state of generalized plane stress can be achieved by the independent
application of axial loads, internal or external pressure, and torque. Tubular
specimens have been used successfully with metals because stress concen-
trations in the load introduction region are relieved by plastic yielding. This is
not the case with brittle-like materials such as composites. For this reason no
entirely satisfactory solution has been found to date. To achieve the full potential
of the thin-wall tubular specimen, the following requirements must be met:

1. The tube must be loaded without constraints that would produce local
extraneous or non-homogeneous stresses.

2. Surface pressures on the laminate in the test section, used for producing
circumferential or axial stresses, should be minimized to avoid adding a high
radial stress component resulting in a triaxial state of stress.

3. Functional or material failures of the load-introduction tabs must be avoided.



Fig. 8.50 Whiffle-tree linkage grips for load introduction in biaxial plate specimen.
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4. Undesirable buckling prior to material failure must be avoided.
5. The cost of specimen fabrication, equipment, and testing process must not
be prohibitive.

A general biaxial state of stress is produced by means of internal and external
pressures p; and p,, longitudinal load P, (which can also be applied by means
of p; and p,), and torque T, about the longitudinal axis. The axial, circumfer-
ential, and shear stresses are obtained as

_ P,

I o Th

_ ol

0o = (P; =~ Po) P (p; + po) (8.59)
T,

T O m Pk

where 7 is the mean radius and /4 the tube thickness.

Testing of composite tubular specimens has been discussed by several
investigators who analyzed the various problems arising in this type of
specimen.”® 82 One of the most frequent and most critical problems encountered
is that of introducing and maintaining a uniform biaxial state of stress in the
specimen test section and inducing failure in the test region. Some testing of
tubular specimens has been done without any provision for relieving end con-
straints.3>®3 To overcome or minimize end constraints and gripping problems
the concepts of tab and grip pressurization have been used.5*8* These concepts,
however, have not been implemented with full success because of the inherent
difficulty of the problem.

A typical tubular specimen geometry is illustrated in Figure 8.51. The speci-
men is designed to have end tabs for gripping and load introduction. These tabs
are made of epoxy or glass/epoxy premachined and bonded to the specimen
ends. The stiffness of these tabs in the axial and circumferential directions rela-
tive to those of the composite tube can be varied by varying the glass/epoxy
lay-up and the tab thickness. This specimen geometry has been analyzed exten-
sively using finite element methods.®> The objective of these analyses was to
minimize stress discontinuities in the transition between the test section and
tabbed section of the specimen by varying the tab materials and geometry and
the tab-compensating pressure.

The preparation of tubular specimens must be done very carefully to ensure
that the specimen is of a quality similar to that of flat laminates fabricated and
cured in an autoclave. Composite tubes can be fabricated in any desired ply
orientation and stacking sequence. Fabrication techniques have been developed
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Fig. 8.51 Thin-wall tubular specimen for biaxial testing of c:omposites.85

and are described in the technical literature.33% One procedure consists of
wrapping the prepeg composite tape around a cylindrical perforated mandrel
and then, by means of internal pressure, expanding the prepeg tube against the
wall of a cylindrical cavity mold. The glass/epoxy tabs required for the specimen
are fabricated as tubes in a similar manner. They are subsequently machined to
size and bonded on the composite tube.

The complete system for biaxial testing of composite tubular specimens
requires the introduction and control of internal and external pressures on the
specimen, internal and external compensating pressures on the tabs, grip acti-
vation pressure, axial load, and torque. The axial loads and torques are intro-
duced through segmented collet grips at the tabs by means of linear and torque
actuators. All pressures applied directly to the specimen or to the actuators are
applied and controlled independently of each other with an electrohydraulic sys-
tem.

The problem of biaxial testing of tubular specimens is inherently difficult
and is not amenable to a complete solution. The analysis to date shows that it
is possible to obtain valid tests in many cases for a variety of laminates over
large portions of the failure envelope.
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8.10 Characterization of Composites with
Stress Concentrations

8.10.1 Introduction

The behavior of composite laminates with stress concentrations is of great inter-
est in design because of the resulting strength reduction and life reduction due
to damage growth around these stress concentrations. Stress distributions and
stress concentrations around notches can be determined by linear elastic analy-
sis, finite element methods, and experimental methods. The problem of failure
of notched composite laminates has been dealt with by several approaches. One
approach is based on concepts of linear elastic fracture mechanics carried over
from homogeneous isotropic materials.3>°® A second approach is based on
actual stress distributions in the vicinity of the notch and makes use of simplified
stress fracture criteria.”! According to the average stress criterion proposed, fail-
ure occurs when the average stress over an assumed characteristic dimension
from the boundary of the notch equals the tensile strength of the unnotched
material. Comparison with results from uniaxial tensile tests showed satisfactory
agreement between predicted and measured strengths for a narrow range of
values of the characteristic dimension. In a similar approach, lamina failure
criteria are used, and a characteristic dimension (volume) is postulated.92 Failure
is said to occur if the average state of stress (or strain) on the boundary of this
characteristic volume falls on the failure envelope of the lamina.

Experimental methods using strain gages, photoelastic coatings, and moiré
have proven very useful in studying the deformation and failure of composite
laminates with circular holes and through-the-thickness cracks of various sizes.”
The effects of laminate lay-up, stacking sequence, notch size, and far-field stress
biaxiality on failure have been investigated. The approach used was to load
composite plate specimens with holes or cracks under uniaxial and biaxial ten-
sion, measure deformations by means of experimental strain analysis techniques,
and determine strain distributions, failure modes, and strength reduction ratios.
Experimental results are compared with predictions based on linear elastic frac-
ture mechanics, an average stress criterion, and a progressive degradation model.
A review of theoretical and experimental results on notched composite laminates
is given by Awerbuch and Madhukar.**

8.10.2 Laminates with Holes

Stress distributions around a circular hole in an infinite plate can be obtained
by anisotropic elasticity.®> For an orthotropic laminate with a hole under uniaxial



358 Engineering Mechanics of Composite Materials

TRSTTLsTIne

¢

szx

ml ko=6max/60
Y s

2a

SRR

T,

Fig. 8.52 Composite laminate with circular hole under uniaxial tensile loading.

loading along a principal axis x the maximum stress is the circumferential stress
on the hole boundary at ¢ = 90° (Fig. 8.52). The stress concentration at this
location is obtained as

kc=c—§‘i’5=1+\[2{ Ez—;xy]Jr_E_x (8.60)
0 E, Gy

where

o, = Applied far-field average stress
O max = Maximum circumferential stress on hole boundary (at @ = 90°)

E. Ey = Average Young’s moduli in the x- and y-directions

G,, = Average shear modulus
v,, =Average Poisson’s ratio

The x- and y-axes are principal axes of the laminate.
The circumferential stress on the hole boundary at ¢ = 0° is given by

(Etp)cp=0° = - Ex \/EX (8'61)
E

X
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Although the exact stress distribution along the transverse axis through the
hole is known, the following approximate expression can be more useful:*®

Ex(O,Y)N 1 -2 g ._4_k0"_—3 -6 -8
5, 1+ 5P + 5P 2 5p Tp (8.62)

a, (0, y) = Axial stress along the y-axis

o, = Applied far-field axial stress

QI

a = Hole radius
k. = Anisotropic stress concentration factor (obtained by

Eq. 8.60 for large plate)

The influence of laminate lay-up on stress distribution and stress concen-
tration is clearly illustrated by the fringe patterns of a photoelastic coating
around the hole of boron/epoxy plates. These were 66 cm (26 in.) long and
25.4 cm (10 in.) wide laminates of various lay-ups with a 2.54 cm (1 in.) diam-
eter central hole. They were loaded in longitudinal tension to failure. Figure
8.53a shows that, for the [0/ i45/0/§—6]5 laminate, the stress distribution is similar
to that of an isotropic plate and the stress concentration factor is close to 3.
Figure 8.53b shows that, for a [0/90],, crossply laminate, the stress gradient at
the hole boundary is sharp and the stress concentration factor is high
(approximately 5). The influence of the hole along the transverse axis extends
over a distance of approximately half the radius. On the other hand, the fringe
pattern for the [*+45],, angle-ply laminate in Figure 8.53c shows that the gradi-
ent is very mild, the stress concentration factor is moderate (approximately 2),
and the influence of the hole extends throughout the plate.

The influence of material and stacking sequence on failure was studied for
a variety of lay-ups.®’ Some results are listed in Table 8.3. The ultimate strength
is a function of both stress concentration and percentage of 0° plies. Laminates
with a high percentage of 0° plies, but with sufficient number of 45° plies to
mollify the stress concentration factor, are the strongest. The [0/90],, lay-up
with 50% 0° plies is not strong because of the high stress concentration factor.
The [=45],, lay-up is the weakest because of the absence of 0° plies, although
the stress concentration factor is the lowest. Stacking sequence was also found to
have a noticeable influence on strength and failure patterns. Stacking sequences
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(a) (b) (c)

Fig. 8.53 Isochromatic tringe patterns in photoelastic coating around hole in
boron/epoxy plates of different lay-ups under uniaxial tensile loading.®”
(a) [0/+45/0/90],, T, = 293 MPa (42.4ksi). (b) [0/90],,, G, = 170 MPa (24.6 ksi).
(¢) [+45]s5, 0, = 77 MPa (11.1 ksi).

resulting in tensile interlaminar normal stresses near the boundary of the hole
reduce the strength of the laminate. In some cases stacking sequence variations
can cause drastic differences in strength related to changes in failure modes
from catastrophic to noncatastrophic (see Fig. 7.26).

The influence of hole diameter for uniaxially loaded plates can be described
by using the average stress criterion.”! According to this criterion, failure occurs
when the axial stress, averaged over a characteristic distance a, from the hole
boundary, equals the strength fo of the unnotched laminate (Fig. 8.54). The
strength reduction ratio, ratio of notched to unnotched strength, is expressed as

_Fv_ 2
r = F, (1+O2+E+ % —3)¢£] (8.63)
where
a
£= a+a,

Experimental results obtained for uniaxially loaded [0,/%45], carbon/epoxy
laminates with holes of various diameters are in good agreement with predic-
tions based on the average stress criterion for a characteristic length a, = 5 mm,
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Fig. 8.54 Stress distribution and average stress criterion for uniaxially loaded composite
plate with hole.

as shown in Figure 8.55. The laminates were 12.7 cm (5 in.) wide, 56 cm (22'in.)
long with central holes of diameters ranging from 0.64 cm (0.25 in.) to 2.54 cm
(1 in.). One interesting result observed in this and other similar cases is the
existence of a threshold hole diameter, approximately 1.5 mm in this case, below
which the laminate becomes notch insensitive.

The behavior of biaxially loaded composite plates with holes has been stud-
ied experimentally.”®% A typical failure pattern of a [0/%45/90], carbon/epoxy
plate with a hole under equal biaxial tensile loading is shown in Figure 8.56. The
strength reduction ratio, ratio of notched biaxial strength to unnotched uniaxial
strength, is plotted versus hole radius in Figure 8.57. These ratios are higher
than corresponding values for uniaxial loading by approximately 30%. The vari-
ation of strength reduction ratio with hole diameter was satisfactorily described
by using an average biaxial stress criterion. Radial and circumferential stresses
around the hole were averaged over an annulus of 3 mm width and compared
with the biaxial strength envelope for the unnotched quasi-isotropic laminate.
Results were also in good agreement with predictions based on the Tsai-Wu
failure criterion for the individual lamina and a progressive degradation model.”®
The strength reduction ratios for uniaxial and equal biaxial tensile loading rep-
resent lower and upper bounds for any biaxial tensile loading of this laminate.
The strength reduction for any other tensile biaxiality ratio would fall between
these two bounds and could be estimated approximately by interpolation.
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Fig. 8.55 Strength reduction as a function of hole radius for [0,/* 45]; carbon/epoxy
plates with circular holes under uniaxial tensile loading.®*

AL

Fig. 8.56 Failure pattern in [0/445/90]; carbon/epoxy specimen with 1.91cm
(0.75 in.) hole under equal biaxial tensile loading.”®
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Fig. 8.57 Strength reduction as a function of hole radius for [0/£45/90], carbon/epoxy
plates with circular holes under equal biaxial tensile loading.”®

8.10.3 Laminates with Cracks

Through-the-thickness cracks introduce much more severe stress concentrations
in composite laminates. Stress distributions near a crack tip in an orthotropic
material have been obtained in terms of mode I and mode II stress intensity
factors and the laminate compliances.'® An expression for the axial stress ahead
of the crack, obtained as a limiting case of the solution for an elliptical hole,
is (Fig. 8.58)'%

_ T,y
o = =2t (8.64)
x [

where

o, = Axial stress along transverse axis
G, = Applied far-field stress
a = Half crack length

The failure of composite laminates with through-the-thickness cracks also
can be described by the semi-empirical average stress criterion.’! According to
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Fig. 8.58 Composite laminate with through-the-thickness transverse crack under uniax-
ial tensile loading. :

this criterion, failure occurs when the axial stress averaged over a characteristic
distance a, from the crack tip equals the unnotched strength of the material.
Using the stress distribution of Eq. (8.64), the average stress criterion predicts
the following strength reduction ratio

" Va, +2a (8.65)

where I—TN and F,, are the notched and unnotched laminate strengths, respectively
and a, the characteristic length dimension.

The deformation and failure of carbon/epoxy plates with cracks of different
lengths have been investigated by experimental techniques.!°>1%3 In general,
failure at the tip of the crack takes the form of a damage zone consisting of
ply subcracking along fiber directions, local delaminations, and fiber breakage
in adjacent plies along the initial subcracks. The strain distribution around the
crack tip and the phenomenon of damage zone formation and growth for a
uniaxially loaded plate are vividly illustrated by the isochromatic fringe patterns
in the photoelastic coating (Fig. 8.59). A noticeable characteristic is the apparent
extension of the damage zone at a 45° angle with the crack direction. The size
of this zone increases with applied stress up to some critical value at which
point the specimen fails catastrophically. Far-field strains and the crack opening
displacement were obtained from moiré fringe patterns around the crack.

*al[;jl

sz

o



snowreA e uowidads Axode/mogred

zoy S90S pordde Jo s[Ad]

S[06/SHE/0] JO YoBId (Ul (g'Q) WO Lg'] punore 3upjeod onsejeojoyd ur suzened 95Ul ONEWOIYO0S]  6S°8 311

366



Characterization and Testing of Composite Materials 367

Experimental results for the strength reduction ratio agree well with predic-
tions based on the average stress criterion using a characteristic dimension
a, =5mm (Fig. 8.60). Comparison of these results with those from similar
specimens with circular holes shows that strength reduction in this case is nearly
independent of notch geometry, i.e., specimens with holes and cracks of the
same size have nearly the same strength. Experimental results for specimens
with holes along with predictions based on an average stress criterion for holes
are also shown in Figure 8.60.

The result above can also be analyzed by linear-elastic fracture mechanics.
If the half crack length a is adjusted to include the length a, of the damage
zone near the crack tip, the critical stress intensity factor is given by

Ky = Fy \m(a + a,) (8.66)

The length of the damage zone can be taken equal to the characteristic dimension
a, in the average stress criterion (5 mm). It can also be approximated by the
diameter of the damage zone near failure as detected by the photoelastic coating.
It is shown in Figure 8.61 that the critical stress intensity factor, as modified
to account for the critical damage zone at the crack tip, is nearly constant with
crack length.
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Fig. 8.60 Strength reduction as a function of hole radius or crack length for [0/+45/90];
carbon/epoxy plates with circular holes and transverse cracks under uniaxial tensile load-
o 102
ing.
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Fig.8.61 Critical stress intensity factor as a function of crack length for [0/+45/90];
carbon/epoxy plates with transverse cracks under uniaxial tensile loading.'?

Similar studies have been conducted with quasi-isotropic plates under biaxial
loading having cracks of various lengths.””!%* Under these loading conditions
it is not possible to use simplified failure criteria as discussed before. However,
experimental results can be compared satisfactorily with predictions based on a
maximum stress criterion for the individual lamina and a progressive degra-
dation model.

The strength of notched laminates in general is a measure of notch sensitivity
and toughness. This has prompted the recommendation of simple test methods
for qualitative evaluation of laminate toughness by NASA and SACMA
(Suppliers of Advanced Composite Materials Association). In the NASA specifi-
cation quasi-isotropic laminates with holes are tested in tension and com-
pression.m5 The SACMA recommendation- is aimed at determining the tensile
and compressive strength of the unidirectional material by testing laminates
with holes.'%°

8.11 Summary and Discussion
Methods of physical and mechanical characterization of constituent and com-

posite materials were reviewed. The physical and mechanical characterization
of the fiber and matrix constituents is necessary for the application of
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micromechanics in understanding and predicting the macroscopic behavior of
composite materials. In the macromechanical approach, the unidirectional lam-
ina is considered the basic building block, and its full characterization is essen-
tial for any subsequent theoretical, numerical, or experimental analysis of com-
posite structures. Many of the methods discussed have been standardized and
the relevant ASTM specifications were mentioned in the text. A summary of test
methods for characterization of the unidirectional lamina is given in Table 8.4.

In the case of compressive testing variations of the Celanese and IITRI test
fixtures are widely used, with modifications being introduced by many investi-
gators. A recent round robin test program by ASTM did not result in definitive
conclusions. Considerable discussion and research is currently directed toward
compression testing of thick composite sections.

There is still some debate as to the best methods for determining in-plane
shear properties. The [*45],, coupon is standardized by ASTM, but the 10°
off-axis specimen may be more realistic. An ASTM round robin program on
in-plane shear testing, including the rail shear test, did not prove conclusive.
Many types of tests may yield reasonable values for the in-plane shear modulus,
but the ultimate properties determined are not always reliable. The interlaminar
shear test is primarily a quality control test.

The problem of biaxial testing is still not under control. However, in many
specific cases valid data can be obtained. There is great need for valid biaxial
data. Biaxial fatigue data in general are not available.

Interlaminar fracture toughness is an important property, mainly for selection
and ranking of different matrices for high damage tolerance, and it is well
characterized in mode I by the double cantilever beam specimen. A variety of
test methods and specimens are being investigated for modes II and III and
mixed modes. Many of these tests, however, require finite element analysis to
separate the various component modes of fracture toughness.

Stress and failure analysis around stress concentrations was discussed at
some length. However, most of the work to date deals with well-defined flaws,
such as holes and through-the-thickness cracks. There is need to extend this
work to study more realistic defects, such as partial delaminations, scratches,
and impact damaged areas. Fatigue behavior of laminates with notches,
especially under biaxial loading, remains to be studied systematically.

Several areas of mechanical characterization were not addressed in this
review. For example, fatigue testing is very important in studying damage mech-
anisms, damage accumulation, and the attendant degradation of stiffness and
residual strength. Some specifications for fatigue testing are given in ASTM
specifications D3479-76 and D4762-88. Fatigue studies must be extended to
include spectrum fatigue loading and environmental effects. Future efforts will
be directed toward methods of accelerated testing for determining the reliability
and life of structures.
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Table 8.4 Test Methods for Mechanical Characterization of Unidirectional Lamina

Tested Property Specimen Configuration Elastic Strength
(ASTM Standard) Properties |Parameters
Longitudinal Tension "{ [E‘ E,.V | T
g 1:V12 1Bt
(D3039-76) .
ey o |~ MM > B2z | P o2
(D3039-76) 21 v21 2t =2t
Longitudinal Compression TRl Eq Fic-&fc
(D3410-87) —- (I =—  Sandwich column
(C364-61) v y
(C393-62) ]
T Sandwich beam
AN D
Transverse Compression E; Facs eé“c
ey e = 1w ——
(C364-61)
C393-62
( ) or sandwich construction
In-Plane Shear <—l—— W -—*—P— [£45] Gqp F. Y6
(D3518-76)
Three-rail-shear
Z
torsion
T Coupon in
torsion
E@ losipescu Arcan
Interlaminar Shear F3¢
(for quality assessment) Short beam
(D2344-84)
(D3846-79) Double
- E=——=1=——=s———=3 notch
coupon

Environmental effects on mechanical properties are important and must be
evaluated by special testing. The extent of property degradation as a function
of temperature and moisture concentration must be measured for the various
materials. Special testing procedures are needed to evaluate time effects, both
long-term (creep) and short-term (dynamic) effects. Creep testing is useful in
determining the viscoelastic characteristics of the composite, i.e., time-dependent
stiffnesses and compliances. It can be conducted at various temperatures to obtain
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master curves covering many decades of time. When creep tests are carried to
ultimate failure, results can be used to predict the life of composite structures.
A variety of methods have been developed for high rate testing to evaluate
short-term effects. Closely related to this is impact testing and evaluation of
impact damage tolerance.

Another important area of experimental characterization not covered in this
chapter is nondestructive evaluation (NDE). A variety of NDE techniques are
used for evaluating the integrity of composite materials and structures. They
include radiographic (X-ray and neutron), optical (moiré, birefringent coatings,
holographic interferometry, and speckle shearing interferometry), thermo-
graphic, acoustic (acoustic wave, acoustic emission), embedded sensors, ultra-
sonic, and electromagnetic techniques. The most widely used methods,
especially for polymer matrix composites, are ultrasonic and X-radiographic
techniques. They are used to detect and characterize flaws introduced during
fabrication and in service, such as delaminations, porosity, matrix cracking,
fiber—matrix debonding, fiber misalignment, inclusions and fiber fractures. The
discussion of NDE methods and their application to composites is beyond the
scope of this book.
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Answers to Selected
Problems

Chapter 3
3.11 (¢)
3.13 v=0.189 and v = 0.205

3.15 (Ggle=45= 9.40 GPa
(Gy)o=4as- = 10.45 GPa

3.18 (ny)e =30° = 0.298

322 M, =-0.241 at6=29.4°
M= 0.189 at 6 =62.8°

3.26 E’z =€y + kEE1

G
328 (a) My ”(ex—ﬁ)
() v,=0.167x 1072

331 (@) k=-m,
(®) Viy = " MNasTsy
(©) MusMex=1
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3.33 E,=61.82 GPa
E,=11.15 GPa
G1»=5.32 GPa

3.34 Mechanics of materials: E, =7.56 GPa
Halpin-Tsai: £, =8.13 GPa

3.36 Mechanics of materials: G, =2.68 GPa
Halpin-Tsai: G, =3.84 GPa

Chapter 4

4.1 E;=46.1 GPa
F1,=1,388 MPa (increases linearly with E))

43 E, =127 GPa
F;,=180.7 MPa

4.5 o, =80 MPa; in-plane shear failure mode

47 F,=142 MPa, 6 =38.2°

49 o4=211.1 MPa

4.12 8;=31.4° 6,=58.6°

4.14 F;=122 MPa

4.16 F,=78.5 MPa (Tsai-Hill); F, = 79.7 MPa (Max. stress)

4.18 o4 =98.3 MPa

Chapter 5

5.1 (a) Antisymmetric angle-ply laminate, A, =A,;=D,;=D,;=0
B, =B,=B,,=B;=0

(b) Balanced laminate
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©

(d)

54

5.7

5.8

5.10

5.15

5.17

Au=4,,=0
Symmetric crossply laminate
B;y=0,A=Ay=D,=D,=0

Balanced laminate
Au=A4A,=0

1’12
B = in Ors(a) (see Eq. 3.67 for transformation of Q)

(B —E)P
v 41 = vvq))

Ay, = 60.49 MN/m
A, =17.28 MN/m
Ay, =26.68 MN/m
Ay, =20.68 MN/m

A= Ays =Ag = Asy =0

A=A, =955E,t=750E,
Ag=TI15Et="1750E,

A =T775Et =750 E t
A= Ays =Ag :Asy =0

B =B,,=B,=B,,=352E,#=375E,/

B..=B,,=B,

y =By =0

D,.=D,,=3.18 E,f =250 E ¢
D,,=238 E,f =250 E,f

Dy =258 E,f> = 2.50 E

Dy =Dy =D, =D, =0

E, =253 GPa, G, = 37.6 GPa, v, = 0.688

Vg = 0.648
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5.19 v,,=0.281

521 N,=1,035 N/'m

523 r=17.67

5.25 E,=58.41 GPa, G,,=23 GPa, v,,=0.27

Chapter 6

6.1 a;=8.19x107%°C
oy =55.8 x 107%/°C

63 o, =4.05x107%°C
o, =4.35 % 107%/°C

6.5 NI=NJ=25.12tMPa
Ny=0

6.8 a,=-3.47x107%°C
6.10 r=4

6.12 a,=-0.81x107%/°C
@, =534 x 107%°C

6.14 Ac=0.856%
6.16 o, =-155 MPa, 0, = 30 MPa

6.18 o,,=-107.0 MPa
0, =20.3 MPa

Tse:O

2E
620 g, =— ; *(ay — ap)mn AT

XS

6.22 o,=-1,354 MPa
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6.24 N,=497 kN/m

Chapter 7

7.2 Maximum stress cri;erion:
F., =425 MPa
F..=770 MPa
Tsai-Wu criterion:
F,, =423 MPa

F..= 1,049 MPa

74 (a) =129 MPa, F,, = 93 MPa

(b) =95 MPa, F, =98 MPa

A

NS
=l
I

=139 MPa, F,, = 142 MPa

~
(@)
~
o
~
ool

=126 MPa, F, = 114 MPa
(b)  F,=155MPa, F, = 152 MPa
(c)  F,=446 MPa, F, = 431 MPa

ol

7.8 =71 MPa (by both Tsai-Wu and maximum stress criteria)

14
2

7.10 F,.=483 MPa
7.13 F,= 374 MPa, in-plane shear mode

7.14 Maximum stress criterion:
Fxtz 134 MPa, transverse tensile failure
—ﬁxc =751 MPa, longitudinal compressive failure
Tsai-Wu criterion
F. =128 MPa
F..=511 MPa
7.16 F, =168 MPa (Tsai-Wu)

FS =264 MPa (Maximum stress)
Transverse tensile failure
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7.18

(a)
(b)
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Ol =—09,=—20.9 MPa, 14,=-12.1 MPa
og,=1090, 0,=-0092 o, 75=-0.2360,

© F,, =250 MPa (maximum stress criterion)

=263 MPa (Tsai-Wu criterion)
In-plane shear failure

7.20 Fypr=F%=1,140 MPa

7.22

7.24

7.26

7.28

@, =0.373

—F_FPF = 301 MPa

Fypr= 760 MPa

(d

(a)
(b)
©

@, =0.396

o, =51.9 MPa, o, =23.1 MPa, 74=22.7 MPa
01, =—09, =—20.9 MPa, 74, =—12.1 MPa
o; =31 MPa, o, = 44 MPa, 74 = 10.6 MPa

h,=4.88 mm by maximum stress criterion

h,=4.10 mm by Tsai-Wu criterion

Transverse tensile failure
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Adams, D. F., 71, 74-76, 96, 98, 100,
329
Advanced Composites Design Guide,
192, 194
Acolotropic material. See General
anisotropic material
Aliyu, A. A., 277, 338, 340
Allowable laminate thickness, 250, 252
Alumina fibers, 28-29
American Society for Testing and
Materials (ASTM) standards,
300-301, 305-8, 313, 316-22,
324-25,331-33
Angle-ply laminates
coefficients of thermal expansion,
212-13
interlaminar stresses, 265—67
properties of, 173-75, 178-81
strengths of, 246—49
stress concentration, 359-61
Anisotropy
definition of, 14-15
degrees of, 26
Antisymmetric laminates, 158—62
angle-ply, 161-62
crossply, 159-61
Aramid/epoxy. See Kevlar/epoxy
Aramid fibers, 27-30; see also Kevlar
fibers
Arcan, M., 329
Arcan test. See Shear testing
Area method (for strain energy release
rate), 277-78

Arnon, U, 191, 194

Artificial limb, 5

Automobile spring, 6

Average stress criterion, 357, 360, 362,
364, 367

Azzi, V. D., 114, 348

B-2 stealth bomber, 7
Balanced laminates, 157-62
Balanced symmetric laminates. See
Orthotropic laminates
Beaumont, P. W. R, 256
Bending coupling stiffnesses. See
Laminate, stiffnesses of
Bending laminate stiffnesses. See
Laminate, stiffnesses of
Berry, J. M., 88, 90
Bert, C. W, 352
Betti’s reciprocal law, 53
Biaxial testing, 347-56, 362-63
crossbeam sandwich test, 350
flat plate test, 352
off-axis test, 347
thin-wall tube test, 352
Bicycle frame, 5
Boeing 757 aircraft, 6
Boron/aluminum, 35
Boron/epoxy
coefficients of thermal expansion, 197
properties, 35
Boron fibers, 27-30
Boron/polyimide
coefficients of thermal expansion, 197
properties, 35
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Bounding method, 72

Bradley, W. L., 341, 343

Brinson, H. F., 365

Broutman, L. J., 280, 284

Browning, C. E., 277, 331, 336

Buckling of fibers. See Microbuckling
of fibers

Burnout method. See Ignition method

Calcium aluminosilicate, 31
Carbon/carbon composites, 20-21
Carbon/epoxy
coefficients of thermal expansion,
197, 212-14
critical strain energy release rates,
340, 343
engineering constants, 34, 35, 65-66
hygric strains, 312
hygrothermal effects on, 190-94
strength reduction in plates with
holes, 363
thermal strains, 197
Carbon fibers, 27-30
Carbon matrix, 31
Carbon/PEEK, 34
Carbon/polyimide
coeflicients of thermal expansion, 197
properties, 35
Carpet plots
for coefficient of thermal expansion,
213-14
for laminate engineering properties,
181-83
for strength of laminates, 248—49
Celanese test. See Compressive testing
Ceramic fibers, 27-30
Ceramic matrices, 31
Ceramic matrix composites, 20-21
Chamis, C. C,, 216, 221, 310, 323
Characteristic damage state (CDS),
255, 259
Characterization of composite
materials. See Testing of
composite materials
Characterization of constituent
' materials, 300-305
Cina, B., 91, 96
Classical lamination theory (CLT),
142-153

Index

Coefficients of hygric expansion. See
Coeflicients of moisture expansion
Coefficients of moisture expansion
of balanced/symmetric laminates,
207-12
measurement of, 310-12
of multidirectional laminate, 206—9
prediction of, 195-98
of unidirectional lamina, 194-98
Coeflicients of thermal expansion
of balanced/symmetric laminates,
207-9
of fibers, 303-5
measurement of, 309-11
of multidirectional laminate, 206—14
prediction of, 195-98
of unidirectional lamina, 194-98
Compliance method (for strain energy
release rate), 277
Compliances
of general anisotropic material, 38,
40
of lamina, 47
of specially orthotropic material, 42
of transversely isotropic material, 45
transformation of, 60, 162-64
Composite materials
advantages and limitations of, 5-10
applications of, 4-7
classification of, 19-21
current status, 10-11
definition of, 3
future prospects, 10-11
history of, 4
interphase of, 3
matrix of, 3
performance map, 32
properties of, 31-36
reinforcement of, 3
significance of technology, 10
typical stress-strain curves, 33, 36
types of, 19-21
Compressive testing
Celanese test, 316
IITRI test, 316-18
measurement of properties, 316-20
sandwich specimens, 318-20
Computational procedure
for calculation of residual stresses,
225-27
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for hygrothermoelastic analysis,
225-27, 252-54
for lamina elastic constants, 64—65
for lamina safety factor, 120-22
for lamina strength, 120-24
for laminate engineering properties,
177-78
for laminate safety factors, 244-46
for multiple ply failure analysis,
263-65
for stress and failure analysis of
laminates, 244—46
Concepts and characteristics, 12-36
Constitutive relations; see also
Stress-strain relations
for laminate, 149-52
Continuous fiber composites, 19-20
Conventional materials
advantages and limitations, 5-10
performance ranking, 13
structural performance, 1213
Corletto, C. R, 341, 343
Coupling stiffnesses. See Laminate,
stiffnesses of
Cracked-lap shear specimen, 343—44
Crews, J. H., 344
Critical strain energy release rates,
336-346
Critical stress intensity factor, 367—68
Crossbeam sandwich specimen, 350-51
Crossply laminates
interlaminar stresses, 266, 268—69
progressive failure, 254—59
stress concentration, 359-61

Daniel, I. M., 72, 90, 96, 98, 190, 191,
196-97, 216-24, 256-59, 266,
269-71, 277, 283, 300, 302-05,
310, 311, 323, 326, 327, 338, 339,
340, 346, 352-54, 356, 357, 359,
362-68

Degrees of anisotropy, 26-27

Delamination, 265, 331, 334

Delamination fracture toughness. See
Interlaminar fracture toughness

Delamination modes, 275

Density, measurement of, 306
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Design
for damage tolerance, 278-79, 281
for dynamic stability, 278—80
for environmental stability, 278-79,
281
methodology, 278-81
objectives, 278-81
optimization, 251, 283-89
process (example), 278, 281-89
for stiffness, 27880
for strength, 278-80
Design considerations, 166—68
Deviatoric strain energy theory. See
Tsai-Hill theory
DiCarlo, 1. A,, 300
Discontinuous fiber composites, 19-20
Donaldson, S. L., 345
Doner, D. R., 71, 74-76, 96, 98, 100
Dong, S. B., 142
Double cantilever beam (DCB)
specimen, analysis of, 276-78; see
also Interlaminar fracture
toughness
Doubly-split DCB specimen, 346
Dvorak, G. J, 256

E-glass/epoxy
failure envelopes, 121, 351
off-axis strength, 112, 120
properties, 34
E-glass fibers, 27-30
Edge effects, 265-72; see also
Interlaminar stresses
angleply laminates, 265-67
crossply laminates, 266—69
effects of stacking sequence, 26872
Elastic constants; see also Stiffnesses;
Compliances
comparison between unidirectional
and angle-ply laminates, 178-81
micromechanical predictions of,
70-76
number of, 48
transformation of, 57-65, 162-64
Eldror, 1., 91, 96
End constraints on off-axis specimen,
effect of, 348—-50
End-loaded split (ELS) laminate test,
341-42
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End-notched flexure (ENF) test,
339-341

Engineering constants, relations for,
48-54

Engineering properties of laminates.
See Laminate, engineering
properties of

Environmental effects. See
Hygrothermal effects

Epoxy, 30-32

Experimental methods. See Testing of
composite materials

Extensional stiffnesses. See Laminate,
stiffnesses of

Fabrication
of composite tubes, 35556
methods, 9
Failure analysis of laminates, 234-98
Failure of laminates, types of, 235
Failure mechanisms, 85-106
in-plane shear, 105
longitudinal compressive, 90-96
longitudinal tensile, 85-93
transverse compressive, 99, 105
transverse tensile, 99—-104
Failure patterns
in-plane shear, 106
in laminates with holes, 363
longitudinal compressive, 95, 96
longitudinal tensile, 92, 94
transverse tensile, 101-4
Failure theories, 106—20
applicability of, 126-29
comparison of, 127
maximum strain, 111-14
maximum stress, 108—11
Tsai-Hill, 114-16
Tsai-Wu, 116-23
Fiber breaks, 88—90
Fiber characterization, 300-305
Fiber/matrix debonding, 89, 90
Fiber/matrix interphase. See
Interphase
Fiber strength utilization, 261, 280,
286
Fiber volume ratio
definition of, 4, 26
measurement of, 306-9
Fiber weight ratio, 26

Index
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advantages and disadvantages, 28
performance map, 30
properties, 27-30
specific modulus, 30
specific strength, 30
stress-strain curves, 29
testing of, 300-305
types of, 27-29
First-ply-failure (FPF)
definition of, 235
safety factors for, 235-38
stress analysis for, 235-38
strength components for, 238-42
Tsai-Wu criterion, 236-37
Flat plate specimen (for biaxial
testing), 352-54
Flexural laminate stiffnesses. See
Laminate, stiffnesses of
Force-deformation relations, 14952
Force resultants. See Multidirectional
laminates
Fracture mechanics
in analysis of laminates with cracks,
367-68
in analysis of interlaminar fracture,
275-78
Fracture toughness. See Interlaminar
fracture toughness; Laminates
with cracks
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General anisotropic material
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stress-strain relations, 37-41
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Gillespie, J. W., 340
Giass fibers, 27-30
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Gotro, J. T., 216-24
Graphite/epoxy, 35
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Hellan, K., 275-76



Index

Heterogeneity, definition of, 14; see
also Inhomogeneity, definition of
Hiel, C. C, 334
Highsmith, A. L., 256
Hill, R., 71, 114
Hillmer, N. J., 303
Hofer, K. E., 316
Holes, laminates with. See Laminates
with holes
Homogeneity, definition of, 13
Hong, C. S., 256
Hoogsteden, W., 277, 336
Hooke’s law. See Generalized Hooke’s
law
Hybrid composites, 22, 23
Hybrid failure envelope, 128
Hyer, M. W, 221
Hygric strains, measurement of, 312
Hygroelastic isotropy. See
Hygrothermoelastic isotropy
Hygroelastic stability. See
Hygrothermoelastic stability
Hygrothermal effects, 189228,
250-54
on laminate safety factor, 250-54
on laminate strength, 250-54
on mechanical behavior, 190-94
physical and chemical, 189-90
Hygrothermal force resultants, 201
Hygrothermal forces, physical
significance of, 204-5
Hygrothermal lamina strains, 198-200
Hygrothermal moment resultants, 202
Hygrothermal stress-strain relations,
206
Hygrothermoelastic effects, 190
Hygrothermoelastic isotropy, 20910
Hygrothermoelastic stability, 209—-10
Hygrothermoelastic stress analysis,
213-15
computational procedure for, 225-27
Hygrothermoelastic stress and failure
analysis, 250-54
Hygrothermoelastic stress-strain
relations, 200-203

Ignition method, 307

Image analysis method, 307-9

ITTRI test method. See Compressive
testing
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Ineffective fiber length, 88
Inhomogeneity, definition of, 14
Initial laminate failure. See
First-ply-failure
In-plane shear modulus
measurement of, 321-31
prediction of, 74-76
In-plane shear strength
measurement of, 321-31
prediction of, 100
Interactive tensor polynomial theory.
See Tsai-Wu theory
Interlaminar failure, 235
Interlaminar fracture toughness
fracture mechanics, 275-78
measurement of, 336—-46; see also
Mixed mode testing; Mode 1
testing; Mode II testing; Mode
III testing
Interlaminar shear strength,
measurement of, 331-33
Interlaminar strength, 106, 272
Interlaminar stresses, 265—75; see
also Edge effects
Interlaminar tensile strength,
measurement of, 333-35
Interphase
definition of, 3
role of, 4
Intralaminar shear modulus. See
In-plane shear modulus
Intralaminar shear strength. See
In-plane shear strength
Iosipescu shear test. See Shear testing
Irwin, G. R., 364
Ishai, O., 102, 103, 191, 194, 277, 280,
283, 284, 336, 351
Isotropy, definition of, 14

Jones, R. M., 53, 142

Karalekas, D., 216

Kevlar/epoxy
coefficients of thermal expansion, 197
properties, 34
thermal strains, 197

Kevlar fibers, 27-30

Kincis, T., 300, 334

Kink band. See Kink zone

Kink zone, 91, 95
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Kinking (of fibers), 90, 91, 95
Konish, H. I, 359

Kopnov, V. A, 116
Krishnamachari, S., 280, 284

Lamina; see also Unidirectional
lamina
definition of, 21
definition of basic properties, 25-26
Laminate; see also Multidirectional
laminates
definition of, 21
compliances of, 152-53
efficiency ratio of, 261-62, 280, 286
engineering properties of, 168—84
stiffness-strength ratio of, 280
stiffnesses of, 149-52, 166
Laminates with cracks, 364-68
strength reduction of, 365-68
Laminates with holes, 269, 271, 357-64
biaxial testing of, 36263
failure pattern of, 363
strength reduction of, 360-64, 367
Lamination residual stresses, 216
Laws, N., 256
Lay-up, laminate, 22, 23
Lee, J.-W., 90, 25658, 326
Lekhnitskii, S. G., 357, 364
Liber, T., 216, 310, 323, 356
Lim, S. G,, 256
Lithium aluminosilicate (LAS), 31
Longitudinal compressive failure. See
Longitudinal compressive
strength
Longitudinal compressive strength
measurement of, 316-20
prediction of, 90-96
Longitudinal modulus
of fiber, 300-303
measurement of, 312-16
prediction of, 72
Longitudinal tensile failure. See
Longitudinal tensile strength
Longitudinal tensile strength
of fiber, 300-303
measurement of, 312—-16
prediction of, 85-93

Macromechanics, definition of, 23-25
Masters, J. E., 255

Index

Material response, 15-19
Material symmetry
plane of, 15
principal axes, 15
Material types, 13
Matrix material
definition of], 3
role of, 4
stress-strain curves of, 31-32
types of, 30-31
Matrix characterization, 304-5
Matrix cracking, 93
Matrix volume ratio
definition of, 26
measurement of, 308-9
Matrix weight ratio, 26
Maximum strain theory, 111-14
failure envelope, 114
Maximum stress theory, 108-12
failure envelope, 110, 112
off-axis strength, 110-12
Mazor, A., 191
Mechanics of materials approach,
70-75, 85-87
Metal matrix composites, 20-21
Metals, properties of, 36
Microbuckling of fibers, 90, 91, 94,
95
Micromechanics
definition of, 23-25
of lamina elastic constants, 70-76
of lamina failure, 85—-106
of lamina hygrothermal properties,
194-98
Mixed mode testing, 343-45
cracked-lap shear (CLS) test,
343-44
edge delamination tension (EDT)
test, 343-45
mixed mode bending (MMB) test,
343-44
Mode I testing, 336—40
double cantilever beam (DCB)
specimen, 336-38
width-tapered DCB (WTDCB)
specimen, 336—40
Mode II testing, 33943
Arcan fixture, 342
cantilever beam with enclosed
notch (ENCB), 34243
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end-loaded split laminate (ELS)
test, 341-42
end-notched cantilever beam
(ENCB) test, 342
end-notched flexure (ENF) test, 341
Mode III testing, 345-46
doubly split DCB specimen, 346
split double cantilever beam (DCB)
specimen, 345-46
Modulus reduction ratio, 256-59
Moiré technique, 224, 266
Moisture concentration
effect on mechanical behavior,
190-94
measurement of, 311-12
Moisture effects. See Hygrothermal
effects
Moment deformation relations, 149-52
Moment resultants. See
Multidirectional laminates
Morris, D. H., 365
Mullin, J., 88, 90
Multidirectional laminates
carpet plots for engineering
properties, 181-83
carpet plots for strength, 248—49
classical lamination theory, 142
coefficients of thermal and moisture
expansion, 206—14
compliances, 15253
computational procedures for stress
and failure analysis, 24446,
252-54
computational procedure for
hygrothermoelastic analysis,
225-27, 252-54
design considerations, 166—68
elastic behavior, 142-84
force and moment resultants, 146—49
load-deformation relations, 149-52
safety factors, 235-37
stiffnesses, 149-152
strain-displacement relations,
143-45
strength components, 238-44
stress and failure analysis, 234-98
types of failure, 235
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Notches, laminates with. See
Laminates with cracks;
Laminates with holes

Nuismer, R. J., 357

O’Brien, T. K., 344

Off-axis uniaxial test, 347-51

Ogin, S. L., 256

Orthotropic laminates, 162-64

Orthotropy, definition of, 14-15

Out-of-plane shear modulj,
measurement of, 327-29

Pagano, N. J., 167, 266, 267, 269, 270,
272, 349
Paris, P. C, 364
Particulate composites, 19-20
Paul, B, 72
Peimanidis, G., 190, 191, 311
Phoenix, S. L., 300
Photoelastic methods, 25, 271, 360,
366
Physical characterization, 306—12
Pipes, R. B., 167, 266, 267, 269, 270,
300
Pister, K. S., 142
Plane stress, 45
Ply. See Lamina
Ply discount method, 261, 264
Poisson’s ratio; see also Engineering
constants, relations for
of lamina, 25, 49-55, 61-67
of laminates, 168—71, 174-83
measurement of, 312—15
prediction of, 73
reciprocity relations, 52, 53, 62
of various types of materials, 15-18
Poly-ether-ether ketone (PEEK), 30
Polyester, 30
Polyimide, 30
Polymer matrix composites, 20-21
Polymeric matrices, 30-32
Polysulfone, 30
Porosity. See Void volume ratio
Prel, Y. 1, 340, 343
Prepreg, 10
Principal coordinate axes for lamina,
21
Principal modulus ratio, 280
Principal strength ratio, 280 _
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Progressive degradation model, 357,
362, 364,368

Progressive laminate failure, 254--65

Properties of composite materials,
31-36

Quasi-isotropic laminates, 164-66

Rail shear test, 324-26
Ramkumar, R. L., 340, 343
Ranking of laminates, 288-89
Rao, P. N, 316
Reeder, J. R., 344
Reifsnider, K. L., 255, 256
Reinforcement

definition of, 3

role of, 4
Reissner, E., 142
Residual stresses, 99, 215-21
Riley, M. B., 71
Rosen, B. W, 88, 89, 91, 321
Rowlands, R. E., 269-71, 359
Rule of mixtures, 72, 73, 85-87
Russell, A. J., 341, 343

S-glass/epoxy
coefficients of thermal expansion, 197
properties, 34
thermal strains, 197
S-glass fibers, 27-30
Safety factors
for lamina, 121
for laminate, 235-37, 25054
Sandwich test specimens, 318-20,
350-51
Schapery, R. A., 194-95
Schwartz, P., 300
Sela, N., 277, 336
Self-consistent field method, 71-72
Shareef, 1., 338
Shear coupling coefficients
definition of, 18
of lamina, 62
of laminates, 170-71, 178-79, 181
Shear coupling effect, 18, 348-50
Shear coupling stiffnesses. See
Laminate, stiffnesses of
Shear lag analysis, 256-57
Shear modulus; see also In-plane
shear modulus

Index

of laminates, 169-71, 174, 177-80,
183
measurement of, 321-31
Shear strength. See In-plane shear
strength; Interlaminar shear
strength, measurement of
Shear testing
[ +45], angle-ply specimen, 321-22
Arcan test, 329-31
double-notch shear test, 332-33
Tosipescu test, 329-30
measurement of in-plane shear
properties, 321-31
10° off-axis specimen, 323-24
rail shear tests, 324-26
short beam shear test, 331-32
torsion tests, 32629
Shikhmanter, L., 91, 96
Short fiber composites, 19-20; see
also Discontinuous fiber
composites
Sih, G. C,, 364
Silicon carbide/aluminum
properties, 35
temperature effects, 190, 192
Silicon carbide/ceramic, 35
Silicon carbide fibers, 27-30
Sinclair, J. H., 323
Smith, P. A,, 256
Specially orthotropic material, 41-42
Specific modulus. See Specific stiffness
Specific stiffness, 7, 30, 32, 280
Specific strength, 7, 30, 32
Split cantilever beam specimen,
345-46
Springer, G. S., 189
Stacking sequence
definition of, 22
effects of, 265, 268-71, 359—-61
Stavsky, Y., 142
Stiffness degradation. See Stiffness
reduction factors; Stiffness
reduction of laminate
Stiffness reduction factors, 264
Stiffness reduction of laminate,
254-59
Stiffnesses
bending, 151-52
coupling, 151-52
extensional, 151-52
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of general anisotropic material, 37,
39-41
inversion of, 152-53
of isotropic material, 47
of lamina, 46-47
of laminates, 151-52
of specially orthotropic material, 41
transformation of, 59-60, 162—64
of transversely isotropic material,
45
Strain concentration factor, 96, 98
Strain-displacement relations, 143-45
Strain energy release rate; see also
Interlaminar fracture toughness
fracture mechanics, 275-78
measurement of, 336-46
Strain gage method, 310-12, 315,
321-25
Strain-stress relations. See
Stress-strain relations
Strain transformation, 55-57
Strains
hygric, 312
hygrothermal, 198-99
at a point in laminate, 145
tensor, 37
thermal, 197, 310-11
transformation of, 55-57
ultimate, 112, 301, 313
Street, K. N, 341, 343
Strength
basic parameters of lamina, 107
biaxial, 125-26, 347-56
comparison between unidirectional
and angle-ply laminates, 246-49
of fibers, 28, 300-301
in-plane shear, 100, 106, 321-24
interlaminar, 106, 272, 331-35
of lamina, 85-130
of laminates, 234-272
longitudinal, 85-97, 312-20
notched, 360-61
transverse, 93-105, 312-20
of typical composites, 34—35
Strength reduction ratio, of notched
laminates, 36068
Stress analysis of laminates, 234-98
Stress concentrations, composites
with, 357-68
Stress concentration factor
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macromechanical (laminate),
358-61
micromechanical, 95, 96, 98—100
Stress intensity factor, 364—68
Stress-strain relations
for thin lamina, 54—55
of general anisotropic material,
37-41
hygrothermoelastic, 200-203
hygrothermal, 206
of isotropic material, 47-48
of orthotropic material under plane
stress, 45—-47
of specially orthotropic material,
41-42
of transversely isotropic material,
42-45
Stress transformation, 55-57
Stresses
hygrothermal, 213~15
interlaminar, 265-75
residual, 215-21
tensor, 37
transformation of, 55-57
Symmetric balanced laminates. See
Orthotropic laminates
Symmetric laminates, 153~57, 235-44
angle-ply, 157
with isotropic layers, 155
with specially orthotropic layers
(crossply), 156-57
stress and failure analysis of,
235-44

Talreja, R., 256
Tarnopol'skii, Y. M., 300, 334
Temperature, effect of, 190-94
Tensile testing
of fibers, 300-303
measurement of lamina properties,
312-16
ring specimen, 315
specimen geometry, 313
Test methods for unidirectional
lamina, summary of, 370
Testing of composite materials,
299-378; see also Biaxial testing;
Compressive testing; Interlaminar
fracture toughness;
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Testing of composite materials (cont.)
see also Interlaminar tensile
strength, measurement of;

Shear testing; Tensile testing

Thermal forces, 201

Thermal moments, 202

Thermal strains, 197, 303-305, 310-11

Thermal stresses. See Residual stresses

Thermoelastic isotropy. See
Hygrothermoelastic isotropy

Thermoelastic stability. See
Hygrothermoelastic stability

Thermoplastic, 30

Thermoset, 30

Thin-wall tubular specimen, 352-56

Torsion coupling stiffnesses. See
Laminate, stiffnesses of

Torsion tube test, 326—27

Transformation

computational procedure for, 6465

of elastic parameters, 57-60

of engineering constants, 64

of lamina stiffnesses and
compliances, 5960

of laminate stiffnesses and
compliances, 162—-64

of stress and strain, 55-57

of stress-strain relations, 61

Transverse compressive failure. See
Transverse compressive strength

Transverse compressive strength

measurement of, 316-20
prediction of, 99, 105
Transverse modulus
measurement of, 312-15
prediction of, 73-74

Transverse tensile failure. See
Transverse tensile strength

Transverse tensile strength

measurement of, 312—-15
prediction of, 93-104

Transversely isotropic material,
4245

Tsai, C.-L., 257, 259, 300, 302-305,
326, 327

Tsai-Hill criterion. See Tsai-Hill
theory

Tsai-Hill theory, 114-16

off-axis strength, 116, 120
Tsai, S. W., 72, 74-76, 114, 117, 283

{ndex

Tsai-Wu criterion; see also Tsai-Wu
theory

for first-ply-failure, 236-37

with hygrothermal stresses, 250
Tsai-Wu theory, 116-22

biaxial strength, 125-26

failure envelope, 121

lamina strength components, 121-24

off-axis strength, 120

safety factor, 121-23

Ultimate laminate failure, 235, 25965
Ultimate strains, measurement of,
301-302, 312-15
Unidirectional composites, properties
of, 33-36
Unidirectional lamina
characterization of, 312-31
coefficients of thermal and moisture
expansion, 194-98
determination of strength
components, 121-24
elastic behavior, 37-84
failure mechanisms, 85—106
hydrothermal strains, 198-200
macromechanical failure theories,
106-20
macromechanical strength
parameters, 107
measurement of compressive
properties, 316—-20
measurement of shear properties,
321-31
measurement of tensile properties,
312-16
micromechanics of failure, 85-106
off-axis strength, 110-12

Void volume ratio
definition of, 26
measurement of, 307-9
Voloshin, A., 329
von Mises yield criterion, 114

Wagner, H. T., 300

Walrath, D. E., 329

Wang, T.-M,, 216, 221-24
Warpage (of laminate), 221-24
Weitsman, Y., 216

Whitcomb, J. D., 340, 343
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Whiteside, J. B., 269-71, 359

Whitney, J. M., 71, 277, 300, 331, 336,
357, 359

Wilkins, D. J.,, 340, 343

Wolff, E., 310

Wooh, S.-C., 283

Woven-glass/epoxy, 34, 66—7

Wu, E. M., 117, 357

X-radiography, 256

Yaniv, G,, 190, 191, 311, 326, 327, 339
346

3
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Yeow, Y. T, 365
Young’s modulus; see also
Engineering constants, relations
for
of fiber, 300-303
of lamina, 61-66
of laminates, 168—83
measurement of, 312—15
of off-axis lamina, 348-50
prediction of, 72

Zewi, 1. G, 216-24
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