CHAPTER 9

INTRODUCTION TO THE FINITE ELEMENT METHOD

Introduction

So far in this text we have studied the means by which components can be analysed
using so-called Mechanics of Materials approaches whereby, subject to making simplifying
assumptions, solutions can be obtained by hand calculation. In the analysis of complex
situations such an approach may not yield appropriate or adequate results and calls for other
methods. In addition to experimental methods, numerical techniques using digital computers
now provide a powerful alternative. Numerical techniques for structural analysis divides
into three areas; the long established but limited capability finite difference method, the
finite element method (developed from earlier structural matrix methods), which gained
prominence from the 1950s with the advent of digital computers and, emeérging over a
decade later, the boundary element method. Attention in this chapter will be confined to the
most popular finite element method and the coverage is intended to provide

o an insight into some of the basic concepts of the finite element method (fem.), and, hence,
some basis of finite element (fe.), practice,

e the theoretical development associated with some relatively simple elements, enabling
analysis of applications which can be solved with the aid of a simple calculator, and

e a range of worked examples to show typical applications and solutions.

It is recommended that the reader wishing for further coverage should consult the many
excellent specialist texts on the subject.! ' This chapter does require some knowledge of
matrix algebra, and again, students are directed to suitable texts on the subject.!!

9.1. Basis of the finite element method

The fem. is a numerical technique in which the governing equations are represented in
matrix form and as such are well suited to solution by digital computer. The solution region
is represented, (discretised), as an assemblage (mesh), of small sub-regions called finite
elements. These elements are connected at discrete points (at the extremities (corners), and
in some cases also at intermediate points), known as nodes. Implicit with each element is
its displacement function which, in terms of parameters to be determined, defines how the
displacements of the nodes are interpolated over each element. This can be considered as an
extension of the Rayleigh-Ritz process (used in Mechanics of Machines for analysing beam
vibrations®). Instead of approximating the entire solution region by a single assumed displace-
ment distribution, as with the Rayleigh-Ritz process, displacement distributions are assumed
for each element of the assemblage. When applied to the analysis of a continuum (a solid or
fluid through which the behavioural properties vary continuously), the discretisation becomes
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§9.1 Introduction to the Finite Element Method 301

an assemblage of a number of elements each with a limited, i.e. finite number of degrees
of freedom (dof). The element is the basic “building unit”, with a predetermined number
of dof., and can take various forms, e.g. one-dimensional rod or beam, two-dimensional
membrane or plate, shell, and solid elements, see Fig. 9.1.

In stress applications, implicit with each element type is the nodal force/displacement
relationship, namely the element stiffness property. With the most popular displacement
Sformulation (discussed in §9.3), analysis requires the assembly and solution of a set of

Membrane and plate bending

Fig. 9.1(a). Examples of element types with nodal points numbered.



302 Mechanics of Materials 2 §9.2

Solid elements

Fig. 9.1(b). Examples of element types with nodal points numbered.

simultaneous equations to provide the displacements for every node in the model. Once the
displacement field is determined, the strains and hence the stresses can be derived, using
strain-displacement and stress-strain relations, respectively.

9.2. Applicability of the finite element method

The fem. emerged essentially from the aerospace industry where the demand for extensive
structural analyses was, arguably, the greatest. The general nature of the theory makes it
applicable to a wide variety of boundary value problems (i.e. those in which a solution
is required in a region of a body subject to satisfying prescribed boundary conditions, as
encountered in equilibrium, eigenvalue and propagation or transient applications). Beyond the
basic linear elastic/static stress analysis, finite element analysis (fea.), can provide solutions
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to non-linear material and/or geometry applications, creep, fracture mechanics, free and
forced vibration. Furthermore, the method is not confined to solid mechanics, but is applied
successfully to other disciplines such as heat conduction, fluid dynamics, seepage flow and
electric and magnetic fields. However, attention in this text will be restricted to linearly
elastic static stress applications, for which the assumption is made that the displacements
are sufficiently small to allow calculations to be based on the undeformed condition.

9.3. Formulation of the finite element method

Even with restriction to solid mechanics applications, the fem. can be formulated
in a variety of ways which broadly divides into ‘differential equation’, or ‘variational’
approaches. Of the differential equation approaches, the most important, most widely used
and most extensively documented, is the displacement, or stiffness, based fem. Due to
its simplicity, generality and good numerical properties, almost all major general purpose
analysis programmes have been written using this formulation. Hence, only the displacement
based fem. will be considered here, but it should be realised that many of the concepts are
applicable to other formulations.

In §9.7, 9.8 and 9.9 the theory using the displacement method will be developed for a rod,
simple beam and triangular membrane element, respectively. Before this, it is appropriate
to consider here, a brief overview of the steps required in a fe. linearly elastic static stress
analysis. Whilst it can be expected that there will be detail differences between various
packages, the essential procedural steps will be common.

9.4. General procedure of the finite element method

The basic steps involved in a fea. are shown in the flow diagram of Fig. 9.2. Only a simple
description of these steps is given below. The reader wishing for a more in-depth treatment
is urged to consult some of numerous texts on the subject, referred to in the introduction.

9.4.1. Identification of the appropriateness of analysis by the finite element method

Engineering components, except in the simplest of cases, frequently have non-standard
features such as those associated with the geometry, material behaviour, boundary condi-
tions, or excitation (e.g. loading), for which classical solutions are seldom available. The
analyst must therefore seek alternative approaches to a solution. One approach which can
sometimes be very effective is to simplify the application grossly by making suitable approx-
imations, leading to Mechanics of Materials solutions (the basis of the majority of this text).
Allowance for the effects of local disturbances, e.g. rapid changes in geometry, can be
achieved through the use of design charts, which provide a means of local enhancement.
In current practice, many design engineers prefer to take advantage of high speed, large
capacity, digital computers and use numerical techniques, in particular the fem. The range of
application of the fem. has already been noted in §9.2. The versatility of the fem. combined
with the avoidance, or reduction in the need for prototype manufacture and testing offer
significant benefits. However, the purchase and maintenance of suitable fe. packages, provi-
sion of a computer platform with adequate performance and capacity, application of a suitably
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Fig. 9.2. Basic steps in the finite element method.

§94

trained and experienced analyst and time for data preparation and processing should not be
underestimated when selecting the most appropriate method. Experimental methods such as
those described in Chapter 6 provide an effective alternative approach.
It is desirable that an analyst has access to all methods, i.e. analytical, numerical and
experimental, and to not place reliance upon a single approach. This will allow essential
validation of one technique by another and provide a degree of confidence in the results.
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9.4.2. Identification of the type of analysis

The most appropriate type(s) of analysis to be employed needs to be identified in order
that the component behaviour can best be represented. The assumption of either plane stress
or plane strain is a common example. The high cost of a full three-dimensional analysis
can be avoided if the assumption of both geometric and load symmetry can be made. If the
application calls for elastic stress analysis, then the system equations will be linear and can be
solved by a variety of methods, Gaussian elimination, Choleski factorisation or Gauss-Seidel
procedure .’

For large displacement or post-yield material behaviour applications the system equations
will be non-linear and iterative solution methods are required, such as that of Newton-
Raphson.?

9.4.3. Idealisation

Commercially available finite element packages usually have a number of different
elements available in the element library. For example, one such package, HKS ABAQUS!?
has nearly 400 different element variations. Examples of some of the commonly used
elements have been given in Fig. 9.1.

Often the type of element to be employed will be evident from the physical application. For
example, rod and beam elements can represent the behaviour of frames, whilst shell elements
may be most appropriate for modelling a pressure vessel. Some regions which are actually
three-dimensional can be described by only one or two independent coordinates, e.g. pistons,
valves and nozzles, etc. Such regions can be idealised by using axisymmetric elements.
Curved boundaries are best represented by elements having mid-side (or intermediate) nodes
in addition to their corner nodes. Such elements are of higher order than linear elements
(which can only represent straight boundaries) and include quadratic and cubic elements.
The most popular elements belong to the so-called isoparametric family of elements, where
the same parameters are used to define the geometry as define the displacement variation
over the element. Therefore, those isoparametric elements of quadratic order, and above, are
capable of representing curved sides and surfaces.

In situations where the type of elements to be used may not be apparent, the choice could
be based on such considerations as

(a) number of dof.,

(b) accuracy required,

(c) computational effort,

(d) the degree to which the physical structure needs to be modelled.

Use of the elements with a quadratic displacement assumption are generally recommended
as the best compromise between the relatively low cost but inferior performance of linear
elements and the high cost but superior performance of cubic elements.

9.4 4. Discretisation of the solution region

This step is equivalent to replacing the actual structure or continuum having an infinite
number of dof. by a system having a finite number of dof. This process, known as
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discretisation, calls for engineering judgement in order to model the region as closely as
necessary. Having selected the element type, discretisation requires careful attention to
extent of the model (i.e. location of model boundaries), element size and grading, number
of elements, and factors influencing the quality of the mesh, to achieve adequately accurate
results consistent with avoiding excessive computational effort and expense. These aspects
are briefly considered below.

Extent of model

Reference has already been made above to applications which are axisymmetric, or those
which can be idealised as such. Generally, advantage should be taken of geometric and
loading symmetry wherever it exists, whether it be plane or axial. Appropriate boundary
conditions need to be imposed to ensure the reduced portion is representative of the whole.
For example, in the analysis of a semi-infinite tension plate with a central circular hole,
shown in Fig. 9.3, only a quadrant need be modelled. However, in order that the quadrant
is representative of the whole, respective v and u displacements must be prevented along
the x and y direction symmetry axes, since there will be no such displacements in the full
model/component.

(a) Actual component (b) Idealisation using
graded triangular elements

Yi

YRRy

EEEEE g
{c) Direct stress distribution

in y direction across
lateral symmetry axis

Fig. 9.3. Finite element analysis of a semi-infinite tension plate with a central circular hole, using triangular
elements.

Further, it is known that disturbances to stress distributions due to rapid changes in geometry
or load concentrations are only local in effect. Saint-Venant’s principle states that the effect
of stress concentrations essentially disappear within relatively small distances (approximately
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equal to the larger lateral dimension), from the position of the disturbance. Advantage can
therefore be taken of this principle by reducing the necessary extent of a finite element
model. A rule-of-thumb is that a model need only extend to one-and-a-half times the larger
lateral dimension from a disturbance, see Fig. 9.4.

r , (a) Actual component

»

(b) Boundary for finite
element idealisation
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Fig. 9.4. Idealisation of a shouldered tension strip.

Element size and grading

The relative size of elements directly affects the quality of the solution. As the element
size is reduced so the accuracy of solution can be expected to increase since there is better
representation of the field variable, e.g. displacement, and/or better representation of the
geometry. However, as the element size is reduced, so the number of elements increases
with the accompanying penalty of increased computational effort. Needlessly small elements
in regions with little variation in field variable or geometry will be wasteful. Equally, in
regions where the stress variation is not of primary interest then a locally coarse mesh can
be employed providing it is sufficiently far away from the region of interest and that it
still provides an accurate stiffness representation. Therefore, element sizes should be graded
in order to take account of anticipated stress/strain variations and geometry, and the results
required. The example of stress analysis of a semi-infinite tension plate with a central circular
hole, Fig. 9.3, serves to illustrate how the size of the elements can be graded from small-size
elements surrounding the hole (where both the stress/strain and geometry are varying the
most), to become coarser with increasing distance from the hole.

Number of elements

The number of elements is related to the previous matter of element size and, for a given
element type, the number of elements will determine the total number of dof. of the model,
and combined with the relative size determines the mesh density. An increase in the number
of elements can result in an improvement in the accuracy of the solution, but a limit will be
reached beyond which any further increase in the number of elements will not significantly
improve the accuracy. This matter of convergence of solution is clearly important, and with
experience a near optimal mesh may be achievable. As an alternative to increasing the number
of elements, improvements in the model can be obtained by increasing the element order.
This alternative form of enrichment can be performed manually (by substituting elements),
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or can be performed automatically, e.g. the commercial package RASNA has this capability.
Clearly, any increase in the number of elements (or element order), and hence dof., will
require greater computational effort, will put greater demands on available computer memory
and increase cost.

Quality of the mesh

The quality of the fe. predictions (e.g. of displacements, temperatures, strains or stresses),
will clearly be affected by the performance of the model and its constituent elements. The
factors which determine quality'® will now be explored briefly, namely

(a) coincident elements,

(b) free edges,

(c) poorly positioned “midside” nodes,
(d) interior angles which are too extreme,
(e) warping, and

() distortion.

(a) Coincident elements

Coincident elements refer to two or more elements which are overlaid and share some of
the nodes, see Fig. 9.5. Such coincident elements should be deleted as part of cleaning-up
of a mesh.

, .
s

Fig. 9.5. Coincident elements.

(b) Free edges

A free edge should only exist as a model boundary. Neighbouring elements should share
nodes along common inter-element boundaries. If they do not, then a free edge exists and
will need correction, see Fig. 9.6.

(c) Poorly positioned “midside” nodes

Displacing an element’s “midside” node from its mid-position will cause distortion in the
mapping process associated with high order elements, and in extreme cases can significantly
degrade an element’s performance. There are two aspects to “midside” node displacement,
namely, the relative position between the corner nodes, and the node’s offset from a straight
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Interior
free
edges

Fig. 9.6. Free edges.

line joining the corner nodes, see Fig. 9.7. The midside node’s relative position should
ideally be 50% of the side length for a parabolic element and 33.3% for a cubic element. An
example of the effect of displacement of the “midside” node to the 25% position, is reported
for a parabolic element'* to result in a 15% error in the major stress prediction.

Percent displacement = 100 b/c
Offset = alc

Fig. 9.7. “Midside™ node displacement.
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(d) Interior angles which are too extreme

Interior angles which are excessively small or large will, like displaced “midside” nodes,
cause distortion in the mapping process. A re-entrant corner (i.e. an interior angle greater
than 180°), see Fig. 9.8, will cause failure in the mapping as the Jacobian matrix (relating
the derivatives with respect to curvilinear (r,s), coordinates, to those with respect to carte-
sian (x,y), coordinates), will not have an inverse (i.e. its determinate will be zero). For
quadrilateral elements the ideal interior angle is 90°, and for triangular elements it is 60°.

Re-entrant
comer

Fig. 9.8. Extreme interior angles.

(e) Warping

Warping refers to the deviation of the face of a “planar” element from being planar, see
Fig. 9.9. The analogy of the three-legged milking stool (which is steady no-matter how
uneven the surface is on which it is placed), to the triangular element serves to illustrate an
advantage of this element over its quadrilateral counterpart.

Non-planner
element

Fig. 9.9. Warping.
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(f) Distortion

Distortion is the deviation of an element from its ideal shape, which corresponds to that
in curvilinear coordinates. SDRC I-DEAS'3 gives two measures, namely

(1) the departure from the basic element shape which is known as distortion, see Fig. 9.10.
Ideally, for a quadrilateral element, with regard to distortion, the shape should be a
rectangle, and

Fig. 9.10. Distortion.

(2) the amount of elongation suffered by an element which is known as stretch, or aspect
ratio distortion, see Fig. 9.11. Ideally, for a quadrilateral element, with regard to stretch,
the shape should be square.

Fig. 9.11. Stretch.

Whilst small amounts of deviation of an element’s shape from that of the parent element
can, and must, be tolerated, unnecessary and excessive distortions and stretch, etc. must be
avoided if degraded results are to be minimised. High order elements in gradually varying
strain fields are most tolerant of shape deviation, whilst low order elements in severe strain
fields are least tolerant.’ There are automatic means by which element shape deviation can
be measured, using information derived from the Jacobian matrix. Errors in a solution and
the rate of convergence can be judged by computing so-called energy norms derived from
successive solutions.” However, it is left to the judgement of the user to establish the degree
of shape deviation which can be tolerated. Most packages offer quality checking facilities,
which allows the user to interrogate the shape deviation of all, or a selection of, elements. I-
DEAS provides a measure of element quality using a value with a range of —1 to +1, (where
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+1 is the target value corresponding to zero distortion, and stretch, etc.). Negative values,
which arise for example, from re-entrant corners, referred to above, will cause an attempted
solution to fail, and hence need to be rectified. A distortion value above 0.7 can be considered
acceptable, but errors will be incurred with any value below 1.0. However, circumstances
may dictate acceptance of elements with a distortion value below 0.7. Similarly, as a rule-
of-thumb, a stretch value above 0.5 can be considered acceptable, but again, errors will be
incurred with any value below 1.0. Companies responsible for analyses may issue guidelines
for quality, an example of which is shown in Table 9.1.

Table 9.1. Example of element quality guidelines.

Element Interior angle® Warpage Distortion Stretch
Triangle 30-90 N/A 035 03
Quadrilateral 45-135 0.2 0.60 03
Wedge 30-90 N/A 0.35 03
Tetrahedron 30-90 N/A 0.10 0.1
Hexahedron 45-135 0.2 05 0.3

9.4.5. Creation of the material model

The least material data required for a stress analysis is the empirical elastic moduius for the
component under analysis describing the relevant stress/strain law. For a dynamic analysis,
the material density must also be specified. Dependent upon the type of analysis, other
properties may be required, including Poisson’s ratio for two- and three-dimensional models
and the coefficient of thermal expansion for thermal analyses. For analyses involving non-
linear material behaviour then, as a minimum, the yield stress and yield criterion, e.g. von
Mises, need to be defined. If the material within an element can be assumed to be isotropic
and homogeneous, then there will be only one value of each material property. For non-
isotropic material, i.e. orthotropic or anisotropic, then the material properties are direction
and spacially dependent, respectively. In the extreme case of anisotropy, 21 independent
values are required to define the material matrix.>

9.4.6. Node and element ordering

Before moving on to consider boundary conditions, it is appropriate to examine node and
element ordering and its effect on efficiency of solution by briefly exploring the methods
used. The formation of the element characteristic matrices (to be considered in §9.7, 9.8 and
9.9), and the subsequent solution are the two most computationally intensive steps in any
fe. analysis. The computational effort and memory requirements of the solution are affected
by the method employed, and are considered below.

It will be seen in Section 9.7, and subsequently, that the displacement based method
involves the assembly of the structural, or assembled, stiffness matrix (K], and the load and
displacement column matrices, {P} and {p}, respectively, to form the governing equation for
stress analysis {P} = {K]{p}. With reference to §9.7, and subsequently, two features of the
fem. will be seen to be that the assembled stiffness matrix [K], is sparsely populated and
is symmetric. Advantage can be taken of this in reducing the storage requirements of the
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computer. Two solution methods are used, namely, banded or frontal, the choice of which
is dependent upon the number of dof. in the model.

Banded method of solution

The banded method is appropriate for small to medium size jobs (i.e. up to 10 000 dof.).
By carefully ordering the dof. the assembled stiffness matrix [K], can be banded with non-
zero terms occurring only on the leading diagonal. Symmetry permits only half of the band to
be stored, but storage requirements can still be high. It is advantageous therefore to minimise
the bandwidth. A comparison of different node numbering schemes is provided by Figs. 9.12
and 9.13 in which a simple model comprising eight triangular linear elements is considered,
and for further simplicity the nodal contributions are denoted as shaded squares, the empty
squares denoting zeros.

The semi-bandwidth can be seen to depend on the node numbering scheme and the number
of dof. per node and has a direct effect on the storage requirements and computational effort.

1.2 3.4 56 7.8 8.10
\ 2 3

Node number

6 7 8 9 10 o
1.12 1314 15.16 17.18 19G)—— D' oares
{a) Poor node numbering scheme

] I

] Semi-bandwidth = 14 |
12345678 91011121314151617181920

W WND AW N -

(b) Structural stiffness matrix with non-zero terms widely dispersed

Fig. 9.12. Structural stiffness matrix corresponding to poor node ordering.
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For a given number of dof. per node, which is generally fixed for each assemblage, the
bandwidth can be minimised by using a proper node numbering scheme.

With reference to Figs. 9.12 and 9.13 there are a total of 20 dof. in the model (i.e. 10 nodes
each with an assumed 2 dof.), and if the symmetry and bandedness is not taken advantage of,
storage of the entire matrix would require 202 = 400 locations. For the efficiently numbered
model with a semi-bandwidth of 8, see Fig. 9.13, taking advantage of the symmetry and
bandedness, the storage required for the upper, or lower, half-band is only 8 x 20 = 160
locations.

1.2 56 9.10 13.14 17.18

Node number

a b c d e f g @M Element label
2 4 6 8 10
Degree of
34 78 11.12 15.16 1 .—
? @ freedom number

(a) Efficient node numbering scheme

Semi-bandwidth =8

12345678 91011121314151617181920

e

D Contains non-zero terms

e ~NOWL W -

9 ; [] zeroterms

(b) Structural stiffness matrix with non-zero terms closely banded

Fig. 9.13. Structural stiffness matrix corresponding to efficient node ordering.

From observation of Figs. 9.12 and 9.13 it can be deduced that the semi-bandwidth can
be calculated from

semi-bandwidth = f(d + 1)
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where f is the number of dof. per node and d is the maximum largest difference in the
node numbers for all elements in the assemblage. This expression is applicable to any type
of finite element. It follows that to minimise the bandwidth, 4 must be minimised and this
is achieved by simply numbering the nodes across the shortest dimension of the region.

For large jobs the capacity of computer memory can be exceeded using the above banded
method, in which case a frontal solution is used.

Frontal method of solution

The frontal method is appropriate for medium to large size jobs (i.e. greater than 10000
dof.). To illustrate the method, consider the simple two-dimensional mesh shown in Fig. 9.14.
Nodal contributions are assembled in element order. With reference to Fig. 9.14, with the
assembly of element number 1 terms (i.e. contributions from nodes 1, 2, 6 and 7), all
information relating to node number 1 will be complete since this node is not common
to any other element. Thus the dofs. for node 1 can be eliminated from the set of system
equations. Element number 2 contributions are assembled next, and the system matrix will
now contain contributions from nodes 2, 3, 6, 7 and 8. At this stage the dofs. for node
number 2 can be eliminated. Further element contributions are merged and at each stage any
nodes which do not appear in later elements are reduced out. The solution thus proceeds
as a front through the system. As, for example, element number 14 is assembled, dofs. for
the nodes indicated by line B are required, see Fig. 9.14. After iiminations which follow
assembly of element number 14, dofs. associated with line C are needed. The solution front
has thus moved from line A to C.

1
]
10 '
5 4
1
4 8 12 |i] 16 20 24
1
4 9 .
]
3 7 11 {1115 19 23
8 [ S——
3 t -~~~
¥ ]
2 6 100 14 ' 18 22
2 ’ -
)
SP 5 9 13|17 21
Node number {1) l 5 'r
]
Element number / l \
AN g C

Fig. 9.14. Frontal method of solution.

To minimise memory requirements, which is especially important for jobs with large
numbers of dof., the instantaneous width, i.e. front size, of the stiffness matrix during merging
should be kept as small as possible. This is achieved by ensuring that elements are selected for
merging in a specific order. Figures 9.15(a) and (b) serve to illustrate badly and well ordered
elements, respectively, for a simple two-dimensional application. Front ordering facilities are
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available with some fe. packages which will automatically re-order the elements to minimise
the front size.

4 9 13 7 2 3 6 9 12 15

15 11 5 10 14 2 5 8 1 14

1 6 12 B 3 1 4 7 10 i3
(a) Badly ordered elements (b) Well ordered elements

Fig. 9.15. Examples of element ordering for frontal method.

94.7. Application of boundary conditions

Having created a mesh of finite elements and before the job is submitted for solution,
it is necessary to enforce conditions on the boundaries of the model. Dependent upon the
application, these can take the form of

restraints,

constraints,

structural loads,

heat transfer loads, or

specification of active and inactive dof.

Attention will be restricted to a brief consideration of restraints and structural loads, which
are sufficient conditions for a simple stress analysis. The reader wishing for further coverage
is again urged to consult the many specialist texts.!~!°

Restraints

Restraints, which can be applied to individual, or groups of nodes, involve defining the
displacements to be applied to the possible six dof., or perhaps defining a temperature. As
an example, reference to Fig. 9.3(b) shows the necessary restraints to impose symmetry
conditions. It can be assumed that the elements chosen have only 2 dof. per node, namely u
and v translations, in the x and y directions, respectively. The appropriate conditions are

along the x-axis, v =0, and
along the y-axis, ¥ = 0.

The usual symbol, representing a frictionless roller support, which is appropriate in this case,
is shown in Fig. 9.16(a), and corresponds to zero normal displacement, i.e. §, = 0, and zero
tangential shear stress, i.e. t, = 0, see Fig. 9.16(b).

In a static stress analysis, unless sufficient restraints are applied, the system equations (see
§9.4.5), cannot be solved, since an inverse will not exist. The physical interpretation of this
is that the loaded body is free to undergo unlimited rigid body motion. Restraints must be
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NN

(a) Symbolic representation {b) Actual restraint

Fig. 9.16. Boundary node with zero shear traction and zero normal displacement.

chosen to be sufficient, but not to create rigidity which does not exist in the actual component
being modelled. This important matter of appropriate restraints can call for considerable
engineering judgement, and the choice can significantly affect the behaviour of the model
and hence the validity of the results.

Structural loads

Structural loads, which are applied to nodes can, through usual program facilities, be
specified for application to groups of nodes, or to an entire model, and can take the form
of loads, temperatures, pressures or accelerations. At the program level, only nodal loads
are admissible, and hence when any form of distributed load needs to be applied, the nodal
equivalent loads need to be computed, either manually or automatically. One approach is
to simply define a set of statically equivalent loads, with the same resultant forces and
moments as the actual loads. However, the most accurate method is to use kinematically
equivalent loads® as simple statically equivalent loads do not give a satisfactory solution for
other than the simplest element interpolation. Figure 9.17 illustrates the case of an element
with a quadratic displacement interpolation. Here the distributed load of total value W, is
replaced by three nodal loads which produce the same work done as that done by the actual
distributed load.

w aw w
Total ioad W E 1" j
¢ L [+ )

(a) Actual uniformly distributed load (b) Kinematically equivalent nodal loads

Fig. 9.17. Structural load representation.

94.8. Creation of a data file

The data file, or deck, will need to be in precisely the format required by the particular
program being used; although essentially all programs will require the same basic model data,
i.e. nodal coordinates, element type(s) and connectivity, material properties and boundary
conditions. The type of solution will need to be specified, e.g. linear elastic, normal modes,
etc. The required output will also need to be specified, e.g. deformations, stresses, strains,
strain energy, reactions, etc. Much of the tedium of producing a data file is removed if
automatic data preparation is available. Such an aid is beneficial with regard to minimising
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the possibility of introducing data errors. The importance of avoiding errors cannot be over-
emphasised, as the validity of the output is clearly dependent upon the correctness of the
data. Any capability of a program to detect errors is to be welcomed. However, it should
be realised that it is impossible for a program to detect all forms of error. e.g. incorrect but
possible coordinates, incorrect physical or material properties, incompatible units, etc., can
all go undetected. The user must, therefore, take every possible precaution to guard against
errors. Displays of the mesh, including “shrunken” or “exploded” element views to reveal
absent elements, restraints and loads should be scrutinised to ensure correctness before the
solution stage is entered; the material and physical properties should also be examined.

9.4.9. Computer, processing, steps

The steps performed by the computer can best be followed by means of applications using
particular elements, and this will be covered in §9.7 and subsequent sections.

9.4.10. Interpretation and validation of results

The numerical output following solution is often provided to a substantial number of
decimal places which gives an aura of precision to the results. The user needs to be mindful
that the fem. is numerical and hence is approximate. There are many potential sources of
error, and a responsibility of the analyst is to ensure that errors are not significant. In addition
to approximations in the model, significant errors can arise from round-off and truncation in
the computation.

There are a number of checks that should be routine procedure following solution, and
these are given below

e Ensure that any warning messages, given by the program, are pursued to ensure that the
results are not affected. Error messages will usually accompany a failure in solution and
clearly, will need corrective action.

o An obvious check is to examine the deformed geometry to ensure the model has behaved
as expected, e.g. Poisson effect has occurred, slope continuity exists along axes of
symmetry, etc.

o Ensure that equilibrium has been satisfied by checking that the applied loads and moments
balance the reactions. Excessive out of balance indicates a poor mesh.

e Examine the smoothness of stress contours. Irregular boundaries indicate a poor mesh.

e Check inter-element stress discontinuities (stress jumps), as these give a measure of the
quality of model. Large discontinuities indicate that the elements need to be enhanced.

e On traction-free boundaries the principal stress normal to the boundary should be zero.
Any departure from this gives an indication of the quality to be expected in the other
principal stress predictions for this point.

e Check that the directions of the principal stresses agree with those expected, €.g. normal
and tangential to traction-free boundaries and axes of symmetry.

Results should always be assessed in the light of common-sense and engineering judgement.
Manual calculations, using appropriate simplifications where necessary, should be carried
out for comparison, as a matter of course.
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94.11. Modification and re-run

Clearly, the need for design modification and subsequent fe. re-runs depends upon the
particular circumstances. The computational burden may prohibit many re-runs. Indeed, for
large jobs, (which may involve many thousands of dof. or many increments in the case of
non-linear analyses), re-runs may not be feasible. The approach in such cases may be to
run several exploratory crude models to gain some initial understanding how the component
behaves, and hence aid final modelling.

9.5. Fundamental arguments

Regardless of the type of structure to be analysed, irrespective of whether the loading is
static or dynamic, and whatever the material behaviour may be, there are only three types
of argument to be invoked, namely, equilibrium, compatibility and stress/strain law. Whilst
these arguments will be found throughout this text it is worthwhile giving them some explicit
attention here as a sound understanding will help in following the theory of the fem. in the
proceeding sections of this chapter.

9.5.1. Equilibrium

External nodal equilibrium

Static equilibrium requires that, with respect to some orthogonal coordinate system, the
reactive forces and moments must balance the externally applied forces and moments. In
fea. this argument extends to all nodes in the model. With reference to Fig. 9.18, some
nodes may be subjected to applied forces and moments, (node number 4), and others may
be support points (node numbers 1 and 6). There may be other nodes which appear to be
neither of these (node numbers 2, 3, and 5), but are in fact nodes for which the applied
force, or moment, is zero, whilst others provide support in one or two orthogonal directions
and are loaded (or have zero load), in the remaining direction(s) (node number 6). Hence,
for each node and with respect to appropriate orthogonal directions, satisfaction of external
equilibrium requires

external loads or reactions = summation of internal, element, loads

Y,
y Nodes 1 & 6: Support nodes
4 X Node 4: Loaded node
y 1 4 Nodes 2,3 & 5: Unloaded nodes
X
X 1
-—

Fig. 9.18. Structural framework.



320 Mechanics of Materials 2 §9.5

Then, for the jth node {P;}= Z{S(")}

e=1

where the summation is of the internal loads at node j from all m elements joined at node ;.

Use of this relation can be illustrated by considering the simple frame, idealised as planar
with pin-joints and discretised as an assemblage of three elements, as shown in Fig. 9.19.
The nodal force column matrix for the structure is

{P} = {P\PyP3} = (XY X2Y2X3Y3)

1,2 ¢—> y 1
Node number [ a X
30° 30° ®
56 b 3.4
Dof. numbers

Fig. 9.19. Simple pin-jointed plane frame.

and the element force column matrix for the structure is
(S} = ((SYOHSOHS N = (U, ViU V2, UaVoUs Vs, Uy VU3 V3)

It follows from the above that external, nodal, equilibrium for the structure is satisfied by
forming the relationship between the nodal and element forces as

.—Ul_
Vi
U,
X; 10000000T10TO0TO0]["
Y, o1 0 0 0 0 O0O0OO0OT1O00O0 U,
X1 _100 1 01 000O0O0O0O V,
Y1100 01 01 00 0 O0O0O0 U,
X3 00 00 O0O0O1O0O0O0T1O0 Vs
Y; 000000010001?l
Vi
U,
v,
Or, more concisely, {P} = [a]T{S} 9.1

which relates the nodal forces {P} to the element forces {S} for the whole structure.

Internal element equilibrium

Internal equilibrium can be explained most easily by considering an axial force element.
For static equilibrium, the axial forces at each end will be equal in magnitude and opposite



§9.5 Introduction to the Finite Element Method 321

in direction. If the element is pin-ended and has a uniform cross-sectional area, A, then for
equilibrium within the element
Ao, = U, 9.2)

in which the axial stress o, is taken to be constant over the cross-section.

9.5.2. Compatibility

External nodal compatibility

The physical interpretation of external compatibility is that any displacement pattern is not
accompanied with voids or overlaps occurring between previously continuous members. In
fea. this requirement is usually only satisfied at the nodes. Often it is only the displacement
field which is continuous at the nodes, and not an element’s first or higher order displacement
derivatives. Figure 9.20 shows quadratically varying displacement fields for two adjoining
quadrilateral elements and serves to illustrate these limitations.

N Inter-element
slope discontinuity

. Incompatibility
- between nodes

Fig. 9.20. Quadrilateral elements with quadratically varying displacement fields.

External, nodal, displacement compatibility will be shown to be automatically satisfied
by a system of nodal displacements. For the simple frame shown in Fig. 9.19, the nodal
displacement column matrix is

{p} = {P1p2p3} = {w1v1, wavz, uzvs}
and the element displacement column matrix is
(s} = (s“HsHs Y = (wiviuava, wpvauzvs, uyviusvs)

It follows from the above that external, nodal, compatibility is satisfied by forming the
relationship between the element and nodal displacements as
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Mg ] (1 0 0 0 0 07
V1 01 0 00O
uy 001 000
v 00 01 0O up
W 0 01 00O vy
(%] _ 00 01 00 125
w3|{ |0 0 0 0 1 O vy
V3 0 00 0 0 1 us
U 1 000 0O v3
o 01 0 0 0 O
us 000 0 0 1 O

L v3 J LO O 0 0 0 1]

Or, more concisely, {s} = [a]{p} 9.3)

which relates all the element displacements {s} to the nodal displacements {p} for the whole
structure.

Internal element compatibility

Again, for simplicity consider an axial force element. For the displacement within such
an element not to introduce any voids or overlaps the displacement along the element, u,
needs to be a continuous function of position, x. The compatibility condition is satisfied by

dujox = & 94

9.5.3. Stress/strain law

Assuming for simplicity the material behaviour to be homogeneous, isotropic and linearly
elastic, then Hooke’s law applies giving, for a one-dimensional stress system in the absence
of thermal strain,

Ex = Ux/E 9.5)

in which E is the empirical modulus of elasticity.

9.5.4. Forceldisplacement relation

Combining eqns. (9.2), (9.4) and (9.5) and taking u to be a function of x only, gives

U/A =0y =0E =Edu/dx
Or, Udx =AEdu

Integrating, and taking u(0) = w; and u(L) = u;, corresponding to displacements at nodes i
and j of an axial force element of length L, gives the force/displacement relationship

U=AE(u; —u)/L 9.6)
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in which (u; — u;) denotes the deformation of the element. Thus the force/displacement
relationship for an axial force element has been derived from equilibrium, compatibility and
stress/strain arguments.

9.6. The principle of virtual work

In the previous section the three basic arguments of equilibrium, compatibility and consti-
tutive relations were invoked and, in the subsequent sections, it will be seen how these
arguments can be used to derive rod and simple beam element equations. However, some
situations, for example, may require elements of non-uniform cross-section or representation
of complex geometry, and are not amenable to solution by this approach. In such situations,
alternative approaches using energy principles are used, which allow the field variables to
be represented by approximating functions whilst still satisfying the three fundamental argu-
ments. Amongst the number of energy principles which can be used, the one known as the
principle of virtual work will be considered here.

The equation of the principle of virtual work

Virtual work is produced by perturbing a system slightly from an equilibrium state. This
can be achieved by allowing small, kinematically possible displacements, which are not
necessarily real, and hence are virtual displacements. In the following brief treatment the
corresponding equation of virtual work is derived by considering the linearly elastic, uniform
cross-section, axial force element in Fig. 9.21. For a more rigorous treatment the reader is
referred to Ref. 8 (p. 350). In Fig. 9.21 the nodes are shown detached to distinguish between
the nodal and element quantities.

y
PSS s s PR

Fig. 9.21. Axial force element, shown with detached nodes.

Giving the nodal points virtual displacements %; and u;, the virtual work for the two nodal
points is
W= (P,'+S?)'ﬁi+(Pj+S;)ﬁj 9.7)
This virtual work must be zero since the two nodal points are rigid bodies. It follows, since
the virtual displacements are arbitrary and independent, that

P,+S7=O or P,=—S;’=
and Pj+Sj»=0 or P,-=—S;

which, for the single element, are the equations of external equilibrium.
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Applying Newton’s third law, the forces between the nodes and element are related as
S;=-S and S§}=-S; 9.8)
Substituting eqns. (9.8) into eqn. (9.7) gives
W =0=(P;—S)u; + (P; — ;)
= (P + Pju;) — (Siw; + Sju;) 9.9)

The first quantity (P;u; + P,u;), to first order approximation assuming linearly elastic
behaviour represents the virtual work done by the applied external forces, denoted as W,.
The second quantity, (S;u; 4 S;#%;), again to first order approximation represents the virtual
work done by element internal forces, denoted as W;. Hence, eqn. (9.9) can be abbreviated to

0=W,-W, (9.10)

which is the equation of the principle of virtual work for a deformable body.

The external virtual work will be found from the product of external loads and corre-
sponding virtual displacements, recognising that no work is done by reactions since they are
associated with suppressed dof. The internal virtual work will be given by the strain energy,
expressed using real stress and virtual strain (arising from virtual displacements), as

W,:/Eadu 9.11)

which, for the case of a prismatic element with constant stress and strain over the volume,
becomes

W,’ =80 AL

9.7. A rod element

The formulation of a rod element will be considered using two approaches, namely the
use of fundamental equations, based on equilibrium, compatibility and constitutive (i.e.
stress/strain law), arguments and use of the principle of virtual work equation.

9.7.1. Formulation of a rod element using fundamental equations

Consider the structure shown in Fig. 9.18, for which the deformations (derived from the
displacements), member forces, stresses and reactions are required. Idealising the structure
such that all the members and loads are taken to be planar, and all the joints to act as fric-
tionless hinges, i.e. pinned, and hence incapable of transmitting moments, the corresponding
behaviour can be represented as an assemblage of rod finite elements. A typical element is
shown in Fig. 9.22, for which the physical and material properties are taken to be constant
throughout the element. Changes in properties, and load application are only admissible at
nodal positions, which occur only at the extremities of the elements. Each node is considered
to have two translatory freedoms, i.e. two dof., namely u and v displacements in the element
x and y directions, respectively.
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Vivi Vivi

Fig. 9.22. An axial force rod element.

Element stiffness matrix in local coordinates

Quantities in the element coordinate directions are denoted with a prime (), to distinguish
from those with respect to the global coordinates. Displacements in the local element x’
direction will cause an elongation of the element of «; — u;, with corresponding strain, (& —
u})/L. Assuming Hookean behaviour, the element loads in the positive, local, x" direction
will hence be given as

U;=AE(u; —u)/L and U= AE(u; —up)/L

which are force/displacement relations similar to eqn. (9.6), and hence satisfy internal element
equilibrium, compatibility and the appropriate stress/strain law.

In isolation, the element will not have any stiffness in the local y’ direction. However, stiff-
ness in this direction will arise from assembly with other elements with different inclinations.
The element force/displacement relation can now be written in matrix form, as

U, 10 —-10

vil| _AE| 0 0 0 0
ATT -1 o 1oy ©-12)
V; 0 0 0 01Ly
Or, more concisely, {8} = [K'@){s"®) (9.13)
from which the element stiffness matrix with respect to local coordinates is:
1 0 -1 0
AE | 00 0 O
ey — ——
(k"] = 7110 10 (9.14)
00 00

Element stress matrix in local coordinates

For a pin-jointed frame the only significant stress will be axial. Hence, with respect to
local coordinates, the axial stress for a rod element will be given as:
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u;
E A
6@ =2[-1 0 1 0]|Y (9.15)
L u j
Yj
Or, more concisely, 0@ = [H'®){s"9} (9.16)
from which the stress matrix with respect to local coordinates is:
He) E
[H ]=z[—1 0 1 0] 9.17)

Transformation of displacements and forces

To enable assembly of contributions from each constituent element meeting at each joint,
it is necessary to transform the force/displacement relationships to some global coordinate
system, by means of a transformation matrix [7‘®]. This matrix is derived by establishing
the relationship between the displacements (or forces), in local coordinates x', ¥, and those
in global coordinates x,y. Note that the element inclination «, is taken to be positive when
acting clockwise viewed from the origin along the positive z-axis, and is measured from the
positive global x-axis. With reference to Fig. 9.23, for node i,

W, =u;cosa+v;sina, and v; = —u;sina +v;cosa.
y
Y
o !
o \{
WS
b
A}
A ’l .
v;cosa \\ \\'\df?’ S U i
e Y
\ -~
N e \u X\
1 i x

Fig. 9.23. Transformation of displacements.

Similarly, for node j,
W; =ujcosa+v;sina, and v;=—u;sina+v;cosa.

Writing in matrix form the above becomes:

u; cosa sina 0 0 u;
vj| _ ] —sine cosa 0 0 vi
wp | 0 0 cosa sina uj
v} 0 0 —sina  cosa vj

Or, more concisely, (8¢} = [T©{s®) (9.18)
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in which the transformation matrix is:

cosa sina 0 0
(eyy _ | —sina cosa 0 0
1= 0 0 cosa sina (9.19)
0 0 —sing cosa

The same transformation enables the relationship between member loads in local and global
coordinates to be written as:

{8} = [T1s) (9-20)

Expressing eqn. (9.20) in terms of the member loads with respect to the required global
coordinates, we obtain:

(8°9) = (7917 (5}
Substituting from eqn. (9.13) gives:
(5@} = [T s}
Further, substituting from eqn. (9.18) gives:
(89} = [T WNTONs)
It can be shown, by equating work done in the local and global coordinates systems, that
([T =[5

(This property of the transformation matrix, [7‘©'], whereby the inverse equals the transpose
is known as orthogonality.) Hence, element loads are given by:

(5€} = (TOT KT (s}
Or, more simply (8@} = [K'©1{s®) 9.21)
in which the element stiffness matrix in global coordinates is

[k} = [TOTWNT)] ©-22)

Element stiffness matrix in global coordinates

Substituting from eqns. (9.14) and (9.19) into eqn. (9.22), transposing the transformation
matrix and performing the triple matrix product gives the element stiffness matrix in global
coordinates as:

cos’ o cosa sina —cos2a  —cosasina
k©] = AE | — sinac;osa sin? o - sinazcosoz —sin%a 9.23)
L —cos“ —cosasina cos“ « cos « sin o
—sinxcosa —sin’a sina cos « sin’

Element stress matrix in global coordinates

The element stress matrix found in local coordinates, eqn. (9.17), can be transformed to
global coordinates by substituting from eqn. (9.18) into eqn. (9.16) to give

o@ = [H’(e)][T(e)]{s(e)} 9.24)
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in which the element stress matrix in global coordinates is
[H] = [H"ONT*)] (9.25)

Substituting from eqn. (9.17) and (9.19) into eqn. (9.25) gives the element stress matrix in
global coordinates as

[H®) = E®[—cosa —sina cosa sina]®/L® (9.26)

Formation of structural governing equation and assembled stiffness matrix

With reference to § 9.5, external nodal equilibrium is satisfied by relating the nodal loads,
{P}, to the element loads, {S}, via
{P} = [a]" (S} 6.1)

Similarly, external, nodal, compatibility is satisfied by relating the element displacements,
{s}, to the nodal displacements, {p}, via

{s} = [al{p} (9.3)
Substituting from eqn. (9.3) into eqn. (9.21) for all elements in the structure, gives:
{S} = [k]lal{ P} 9.27)

in which {k] is the unassembled stiffness matrix. Premultiplying the above by [a]T and
substituting from eqn. (9.1) gives:

{P} = [a]"[X][al{ p}
Or, more simply {P} = [K1{p} (9.28)

which is the structural governing equation for static stress analysis, relating the nodal forces
{P} to the nodal displacements {p} for all the nodes in the structure, in which the structural,
or assembled stiffness matrix

(K] = [a]"[K][a] (9:29)

9.7.2. Formulation of a rod element using the principle of virtual work equation

Here, the principle of virtual work approach, described in § 9.6, will be used to formu-
late the equations for an axial force rod element. As described, the approach permits the
displacement field to be represented by approximating functions, known as interpolation or
shape functions, a brief description of which follows.

Shape functions

As the name suggests shape functions describe the way in which the displacements are
interpolated throughout the element and often take the form of polynomials, which will
be complete to some degree. The terms required to form complete linear, quadratic and
cubic, etc., polynomials are given by Pascal’s triangle and tetrahedron for two- and three
dimensional elements, respectively. As well as completeness, there are other considerations
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to be made when choosing polynomial terms to ensure the element is well behaved, and the
reader is urged to consult detailed texts.® One consideration, which will become apparent, is
that the total number of terms in an interpolation polynomial should be equal to the number
of dof. of the element.

Consider the axial force rod element shown in Fig. 9.24, for which the local and global
axes have been taken to coincide. The purpose is to simplify the appearance of the equations
by avoiding the need for the prime in denoting local coordinate dependent quantities. This
element has only two nodes and each is taken to have only an axial dof. The total of only two
dof. for this element limits the displacement interpolation function to a linear polynomial,
namely

u(x) = o) + ozx

Fig. 9.24. Axial force rod element aligned with global x-axis.

where «; and a3, to be determined, are known as generalised coefficients, and are dependent
on the nodal displacements and coordinates.
Writing in matrix form

u(x) =[1 x] [:]
Or, more concisely,
u(x) = [x}{a} (9.30)
At the nodal points, u(0) = »; and  u(L) = u;.
Substituting into eqn. (9.30) gives

Or, more concisely

{u} = [Al{a}
The column matrix of generalised coefficients, {«}, is obtained by evaluating
fa} = (A1 {u} 9.31)

for which the required inverse of matrix [A], i.e. [A]™! is obtained using standard matrix
inversion whereby

[A17! = adj (A]/ det [A]
in which adj [A] = [C 1¥, where [C] is the cofactor matrix of [A]

T
ie. adj [A]=|:f)‘ _i] =[—If (])]
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and det{Al=1xL—-0x1=L

Hence, A7 = l [

L 0
L

-1 1

Substituting eqn. (9.31) into eqn. (9.30) and utilising the above result for [A]~!, gives

1 ;
wamu [ 2]

1

= Z[L—xx] [ZJ =1 —x/L,x/L] [:}]

= [N]{u} (9.32)

in which [N] is the matrix of shape functions. In this case, Ny = 1 — x/L and N, = x/L, and
hence vary linearly over the element, as shown in Fig. 9.25. Note that the shape functions
have the value unity at the node corresponding to the nodal displacement being interpolated
and zero at all other nodes (in this case at the only other node), and is a property of all
shape functions.

P

|
P X
1.0 L
N1
. |
|

1.0

N,

0

Fig. 9.25. Shape functions for the axial force rod element.

Element stiffness matrix in local coordinates

Consider the axial force element shown in Fig. 9.24. The only strain present will be a
direct strain in the axial direction and is given by eqn. (9.4) as

& = &= 0u/dx
Substituting from eqn. (9.32), gives
& = J[NNu}/ox = [Bl{u} (9.33)
and, taking the virtual strain to have a similar form to the real strain, gives

= [B){@) 9.34)
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where
[B] = d[N]/ox

1
In the present case of the two-node linear rod element, eqn. (9.32) shows [N] = z[L - x, x],
and hence

[B] = l[—1 1] (9.35)
L
Note that in this case the derivative matrix [B] contains only constants and does not involve
functions of x and hence the strain, given by egn. (9.33), will be constant along the length
of the rod element.
Assuming Hookean behaviour and utilising eqn. (9.33)

o = E[B){u} (9.36)
It follows for the linear rod element that the stress will be constant and is given as
o=Eo1 [“] = E(u,— ~ u;)
L Uj L
in which (u; — u;)/L is the strain.

Substituting the expression for virtual strain from eqn. (9.34) and the real stress from
eqn. (9.36) into eqn. (9.11) gives the internal virtual work as

W, = / godv= / (@} [BITE[B){u} dv

Since the real and virtual displacements are constant, they can be taken outside the integral,
to give

W, ={@" / [BITE[B] dv {u} 9.37)

The external virtual work will be given by

W, = {@)" (P} (9.38)

Substituting from eqns. (9.37) and (9.38) into the equation of the principle of virtual work,
eqn. (9.10) gives

0= @"P) — @ / (BI"E[B] dv {u)

or, — (@) (P) - / (BITELB] dv {u})

The virtual displacements, {u}, are arbitrary and nonzero, and hence the quantity in paren-
theses must be zero,

ie. (P} = / [BITE[B]dv {u} = [k'“'){u) (9.39)
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where [k'©] = / [BITE[B] dv (9.40)

Evaluating the element stiffness matrix [x"®] for the linear rod element by substituting from
eqns. (9.35) gives

1[-1 1
e)] — Il il
[k ]-—/UL[ l]EL[ 1 1)dv

E 1 -1
—ﬁ[—l 1]/,,"”

For a prismatic element fv dv = AL, and the element stiffness matrix becomes

AE[ 1 -1
Heyy —
k9] = — [_1 1] (9.41)

Expanding the force/displacement eqn. (9.39) to include terms associated with the y- direc-
tion, requires the insertion of zeros in the stiffness matrix of eqn. (9.41) and hence becomes
identical to eqn. (9.14).

Element stress matrix in local coordinates

For the case of a linear rod element, substituting from eqn. (9.35) into eqn. (9.36) gives
the element stress as

a® = %[—1 11{u) (9.42)

Again, by inserting zeros in the matrix, to accommodate terms associated with the y- direc-
tion, eqn. (9.42) becomes identical to eqn. (9.15).

Transformation of element stiffness and stress matrices to global coordinates

The element stiffness and stress matrices obtained above can be transformed from local
to global coordinates using the procedures of § 9.7.1 to give the results previously obtained,
namely the stiffness matrix of eqn. (9.23) and stress matrix of eqn. (9.26).

Formation of structural governing equation and assembled stiffness matrix

Section 9.7.1 has covered the combination of individual element stiffness contributions,
necessary to analyse an assemblage of elements representing a complete framework. Equilib-
rium and compatibility arguments were used to form the structural governing eqn. (9.28) and
hence the assembled stiffness matrix, eqn. (9.29). Now, the alternative principle of virtual
work will be used to derive the same equations.

Eqn. (9.37) gives the element internal virtual work in local coordinates as

W(e) - {u/(e)}T /[B(e)]TE(e)[B(e)]dv{u'(e)}
v
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Summing all such contributions for the entire structure of m elements, gives

m

Wi=) (@) / [BOITEIB) dv () 9.43)

e=1

Summing the contributions over all n nodes, the external virtual work will be given by
n
W.=Y p:Pi={p)"{P) (9.44)
i=1

where {p} is the column matrix of all nodal virtual displacements for the structure and {P}
is the column matrix of all nodal forces. Substituting from eqns. (9.43) and (9.44) into the
equation of the principle of virtual work, eqn. (9.10) gives

0= (TP = (@) [1BOTECB) v w) (9.45)
e=1 v

Relating the virtual displacements in local and global coordinates via the transformation
matrix [T®)], gives

@ = (TP} and @) = FNTOT

Summing the contributions and recalling {p} denotes the nodal displacements for the entire
structure, gives

SEOT = ETTON and Y@} =Y (TNp)
e=1 e=1 e=1

e=1]

Hence, eqn. (9.45) can be re-written as

(PP} = (P [IBOTECB1dv T D)

e=1
= (p)" D _[k“1{p} = (P} IKI{p) (9.46)
e=1
where k€)= [T / [BOITEC[B®] dv [T

and the assembled stiffness matrix

m

ISEDYT (9.47)

e=]
It follows from eqn. (9.46) since {p} is arbitrary and non-zero, that
{P} =I[K}{p}

which is the structural governing equation and the same as eqn. (9.28), and implies nodal
force equilibrium.
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9.8. A simple beam element

As with the previous treatment of the rod element, the two approaches using fundamental
equations and the principle of virtual work will be employed to formulate the necessary
equations for a simple beam element.

9.8.1. Formulation of a simple beam element using fundamental equations

Consider the case, similar to §9.7.1, in which the deformations, member stresses and
reactions are required for planar frames, excepting that the member joints are now taken
to be rigid and hence capable of transmitting moments. The behaviour of such frames can
be represented as an assemblage of beam finite elements. A typical simple beam element is
shown in Fig. 9.26, the physical and material properties of which are taken to be constant
throughout the element. As with the previous rod element, changes in properties and load
application are only admissible at nodal positions. In addition to « and v translatory freedoms,
each node has a rotational freedom, 6, about the z axis, giving three dof. per node. Hence,
axial, shear and flexural deformations will be represented, whilst torsional deformations
which are inappropriate for planar frames will be ignored.

Vivi Vi

Fig. 9.26. A simple beam element.

Element stiffness matrix in local coordinates

The differential equation of flexure appropriate to a beam element can be written as
d*v' /dx* = N'JEI (9.48)

in which v’ denotes the displacement in the local y’ direction, N’ is the element moment, £
is the modulus of elasticity and / is the relevant second moment of area of the beam. The
first derivative of the moment with respect to distance x" along a beam is known to give the
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shear force, V',
ie. dN'/dx =V’ (9.49)
Similarly, the first derivative of the shear force will give the loading intensity, ',
ie. dV'jdx' = o (9.50)
Differentiating eqn. (9.48) and utilising eqn. (9.49) gives

d*v' Jdx"?® = V' JEI (9.51)
Differentiating again and utilising eqn. (9.50) gives

d*v' /dx"* = o' JEI (9.52)

Integrating eqn. (9.52), recalling that loads can only be applied at the nodes, and hence
o' =0, gives

d*v'/dx® = C, = V'/EI, (from eqn.9.51) (9.53)
Further integration gives
d*V/dx? = C\x' + C, = N'/EI, (from eqn. 9.48) (9.54)
dv'jdx' = C1x? )2+ Cox' + C3 =6 (9.55)
and v = Cx?/6+ Cox?/2+ Csx’' + C4 (9.56)

With reference to Fig. 9.26, it can be seen that
V) =1, JYIL)= v’j, dv'/dx'(0) =6, dv'/dx'(L)= 63-

It follows from eqn. (9.56) that v;=Cy (9.57)
from eqn. (9.55) 0, = C3 (9.58)
from eqn. (9.56)

v = C\L*/6 4+ C3L%/2 + C3L + C4 = C1L* /6 + C2L% /2 + 6L + 4] (9.59)
and from eqn. (9.55)

0, =C\L*/2+CoL+C3 = CL*/2+ C,L+6; (9.60)

An expression for C, can now be obtained by multiplying eqn. (9.60) throughout by L/3
and subtracting the result from eqn. (9.59), (to eliminate C,), to give

v, - 0L/3 = Co(L?/2 — L*/3) + 6(L — L/3) + v} = CL*/6 + 62L/3 + !
Rearranging, C; = 6(v; — v))/L? — 6(6,L/3 +6;2L/3)/L
= 6(—v; + v})/L* — 2(26, + 6)/L 9.61)
Rearranging eqn. (9.60) and substituting from eqn. (9.61) gives
Cy = /LM — 6)) — 6(—v; + v,)/L + 2(26; + )]

= 12(v] — v})/L? + 66, + 6)/L? (9.62)
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Substituting for constant C; from eqn. (9.62) into eqn. (9.53) gives shear force
V' = EIC, = 12EI(v; — v’j)/L3 + 6EI(6; + 9})/L2 (9.63)

Substituting for constants C; and C;, from eqns. (9.62) and (9.63) into egn. (9.54) gives the
moment

N’ = EI(Cix + C3)
= 6E1(2x' — L)W, — v)/L* + 6EIx' (6, + 6})/L* — 2E1(26, + §)/L  (9.64)

Note that the shear force, eqn. (9.63) is independent of distance x’ along the beam, i.e.
constant, whilst the moment, eqn. (9.64) is linearly dependent on distance x’, consistent with
a beam subjected to concentrated forces.

It follows that the nodal shear force and moments are given as

V'(0) = V(L) = 12EI(v] — v})/L* + 6E1(6; + 6))/L? (9.65)
N'(0) = 6EI(—v; + v})/L? ~ 2E1(26, + 6})/L (9.66)
N'(L) = 6EI(v; — v})/L* + 2EI(6; + 26})/L (9.67)

The shear force and moments given by eqns. (9.65)—(9.67) use a Mechanics of Materials
sign convention, namely, a positive shear force produces a clockwise couple and a positive
moment produces sagging. To conform with the sign convention shown in Fig. 9.26, the
following changes are required:

Vi=-V,= V')

N} = —N'(0)
N;. =N'(L)
Writing in matrix form, eqgns. (9.65)-(9.67) become
1% 12/L* 6/L —12/L* 6/L v
N; _ ﬂ 6/L 4 —6/L 2 6; (9.68)
Vil T L | —127L2 —e/L 12/1*  —6/L| |V} '
N’; 6/L 2 —6/L 4 9}

Combining eqn. (9.68) with eqn. (9.12) gives the matrix equation relating element axial and
shear forces and moments to the element displacements as

U} AE/L 0 0 —AE/L 0 0 u
Vi 0 12EI/L>  6EI/L? 0 —12EI/L3 6EI/L? v;
Nl 0 6EI/L? 4EI/L 0 —6EI/L?>  2EI/L 6;
Uil = | —AE/L 0 0 AE/L 0 0 uj
Vi 0 —12EI/L?> —6EI/L? 0 12EI/L> —6EI/L?| | V)
N, 0 6EI/L? 2EI/L 0 —6EI/L>  4EI/L 6]

(9.69)
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from which the element stiffness matrix with respect to local coordinates is:

AE/L 0 0 —AE/L 0 0
0 12EI/L®  6EI/L? 0 —12EI/L? 6EI/L?
0 6EI/L? 4EI/L 0 —6EI/L*  2EI/L
ey —
W=1 4z o 0 AEJL 0 0 ©.70)
0 —12EI/L> —6EI/L? 0 12EI/L® —6EI/L?
0 6EI/L? 2EI/L 0 —6EI/L?  4EI/L

Element stress matrix in local coordinates

Only bending and axial stresses will be considered, shear stresses being taken as insignif-
icant. The points for stress calculation will be the extreme top and bottom fibres at each
end of the element, which will always include the maximum stress point. With reference to
Fig. 9.27, the beam element stress matrix will be

{ O.(e)} ={ 0:0]) Uibtm a}OP o,?tm}

Y’T
top top
[)
t
..... S .._,_‘._.-._,_{_A-.>
! l Vb X
btm btm

Fig. 9.27. Locations for beam element stress calculation.

Relating these stresses to the internal loads gives

U;

o, " ~1/A 0 #I 0 0 0 v
o™ | |-1/A 0 —b/Il 0O 0 O N’ 971
o= o o o Ao —y||U .71

ghm 0 0 0 /A0 p1l|V

N;
Or, more concisely, (6©) = [h9]{5"@)} (9.72)

Substituting for the element loads column matrix using a relation of the form of eqn. (9.13)
gives
(0@} = WK NS} = [H Y5 )

which is the same form as egn. (9.16) and [H')] is the stress matrix with respect to local
coordinates. Evaluating [A‘®)][k"®)] gives the stress matrix as

-1 6t/L 4 1 6t/L 2t

[H,m]:g -1 —6b/L —4b 1 —6b/L —2b
L|—-1 —~6f/L -2t 1 —-6t/L —4t

-1 6b/L 2b 1 6b/L  4b

(9.73)
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Transformation of displacements and loads

§9.8

Relations of similar form to those of eqns. (9.18)—(9.23) but with additional rotational
dof. terms, previously not included in the rod element transformation, will enable the above
element stiffness and stress matrices to be transformed from local to global coordinates. The

expanded form of eqn. (9.18) for the beam element will be given as

U; cosa sina O 0 0 0 U;
v} —sine cosa 0 0 0 0| |w
o] | o 0o 1 0 0o ol
up | 0 0 0 cosa sina Of |u;
v’j 0 0 0 —sing cosa O vj
6. 0 0 0 0 0o 11 Lg

in which the transformation matrix is:

cosa¢ sinag O 0 0 0
—sinae cosa O 0 0 0
0 0 i 0 0 0

(e))]
[(r1= 0 0 0 cosa sina O
0 0 0 —sine cosa O
0 0 0 0 0 1

Element stiffness matrix in global coordinates

Acos? a + (121 sin® a/L?),
(A — 12I/L%)cosasina, Asin®a + (121 cos? &) /L2,
E —(6l sina)/L, (61 cosa)/L,

ey _.
(K] = L | —Acos?a — (12Isin®@)/L?, (—A+ 121/L?)cosasina,

—(6/sina)/L, (6l cos)/L,
symmetric
Acos?a + (121 sin® ar) /L2,
(A —12I/L%)cosasina, Asin® o + (121 cos? @)/L?,
(6 sina)/L, —(6lcosa)/L,

Element stress matrix in global coordinates

41,

(9.74)

(6 sina)/L,
—A + cosasmma, —Asin“o— cos” o , —(6lcosa)/L,
(—A + 121/L%) i A sin? (121 cos® &) /L? (61 )/L

21,

41

(9.75)

Substituting from eqns. (9.73) and (9.74) into eqn. (9.25) gives the element stress matrix

in global coordinates as:

—cosa — 6fsin(w)/L  —sina + 61 cos(a)/L

(H©] = E | —cosa + 6bsin(a)/L —sina — 6bcos(a)/L
L | —cosa+ 6tsin(a)/L —sina — 6rcos(a)/L

—cosa — 6bsin(a)/L —sina + 6bcos(a)/L
cos ¢ + 6t sin{a)/L sina — 67 cos(a)/L

cosw — 6bsin(a)/L sina + 6bcos(a)/L

cosa — 6tsin(a)/L sina + 61 cos(a)/L

cosa + 6bsin{a)/L sina — 6bcos(a)/L

4¢
—4b
=2t
2b

2t
—2b
—4¢
4b

(9.76)
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Formation of structural governing equation and assembled stiffness matrix

Whilst the beam element matrices include rotational dof. terms, not present in the rod
element matrices, the procedures of Section 9.7.1 still apply, and lead to the structural
governing equation

{P} =[Kl{p} (9.28)

and the assembled stiffness matrix

(K] = [a]"[k](al (9.29)

9.8.2. Formulation of a simple beam element using the principle of virtual work equation

As Section 9.7.2 the principle of virtual work equation will be invoked, this time to
formulate the equations for a simple beam element.

Consider the simple beam element shown in Fig. 9.28, for which the local and global axes
have again been taken to coincide to avoid need for the prime and hence to simplify the
appearance of the equations. The two nodes are each taken to have only normal and rotational
dof. The terms associated with the omitted axial dof. have already been derived for the linear
rod element in §9.7 and will be incorporated once the other terms have been derived. The
total of four dof. for this beam element permits the displacement to be interpolated by a
fourth order polynomial, namely

v(x) = &) + arx/L + a3x* /L% + aux’ /L

Fig. 9.28. Simple beam element, aligned with global x-axis.

where o) to a4 are generalised coefficients to be determined. Utilisation of eqns. (9.48) and

(9.49) shows this polynomial will provide for a linearly varying moment and constant shear

force and hence will enable an exact solution for beams subjected to concentrated loads.
Writing in matrix form,

o
Qs
a3
a4

v(x) = [1, x/L, x*/L* x*/L*)

or, more concisely
v(x) = [x]{a} 9.77)
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At the nodal points, v(0) = v;; v(l) = vy;
and dv/dx(0) =6;; dv/dx(L) =0,
Substituting into eqn. (9.77) gives
Vi 1 0 0 0 [+ 4]
6 _|0 /L O 0 o
vl |1 1 1 1 a3
0; 0 1/L 2/L 3/LJ Lag
Or, more concisely,
{v} = [Al{e}
Expressing in terms of the column matrix of generalised coefficients, {a}, gives
{a} = (A1 (v} (9.78)
Evaluation of eqn. (9.78) requires the inverse of matrix [A] obtained from
F/12 0 —3/12 2/127T
. T | O 1/L =2/L 1/L
0 0 -1/L 1/L
- 1/L? 0 0 0
_ 0 1/L 0 0
= | -3/L* —2/L 3/L* -1/L
L 2/L2 1/L —=2/L* 1/L
and det [A] = 1(1/L)(1 x 3/L —1 x 2/L) =1/L?
1/L* 0 0 0
1 _ 42 0 1/L 0 0
Hence, A7 =L -3/ 2/L 3/ —1/L
2/L% 1/L =2/L* 1/L
1 0 0 07
_ 3 L 0 0
~1-3 =2L 3 -L
2 L -2 LI

Substituting eqn. (9.78) into eqn. (9.77) and utilising the above result for [A]7!, gives
1 0 0 0

F;

- 22 33yl @ E 0 0106
v =Lx/L L5/ 30 o 3 _p| |,
2 L -2 Ll le;

Vi

= [ = 35 /L2 + 26 /L x = 2L + %12, 3 1 = 20 1, ~2 L+ 2 )2y |

J

6;

(9.79)
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which has the same form as eqn. (9.32), in this case with shape functions
Ny =1-3x%/L*+23/L3
Ny =x — 2x*/L + x*/L*
N3 =3x*/L% - 2x%/L1°
Ny = —x*/L+x3/L*

the variation of which is shown in Fig. 9.29.

y
i x- 3 ]
L
1.0
N,
0
|1.0
Ny
0

N, W

Fig. 9.29. Shape functions for a simple beam element.

Element stiffness matrix in local coordinates

Longitudinal bending stress is given by simple bending theory as
o=My/I
in which, from the differential equation of flexure, eqn. (9.48),
M = Eld*v/dx*

to give
o = Eyd*v/dx®
Substituting eqn. (9.79) into eqn. (9.80) gives
o = Ey[(12x/L* — 6/L*)(6x/L* — 4/L)(—12x/L> + 6/L*)(6x/L* — 2/L)]

= E[B]{u}

341

(9.80)

(9.81)
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which has the same form as eqn. (9.36), except in this case
[B] = yd*[N]/dx* (9.82)

Assuming Hookean behaviour, the longitudinal bending strain is obtained using
eqn. (9.81), as
¢ = 0/E = [Bl{u}

which has the same form as eqn. (9.33).
Taking the virtual longitudinal strain to be given in a form similar to the real strain,

ie. & = [B){u) (9.83)

Substituting the real stress from eqn. (9.81) and the virtual strain from eqn. (9.83) into the
equation of the principle of virtual work, (9.10), gives

0= w"(P) - [T BIEBI dv
The real and virtual displacements, being co:lstant, can be taken outside the integral, to give
— (P}~ [IBIEBI v )
The virtual displacements, {u}, are arbitrary and nonzero, hence
(P} = / [BI"E[B] dv {u} = [K'"®}{u}

where [k'©] = [ [BITE[B]dv, which is an identical result to eqn. (9.40).
Substituting from eqn. (9.82) gives

[K ()] = / Y(d*[N1/dx*)TEy(d*[N1/dx?) dv

L
= EI / (d*[N1/dx®)T(d*(N1/dx*) dx
0

50
2 /.x
e (3zx— 2)
"z
2
0z

B lE) 26E2) S (ape) HE)]er om

The following gives examples of evaluating the integrals of eqn. (9.84) for two elements of
the stiffness matrix, the rest are obtained by the same procedure.
2

Lre , x 6 /. x 36EI L/ x x
k,,=51/0 [ﬁ(2z—l)ﬁ(22—l)}dx=—zz—/o <4E—4Z+1)dx
36EI [4x3 x? 36EI [4 12E1
= x| = —_ 2+1 =
L4 L3 L3

312 L 3
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Lre /. x 2 /. x 12EI L/ x? x
and kyp =k =E1/ [— 2——1} = 3——2]dx=———— <6 7—+2>dx
12 =k A ( ) ( I ) 7

2 \“L L L3 ), \ 2
12E1 [2x*  7x? 12E1 7 6EI
= | T - = 12— - 42 = —
R | i (EE R L

Evaluation of all the integrals of egqn. (9.84) leads to the beam element flexural stiffness

matrix
12/L> 6/L —12/1* 6/L
[k’“’]—ﬂ 6/L 4  —6/L 2
T L | —12/1? —6/L 12/ —6/L

6/L 2 —6/L 4

which is identical to the stiffness matrix of eqn. (9.68) derived using fundamental equations.
The same arguments made in Section 9.8.1 apply with regard to including axial terms to
give the force/displacement relation, eqn. (9.69), and corresponding element stiffness matrix,
eqn. (9.70).

Element stress matrix in local coordinates

Bending and axial stresses are obtained using the same relations as those in §9.8.1.

Transformation of element stiffness and stress matrices to global coordinates

The element stiffness and stress matrices are transformed from local to global coordinates
using the procedures of §2.4.8.1 to give the stiffness matrix of eqn. (9.75) and stress matrix
of eqn. (9.76).

Formation of structural governing equation and assembled stiffness matrix

The theorem of virtual work used in §9.7.2 to formulate rod element assemblages applies
to the present beam elements. It follows, therefore, that the assembled stiffness matrix will be
given by eqn. (9.47). The displacement column matrices will, for beams, include rotational
dof., not present for rod elements. Further, at the nodes, moment equilibrium, as well as
force equilibrium, is now implied by eqn. (9.28).

9.9. A simple triangular plane membrane element

The common occurrence of thin-walled structures merits devoting attention here to their
analysis. Many applications are designed on the basis of in-plane loads only with resistance
arising from membrane action rather than bending. Whilst thin plates can be curved to resist
normal loads by membrane action, for simplicity only planar applications will be considered
here. Membrane elements can have three or four edges, which can be straight or curvilinear,
however, attention will be restricted here to the simplest, triangular, membrane element.

Unlike the previous rod and beam element formulations, with which displacement fields
can be represented exactly and derived from fundamental arguments, the displacement fields
represented by two-dimensional elements can only be approximate, and need to be derived
using an energy principle. Here, the principle of virtual work will be invoked to derive the
membrane element equations.
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9.9.1. Formulation of a simple triangular plane membrane element using the principle of
virtual work equation

With reference to Fig. 9.30, each node of the triangular membrane element has two dof.,
namely u and v displacements in the global x and y directions, respectively. The total of six
dof. for the element limits the « and v displacement to linear interpolation. Hence

u(x,y) = oy +axx + a3y

and v(x, ¥) = g4 + as5x + gy

Fig. 9.30. Triangular plane membrane element.

or, in matrix form

o)

2

ute, | _ (1 x y 0 0 Of a3

{v(x, y)il - [0 0 0 1 x y||as (9.85)

as

Q6
At the nodal points, u(x;, yi) = u;, v(x;, yi) = v,
u(xj, yj) = uj, vlx;, yj) = vy,
and u(xe, ye) = g, VXK, Vi) = Vk

Substituting into eqn. (9.85) gives

—u,-_ _1 Xi y,':O 0 0T Pal—
uj L x5y : 0 0 O oy
uy 1 Xk _yﬁl 0_ _0_ _0_ o3
Vj 10 0 0 rl Xi Y oy (5.86)
v 0 0 O : b x y||os
ka_ _0 0 0 ‘s 1 x Y| | % |

Or, more concisely, {p} = [AH{a}
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Similar to the previous sections, the column matrix of generalised coefficients, {«}, is
obtained by evaluating

{a} = [A]"'(p} (9-87)

where, by arranging the dof. in the above sequence enables suitable partitioning of [A] and
minimises the effort required to obtain the inverse. Unlike the previous treatment of the rod
and beam element, the evaluation of [A]! is delayed until Example 9.5. The result, however,
is given by eqn. (9.88). It is hoped this departure will enable the element formulation to be
more easily assimilated.

X2y3 — X2z Jayi —Xi1y3 X1Y2 — X2 0 0 0
| =y 3= Y=y g g 8
Al = — X3 — X2 Xy — X3 X2 — X 9.88
(Al 2a 0 0 0 X2Y3 —X3y2 X3y —X1y3 Xiy2 — Xa ¥ ©88)
0 0 0 =y »i—y N—n
0 0 0 X3 —Xp X — X3 X3 — X1

where a is equal to the area of the element.
Substituting from eqn. (9.87) into eqn. (9.85), utilising the result for [A]7!,ie.eqn. (9.88),
and writing concisely the result of the matrix multiplication, gives
Uj
uj
i 0 0 0 U
0 0 N,- Nj Nk Uk
vj
Uk

where the shape functions are given as
1
Ni=S-1xjye — %y + (3 = yx + (e — x;)y1
1
Nj= ‘i‘;[xk}’i =Xy + (0 — yidx + (i — xi)y] (9.89)

1
Ny = %[xin = xjyi+ (i — yj)x + (xj — xi)y]

Note that the shape functions of eqns. (9.89) are linear in x and y. Further, evaluation of
eqns. (9.89) shows that shape function N;(x;, y;) = 1 and N;(x, y) = 0 at nodes j and %, and
at all points on the line joining these nodes. Similarly, N;(x;, y;) = 1 and N (x, y) = 1,
and equal zero at, and on the line between, the other nodes.

Formulation of element stiffness matrix
For plane stress analysis, the strain/displacement relations are
Exx = Ou/Ox, &y, =v/0y, &, = 0u/dy+ dv/ox

where €., and &, are the direct strains parallel to the x and y axes, respectively, and &, is
the shear strain in the xy plane. Writing in matrix form gives
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Exx 9/ox 0 7 u
{e} = [5}'}} = [ 0 /0y [v]
Exy a/dy d/0dx |
Substituting from eqn. (9.85) and performing the partial differentiation, the above becomes

)
01 000 07/
{e}:[o 0 0 0 0 1} o3
00101 0]|*
o5
L Qg
Substituting from eqn. (9.87) gives
Ui
01 0000 “j
{s}:[O 0000 1}[,4]—‘ e
001010 vi
vj
/7
Or, more concisely, {e} = {B]{u} (9.90)
01 0000
where [B]=[O 0000 1][,41-’ 9.91)
001010

Note that matrix [B] is independent of position within the element with the consequence that
the strain, and hence the stress, will be constant throughout the element.

For plane stress analysis (0,; = 0x; = 0,; =0) with isotropic material behaviour, the
stress/strain relations in matrix form are

0

Orx E 1 v
{0'} = |Vo-_vy} = ] 2) v 1 1 9 v {8}
ol A=) ]0 o

Or, more concisely, {o} = [D}{e} (9.92)

where oy, and o,, are the direct stresses parallel to x and y axes, respectively, oy, is the
shear stress in the xy plane, and [D] is known as the elasticity matrix.

Following the same arguments used in the rod and beam formulations, namely, taking
the expression for virtual strain to have a similar form to the real strain, eqn. (9.90), and
substituting this and the expression for real stress, eqn. (9.92), into the equation of the
principle of virtual work, (9.10), gives the element stiffness matrix as

k)= [1B"DIB v (9.93)
The only departure of eqn. (9.93) from the previous expressions is the replacement of the

modulus of elasticity, E, by the elasticity matrix [D], due to the change from a one- to a
two-dimensional stress system.
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Recalling, for the present case that the displacement fields are linearly varying, then matrix
[B] is independent of the x and y coordinates. The assumption of isotropic homogeneous
material means that matrix [D] is also independent of coordinates. It follows, assuming
a constant thickness, ¢, throughout the element, of area, a, eqn. (9.93) can be integrated
to give

[k} = at [BI"[D](B] (9.94)

Element stress matrix

The expression for the element direct and shear stresses is obtained by substituting from
eqn. (9.90) into eqn. (9.92), to give

{0} = [D(B]{u}

or, more fully,

Ui

uj

Oxx Uy
oy | = [DI[B] N (9.95)

Oxy '

) v;

Uk

These stresses are with respect to the global coordinate axes and are taken to act at the
element centroid.

Formation of structural governing equation and assembled stiffness matrix

As Sections 9.7.2 and 9.8.2, the structural governing equation is given by eqn. (9.28) and
the assembled stiffness matrix by egn. (9.47).

9.10. Formation of assembled stiffness matrix by use of a dof. correspondence table

Element stiffness matrices given, for example, by eqn. (9.23), are formed for each element
in the structure being analysed, and are combined to form the assembled stiffness matrix
[K]. Where nodes are common to more than one element, the assembly process requires
that appropriate stiffness contributions from all such elements are summed for each node.
Execution of finite element programs will enable assembly of the element stiffness contri-
butions by utilising, for example, eqn. (9.29) deriving matrix [a], and hence {a]T, from the
connectivity information provided by the element mesh. Alternatively, eqn. (9.47) can be
used, the matrix summation requiring that all element stiffness matrices, [k‘®'], are of the
same order as the assembled stiffness matrix [K]. However, by efficient “housekeeping” only
those rows and columns containing the non-zero terms need be stored.

For the purpose of performing hand calculations, the tedium of evaluating the triple
matrix product of eqn. (9.29) can be avoided by summing the element stiffness contri-
butions according to eqn. (9.47). The procedure to be adopted follows, and uses a so-called
dof. correspondence table. Consider assembly of the element stiffness contributions for the
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simple pin-jointed plane frame idealised as three rod elements, shown in Fig. 9.19. The
element stiffness matrices in global coordinates can be illustrated as:

[air a2 a3 a4
[ At )] — ayy axp a4
asy 4z aszz A
Laq) Q42 4g3 a44 ]
(b1 bia bz bis
by by by bn
by by b33 by
Lbay  bay baz  bag |
[Cii Ci2 €13 Ci4
[k(c)] = €21 € €23 (24
€3y €3 €33 C34
LC41 €42 C43 Caq

[k®] =

The procedure is as follows:

e Label a diagram of the frame with dof. numbers in node number sequence.

e Construct a dof. correspondence table, entering a set of dof. numbers for each node of
every element. For the rod element there will be two dof. in each set, namely, u and v
displacements, and two sets per element, one for each node. The sequence of the sets
must correspond to progression along the local axis direction, i.e. along each positive x’
direction. This is essential to maintain consistency with the element matrices, above, the
terms of which have been shown in eqn. (9.23) to involve angle «, the value of which
will correspond to the inclination of the element at the end chosen as the origin of its
local axis. The sequence shown in Table 9.2 corresponds to «, = 330°, &, = 180° and
a, = 210°. The u and v dof. sequence within each set must be maintained.

e Choose an element for which the stiffness contributions are to be assembled.
e Assemble by either rows or columns according to the dof. correspondence table.

e Repeat for the remaining elements until all are assembled.

Table 9.2. Dof. correspondence table for assembly of structural stiffness matrix, [K].

Row and/or column Row and/or column in assembled stiffness matrix, (K]
in element stiffness
matrix, [k} element a element b element ¢
1 1 3 1
2 2 4 2
3 -3 5 5
4 4 6 6

For example, choosing to assemble element b contributions by rows, then the first and the
“element b” columns of the dof. table, Table 9.2, are used. Start by inserting in row 3,
columns 3, 4, 5, 6 of structural stiffness matrix [K], the stiffness contributions respectively
from row 1, columns 1, 2, 3, 4 of element stiffness matrix, [k®’]. Repeat for the remaining
rows 4, 5, 6, inserting in columns 3, 4, 5, 6 of [K], the respective contributions from rows
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2,3, 4, columns 1, 2, 3, 4 of [k®’]. Repeat for remaining elements a and ¢, to give finally:

an+cn antcen aps a4 €13 Cia
a; +c¢ an+cxn an ax 3 €24
(K] = asy as a3 + by az+ by bis bia
as ag as3 + by au + bn bx by
31 32 b3 by bz +c33 b+
ca1 ¢4 by by, byz + €3 bag + cay

The above assembly procedure is generally applicable to any element, albeit with detail
changes. In the case of the simple beam element, with its rotational, as well as translational
dof ., reference to § 9.8 shows that the element stiffness matrix is of order 6 x 6, and hence
there will be two additional rows in the dof. correspondence table. A similar argument holds
for the triangular membrane element, with its three nodes each having 2 dof. The Examples
at the end of this chapter illustrate the assembly for rod, beam and membrane elements.

9.11. Application of boundary conditions and partitioning

With reference to §9.4.7, before the governing eqn. (9.28) can be solved to yield the
unknown displacements, appropriate restraints need to be imposed. At some nodes the
displacements will be prescribed, for example, at a fixed node the nodal displacements
will be zero. Hence, some of the nodal displacements will be unknown, {p,}, and some
will be prescribed, {pg}. Following any necessary rearrangement to collect together equa-
tions relating to unknown, and those relating to prescribed, displacements, eqn. (9.28) can
be partitioned into

[{Pa}} %[Kaa]l [Kaﬂ] [{pa} (996)

{Pg} [K o] [K gl

It will be found that where the loads are known, {P,}, {i.e. prescribed nodal forces (and
moments, in beam applications)], the corresponding displacements will be unknown, {p,],
and where the displacements are known, {pg}. (i.e. prescribed nodal displacements), the
forces, {Pg}, (and moments, in beam applications), usually the reactions, will be unknown.

9.12. Solution for displacements and reactions

A solution for the unknown nodal displacements, { p,}, is obtained from the upper partition
of eqn. (9.96)

{P(x} = [Kaa]{pa} + [Ka/i]{pﬁ}
Rearranging
[Kaot]{pa} = {Pa} - [Kaﬂ]{pﬂ}

To obtain a solution for the unknown nodal displacements, { p,}, it is only necessary to invert
the submatrix [K,q]. Pre-multiplying the above equation by [Ku,]~' (and using the matrix
relation, [Kuq] '[Kea} = [I], the unit matrix), will yield the values of the unknown nodal
displacements as

{Pa} = [Kael ' {Pa} — [Kaal ™' [Kapl{Pg) 9.97)
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If all the prescribed displacements are zero, i.e. { pg} = {0}, the above reduces to

{Pa) = [Kaal "' {Po) (9.98)
The unknown reactions, {Pg}, can be found from the lower partition of eqn. (9.96)
{Pg} = [Kpa){pa} + [Kps){ B} (9.99)
Again, if all the prescribed displacements are zero, the above reduces to
{Ps) = LK pu){Pa} (9.100)
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Examples

Example 9.1

Figure 9.31 shows a planar steel support structure, all three members of which have the
same axial stiffness, such that AE/L = 20 MN/m throughout. Using the displacement based
finite element method and treating each member as a rod:

(a) assemble the necessary terms in the structural stiffness matrix;

(b) hence, determine, with respect to the global coordinates (i) the nodal displacements, and
(1i) the reactions, showing the latter on a sketch of the structure and demonstrating that
equilibrium is satisfied.
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L 3m
F
Fig. 9.31.

Solution

(a) Figure 9.32 shows suitable node, dof. and element labelling. Lack of symmetry prevents
any advantage being taken to reduce the calculations. None of the members are redundant
and hence the stiffness contributions of all three members need to be included.

All three elements will have the same stiffness matrix scalar,

ie. (AE/L)® = (AE/L)® = (AE/L)® = AE/L

X ®@a3a

Fig. 9.32.

With reference to §9.7, the element stiffness matrix with respect to global coordinates is
given by

cos? o (e)
K9] = AEN® | sinacosa sin® o symmetric
“\L —cos’a  —sinacosa  cos’a

— sina cos ~sina sinacosa sin®a
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Evaluating the stiffness matrix for each element:

Element a
a@ = —tan"'(4/3), cosa@ = —0.6, sina® =0.8
0.36 —048 —-0.36 0.48
(k@] = ziE_ —0.48 0.64 048 -0.64
- 7. |-036 048 036 -048
048 —0.64 —-048 0.64
Element b
o® = 180°, cosa® = —1, sina® =0
1 0 -1 O
AE 00 00
by - =
W=7"1_10 10
0 0 00
Element ¢

a© =90, cosa® =0, sina'® =1

O 00 0
o 4AElo 1 0 -1
@) — =

KT=710o 00 o

0 -1 0 1

The structural stiffness matrix can now be assembled using a dof. correspondence table, (ref.
§9.10). Observation of the highest dof. number, i.e. 6, gives the order (size), of the struc-
tural stiffness matrix, i.e. 6 x 6. The structural governing equations and hence the required
structural stiffness matrix are therefore given as

Row/ | Rowicolumnin | [ T 036 |-048 |-036 | 048 | R
column K1 X | ! | i |
in) T, 1. I S U M L A N I T
k] 048 064 | 048,-064] |
1 3 3 5 ¥ 1 | I | |
2 4 4 6 __0__1__1__|___|____|__0__|__‘_1_ V]
3 s i X -036 | 048 | 036 ,-0.48, |
4 2 6 2 2 | |
AE : 1 : 0 : -l 0 u
v TTL | 704806412048 064 VT
2 | | l i I
1 I i ro !
————I—-———o—-(—)-4——-%—l——~——|—g— v2
| | =1 | |
X3 [ | 11 | ! |
0 0 | v 01 0 u3
A A R
i ! 1
Y3 I I I | |
L] L 0 ¢ -l ‘ C 0 1 v
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(b) (i) Rearranging and partitioning, with u; = u; = u3 = v3 =0, (i.e. {pg} = 0)

Y, —-90 x 103] _AE [ 1.64 —0.64
Yo T L

_ v . _
-72 x 10° —0.64 0.64] [vz]l-e-{Pa}—[Kaa]{pa}

Inverting [K,,] to enable a solution for the displacements using {p,} = [K o) P}

. AE [0.64 0.64
adj [Koe] = [

L |0.64 164] and  det[Koo] = 0.64(AE/L)’

T AE |1 25625 AE

Then [Kp]”" L [1 1 ] Check: L [1 1 }ALE [ 1.64 —0.64

1 2.5625| L |-0.64 0.64] =
The required displacements are found from

{pa} = [Kaa]_l{Pa}
o L1 1 Y g1 1 90.10°
O T — 8
Substituting, [Uz]— AE[I 2_5625”112]— 5x10 [1 2.5625] [72.103]
[ -8.10
= |-13.73
mm

The required nodal displacements are therefore vy = —8.10 mm and v, = —13.73 mm.
(ii) With reference to §9.12, nodal reactions are obtained from

{Pg} = [K gal{ P}

Substituting gives

X1 —0.48 048 -0.48 048
X, | _AE | 048 -0.48 [”‘]—2x107 048 —0.48 —8.10 x 1073
X;| L 0 0 val 0 0 —13.725 x 1073
Y3 -1 0 ~1 0
—54
| 54
- 0
1621

The required nodal reactions are therefore X; = —54 kN, X, =54 kN, X3 =0 and Y3 =
162 kN.

Representing these reactions together with the applied forces on a sketch of the structure,
Fig. 9.33, and considering force and moment equilibrium, gives

> Fr=(54-54) kN =0
> Fy=(162-90-72)kN =0
D> M3 =(54x4-73x3)kNm=0

Hence, equilibrium is satisfied by the system of forces.
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90 kN

54 kN —a— @

. |
%-»x 0 —» — 54 kN
o ®
162 kN
Fig. 9.33.

Example 9.2

Figure 9.34 shows the members and idealised support conditions for a roof truss. All
three members of which are steel and have the same cross-sectional area such that AE = 12
MN throughout. Using the displacement based finite element method, treating the truss as a
pin-jointed plane frame and each member as a rod:

(a) assemble the necessary terms in the structural stiffness matrix;

(b) hence, determine the nodal displacements with respect to the global coordinates, for the
condition shown in Fig. 9.34.

(c) If, under load, the left support sinks by 5 mm, determine the resulting new nodal displace-
ments, with respect to the global coordinates.

40 kN
y s 20kN

X

5 2
: e ;

Fig. 9.34.

Solution

(a) Figure 9.35 shows suitable node, dof. and element labelling. Lack of symmetry prevents
any advantage being taken to reduce the calculations. However, since both ends of the
horizontal member are fixed it is redundant therefore and does not need to be considered
further.



Introduction to the Finite Element Method 355

40 kN

|

12D ps—20kN

T

Fig. 9.35.

All three members have the same AE, hence
(AE)® = (AE)® = AE

With reference to §9.7, the element stiffness matrix with respect to global coordinates is
given by

cos? a ©
(k] = <z£ ) ©1 sina cosa §in2 o symn12etric
L —COoSs“ —SImMaCcosa cos“ o
—sinx cos o —sin*a sinacosa  sin’a

Evaluating the stiffness matrix for both elements:

Element a
L@ =2m, o@ =60°, cosa' =1/2, sina® =.,/(3)/2
1 V3 -1 =3
k9] = ‘/E V3 3 -v3 -3
=8|l -1 =3 1 V3
-3 =3 3 3
Element b

L® =23m, o® =150°, cosa® = —/(3)/2, sina® =1/2

V3 -1 =3 1
K] — AE | -1 1/43 1 —-1/V/3
L T8 |-V3 1 Vi ooo-l

1 —1/4/3 -1  1/V3

The structural stiffness matrix can now be multi-assembled using a dof. correspondence
table, (ref. §9.10), and will be of order 6 x 6. Only the upper sub-matrices need to be
completed, i.e. [K,,] and [K,g], since the reactions are not required in this example. The
necessary structural governing equations and hence the required structural stiffness matrix
are therefore given as



356 Mechanics of Materials 2

Row/ Row/column in
column K]
in
[k a b
1 3 5
2 4 6
3 1 1
4 2 2
X, m I Ly ! I | 9 A
1 | V3 | I =V3 | U
V3 -1 { V3,
Yy vi 3 P V3 3 | v
_1 | ' ] I I
____‘1_4___._1/.}/:2},._____]_..._.__4_.__1..;___1_/_3_
I | i ] !
X3 | | | 1 | Uy
AE t I I i I
= — | | ! ] I
8 | | | | |
Y; ! I ! ! | v
i I i | ]
i I I I |
X I | | | .'
3 | ! | I I “3
j I t I I
] | I I I
y3J [ I I I I | v3

(b) Corresponding to u; = v; = uz = v3 = 0, the partitioned equations reduce to:

X, ] _[-20x10°] _AE[2.7321 0.7321] [u] . B
[Yl] [~4Ox103] 0.7321 3.5774 | | v, | 1€ {Pal = keal{pa}

8

Inverting [K 4] to enable a solution for the displacements from {pg} = [Kaal™ ' {Pq}

AE\? _ AE\2
adj [Koo] = <——> [ 3.5774 0'7321] and det [Koo] = (?) 9.2378

8 —0.7321 2.7321
Then [Kg4o]™!
_ 8 [ 0.3873 —0.07925]Check, 8 [ 0.3873 —0.07925] 8 [2.7321 0.7321]_[1]
~ AE 1-0.07925  0.2958 "AE 1—0.07925  0.2958 | A 10.7321 3.5774] —

Hence, the required displacements are given by

{Pa} = (Kol ' {Pa)

Substitutin up | _ ___8__ 0.3873  —0.07925] [-20.10°] _ [-3.05
& v | 12 x 106 | —0.07925  0.2958 —40.10° | ~ | —-6.83 mm

The required nodal displacements are therefore u; = —3.05 mm and v; = —6.83 mm.
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(c) With reference to §9.12, for non-zero prescribed displacements, i.e. {pg} # {0}, the
full partition of the governing equation is required, namely,

{Pa} = [Kaa]{pa} + [Kaﬂ]{pﬂ}

Rearranging for the unknown displacements

{pa} = [Kaa]—l{Pa} - [Kaa]_l[Kaﬂ]{Pﬁ}
Evaluating

(Kaa]™ [Kag] = [ 03873 -0.07925] [ -1 -1.7321 -1.7321 1
o «pl = | —0.07925  0.2958 -1.7321 -3 i —0.5773

_[-0.25 —0.4331 -0.75 0.4331
| -0.4331 ~-0.75 0.4331 -0.25

_ [2.1655
=135
mm

-1
and [Keol " [KapllPp) = | 04331 —075 04331 -025 0

0
[—0.25 —0.4331 -0.75 0.4331] [—5x10-3}
0

Recalling from part (b) that

— -3.05
(Kool l{Pct} = [ ]
—6.83]
and substituting into the above rearranged governing equation,
e | %] = =305 _|2.1655| _ | —-5.22
vy | T | -6.83 3.75 T [—10.58]
yields the required new nodal displacements, namely, 4; = —5.22 mm and v; = —10.58 mm.

Example 9.3

A steel beam is supported and loaded as shown in Fig. 9.36. The relevant second moments
of area are such that I =2/® =2 x 10™> m* and Young’s modulus E for the beam
material = 200 GN/m?. Using the displacement bascd finite element method and representing
each member by a simple beam element:

50 kN.m

L.

s

Fig. 9.36.

(a) determine the nodal displacements;
(b) hence, determine the nodal reactions, representing these on a sketch of the deformed
geometry. Show that both force and moment equilibrium is satisfied.
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Solution
(a) Figure 9.37 shows suitable node, dof. and element labelling. Lack of symmetry prevents
any advantage being taken to reduce the calculations. There are no redundant members.
Employing two beam finite elements, (which is the least number in this case), both
elements will have the same E/L, i.e.

(E/L)® = (E/LY® = E/L

iL—

50 kN.m

(b}

123 @ - a r/-\ X b -
X

7%7 @ 456 @@ 789  °

NN
0

Fig. 9.37.

However, the second moments of area will be different, such that
19 =2land IV =

and will be the only difference between the two element stiffness matrices.
With reference to §9.8 and in the absence of axial forces, each element stiffness matrix
with respect to local coordinates is given as

12/L2
(K] = (g)‘e’ 6/L 4 symmetric

L —12/L* —6/L  12/L?
6/L 2 —6/L 4

The above local coordinate element stiffness matrix will, in this case, be identical to that
with respect to global coordinates since the local and global axes coincide.
Substituting for both elements:

Element a

Recalling /@ = 21

24/L2
(k@] = EI 12/L 8 symmetric
“\L —24/12 —12/L  24/L?

12/L 4 —12/L 8
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Element b

Recalling 1®) =1

12/L?
(k®)] = El| 6/L 4  symmetric
=TT | -12/L> -6/L  12/L?
6/L 2 —6/L 4

The structural stiffness matrix can now be assembled. A dof. correspondence table can be
used as an aid to assembly. However, observation of the relatively simple element connec-
tivity, shows that the stiffness contributions for element a will occupy the upper left 4 x 4
locations, whilst those for element b will occupy the lower right 4 x 4 locations of the 6 x
6 structural stiffness matrix. The reduced structural stiffness matrix is due to the omission
of axial terms, otherwise the matrix would have been of order 9 x 9. Hence, completing
only those columns needed for the solution, gives

i I I ) i T
! | | I 12/L I ' U]
1 1 I f |
T Y H I N
I ] I I I
M, ! i ] 4 | | o
I | I I I
et fm o = —
Y, £l I I | —=12/L i I v
I I { I ' 2
=— | i ! 6/L i 6/L
) 0 P S T S e d—— —
My I I P8 L 6
Y T N N SV S B2 :
I ] 1 I i
1 I I | !
Y3 | ' ' -6IL | I _6/L U3
! I I
Tyt TTr T T T T T T ' R
M | ] ! i !
I |
L 3_ i I I 2 | 44 _03_

No need to complete these columns

Corresponding to v; = 6, = v, = v3 = 0 (by omitting axial terms it has already been taken
that u; = uy = u3 = 0), the partitioned equations reduce to

M ElIf12 2 17} .
[Mi] =T[ 2 4] [ej] ie. {Po) = [Kaallpa)

Inverting [K ] to enable a solution for the displacements from {p,} = [K ool {Pa)

. EI[ 4 -2 )
where adj [Kpo] = — and det [K,,] = 44(EI/L)
L |2 12
_ L 4 =2 L 4 -21EIT12 2
I I —_
Then, el ™ = 24E7 [—2 12} Check 2z [—2 12] L [ 2 4] =l

The required displacements are found from

{Pa} = [Kaal ' {Pa}
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.o 6| L 4 -2} |M,
Substituting [93 ] =El {_2 12} [MJ

_ 2 4 -21[5x10*
T44x200x 109x 1 x10-5 | -2 12} |0

22727 x 10~* [ 20] _ [ 4.545‘10-3] _ [ 0.260}
rad deg

-10 —2.273.1073 -0.130

The required nodal displacements are therefore 8, = 0.26° and 63 = —0.13°.
(b) With reference to §9.12, nodal reactions are obtained from

{Pa} = [Kopl{ pa}

Y, 12/L 0
L. M| EI| 4 0 |[6
Substituting gives Y| =T | -6/L 6/L [ 0,
Ys —-6/L —6/L
6 0
_200x10°x1x107° | 4 o[ 4545x107
- 2 -3 3| |-2273x1073
-3 -3
27.27 kN
_ | 1818 kNm
~20.45 kN
—6.82 kN

The required nodal reactions are therefore Y; =27.27 kN, M; =18.18 kNm, Y; =
~20.45 kN and Y3 = —6.82 kN.

Representing these reactions together with the applied moment on a sketch of the deformed
beam, Fig. 9.38, and considering force and moment equilibrium, gives

TF, = (27.27 — 20.45 — 6.82) kN = 0
TM| = (18.18 + 50 — 20.45 x 2 — 6.82 x 4) kNm = 0

18.18 kNm (

| | |

27.27 kN 27.45 kN 6.82 kN

Fig. 9.38.

Example 9.4

The vehicle engine mounting bracket shown in Fig. 9.39 is made from uniform steel
channel section for which Young’s modulus, E = 200 GN/m?. It can be assumed for both
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M, = 0.5 kNm
NA. " _ 36mm
. { | .__L“ mm
Section A-A
Qﬁo mm

Fig. 9.39.

channels that the relevant second moment of area, / =2 x 1078 m* and cross-sectional
area, A = 4 x 10™* m?. The bracket can be idealised as two beams, the common junction of
which can be assumed to be infinitely stiff and the other ends to be fully restrained. Using
the displacement based finite element method, and representing the constituent members as
simple beam elements:

(a) assemble the necessary terms in the structural stiffness matrix;

(b) hence, determine for the condition shown in Fig. 9.39 (i) the nodal displacements with
respect to the global coordinates, and (ii) the combined axial and bending extreme fibre
stresses at the built-in ends and at the common junction.

Solution
(a) Figure 9.40 shows suitable node, dof. and element labelling. The structure does not
have symmetry or redundant members. The least number of beam elements will be used to

25kN
_ 0.5 KNm
a a x® \ 1kN
21@ 458 123 (D) vl
x"™
0.08 m
b
S — T
® 789 yv
0.10m
f
oM

Fig. 9.40.
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minimise the hand calculations which, in this example, is two.
Both elements will have the same A, E and /,

ie. AEDND=@AEN®=AE,I

but will have different lengths, i.e. L and L®.
With reference to §9.8, the element stiffness matrix inclusive of axial terms and in global
coordinates is appropriate, namely:

Acos?a + (121 sin® a)/L?,
(A —12[/L*) cosasina, Asin®a+ (121 cos? a)/L?,
o= (E @ _(6I'sina)L, (61 cos)/L, 4l
“\L —Acos?a — (121 sin? u)/LZ, —(A - 121/L2)cosa sine, (6Isina)/L,
—(A —12I/L*cosasina, —Asin®a — (12 cos®a)/L?, —(6] cosa)/L,
—(6Isina)/L, (6l cosa)/L, 21
Acos?a + (121 sin’ @)/L?,  symmetric
(A —12I/L*)cosasina,  Asin®a+ (121 cos®@)/L?,
(6l sina)/L, —(6I cosa)/L, 4]

Evaluating, for both elements, only those stiffness terms essential for the analysis:

Element a
L@ =0.1m, a@ = 180°, cosa® = —1,sina'® =0
(Al 010 @ 01 0
01 120/L% ' —6l/L
E |0 6L | 4l
W= | e = E x 104

No need to complete these rows and columns, for these examples

Element b
LY =0.08m, o? =270°, cosa®” =0, sina® =-1
(12002 1 0 ' 61/L gt 468751 01 0.1875¢ 1
0 1A1 O ¢ £ 0 50, 0
won = E | SUL L0, 4l _,| 01875} 0710.10°3 :
L{h) G =EX lO ‘l@' P P
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The structural stiffness matrix can now be assembled. Whilst the structure has a total of 9
dof., only 3 are active, the remaining 6 dof. are suppressed corresponding to the statement
in the question regarding the ends being fully restrained. The node numbering adopted in
Fig. 9.40 simplifies the stiffness assembly, whereby the first 3 x 3 submatrix terms for
both elements are assembled in the first 3 x 3 locations of the structural stiffness matrix;
these being the only terms associated with the active dofs. It follows that rearrangement is
unnecessary, prior to partitioning. The necessary structural governing equations and hence
the required structural stiffness matrix are therefore given as

X, [ 40 0 0

T -

|
! u)
4.6875 0 0.1875 :
Y 0 24 -012
! U1
0 50 01 4
M, 0 012 8x10-3 !
0.1875 0 10x10-3 1 81
S T R . L
Xz : up
|
= -4 '
Y2 E XlO : Uy
|
|
M, | 62
|
}
I
X3 : u3
|
|
Y3 | v3
I
M3 | L : Iles)

These submatrices are not required, for this example.
(b) (i) Corresponding to up = vy = 6, = uz = v3 = 63 =0, the partitioned equations
reduce to

X, 446875 O 0.18757 1y,
Y1 | =Ex10™* [ 0 524  —0.12 ] [vl]
M, 0.1875 -0.12 0.018 6,

89.375 0 0.3757 Tu
= 107[ 0 104.8 —0.24 ] [vl]
0.375 ~024 0.036] Lo
ie. {Pot} = [Kota]{put}

Inverting [K ] to enable a solution for the displacements from {py} = [Koa] ™' {Pq}

37152 —0.09 -393
where adj [Koa] = 10" [ ~0.09 30769 21 .45}
393 2145  9366.5



364 Mechanics of Materials 2

and det [K o] = 107'{89.375[104.8 x 0.036
— (—0.24)(—0.24)] — 0 4+ 0.375(0 — 0.375 x 104.8))}

= 317.3085 x 10%!

11.7085 —0.2836 —123.8542
Then (Kool ™! =10*‘°[ —0.2836  9.6969 67.5998}
—123.8542 67.5998 29518.59

The required displacements are found from

Do = [Kaa]_]{Pa}

u; 11.7085 —0.2836 —123.8542 1
Substituting[vl] =1071° [ —0.2836  9.6969 67.5998] 103{—2.5]
6, —123.8542  67.5998 29518.59 —0.5

7434 x 107° m
{—5.833 x 107 m }
—1.505 x 1073 rad

The required nodal displacements are therefore u; = 7.434 x 1079 m, v; = —5.833 x
107 m and 6; = —1.505 x 1073 rad.
(b) (ii) With reference to §9.8, the element stress matrix in global coordinates is given as

(e)] —
M) = L | —cosa + 6tsin(a)/L —sina — 6tcos(a)/L —2t cosa — 6tsin(a)/L sina + 6tcos(a)/L —4t

—cosa — 6rsin(a)/L —sine + 6tcos(a)/L 4t cosa + 6tsin(a)/L sina — 6t cos{(a)/L ZI]
—cosa — 6bsin(a)/L —sina + 6bcos(a)/L  2b cosa + 6bsin(a)/L sina — 6bcos(a)/L  4b

E [— cosa + 6bsin(a)/L —sina — 6bcos(a)/L —4b cosa — 6bsin(a)/L sina + 6bcos(a)/L —2b
Evaluating, for both elements, only those terms essential for the analysis:
Element a

1@ =14 x 1073 m, b = 6 x 1073 m, and recalling from part (a) L® = 0.1 m, @ =
180°, cos @ = —1, sina® =0

1 :—0.84 : 56 x 10-3 : : :

! - -3 | i i

(H@) = 200x10° | 1 036, 24x10-3 ! | i
0.1 1] 084 | -28x10-3 1 | |

11-036 | 12 x 10-3 | | |

!
No need to complete these columns for this example %

With reference to §9.7, the element stresses are obtained from

With reference to §9.7, the element stresses are obtained from
(0} = (H)s")
where, for element a, the displacement column matrix is

(89 = {u; v 6; up vy 63} in which up = v; = 6, = 0 in this example.
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Substituting for element a and letting superscript i denote extreme inner fibres and superscript
o denote extreme outer fibres, gives

ol 1!-084! 56x10-3! ! ! [ 7434 x 10-6] [-143.89 x 106
9 le2x 02| ‘ 0.36 "24 x 10~ 3‘ b -5.833x10-6| | 8291 x 106
oy 1 « 0.84 :-28 x 10-3 ‘ [ | 1.505 x 10-3 89.35 x 106
o) 11-036 12x10-3 : : 0 ~17.05 x 106
0
I 0o

The required element stresses are therefore 0! = 143.89 MN/m? (C), o0 = 82.91 MN/m*(T),
o} = 89.35 MN/m2(T) and 0§ = 17.05 MN/m? (C).

Element b

t®) =6 x 1073 m, b® = 14 x 10~ m, and recalling from part (a) L’ = 0.08 m, o® =
270°, cosa® = 0, sing® = —1,

045 11 24x 107! ! :

[H(b)] = 200 % 109 -105 | 1] -56x 107 | ! !
0.08 045 |1 -12x107 1! !

[ 3 I I

105 11 28x 10 ! I |

Again, the element stresses are obtained from
(0} = (H)(s")
where, for element b, the displacement column matrix is
{s®} = {u; v1 61 u3 v3 63} in which u3 = v3 = 63 = 0 in this example.

Substituting for element b gives

of 045! 1) 24x 10% | ! [7434x 16%] [ -96.52x 16
ol 25y 1g2105! H-56x 107 ! -5.833x 10°| | 176.60 x 16
oyl 0451 li-12x 103 | i -1.505x 103 | | 2220x 16
ol 105, 1) 28x 103, | ! 0 -100.42 x 16
3 - | | ) N/m2
0
L 0 ]

The required element stresses are therefore o) = 176.60 MN/m’ (T), ¢ = 96.52 MN/m?
(C), 6% = 100.42 MN/m?(C) and 0§ = 22.20 MN/m? (T).

Example 9.5

Derive the stiffness matrix in global coordinates for a three-node triangular membrane
element for plane stress analysis. Assume that the elastic modulus, E, and thickness, ¢, are
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constant throughout, and that the displacement functions are
u(x, y) = oy + arx + a3y
v(x, y) = 4 + asx + agy

Solution

With reference to §9.9 and with respect to the node labelling shown in Fig. 941, matrix
[A] will be given as:

M1 Xy yll'O 0 0 | Aaa:Auﬂ
1
1

[ay - |13 2310 0 0
0 0 0.1 X1 Vi
0 0 0,1 x y
0 0 01 x3 y3
-1
Then [A]™' = {[A"‘g] : Aﬂgl“‘J where [Agq]™' = [Ags]™", in this case

Fig. 9.41.

Obtaining the inverse of the partition

T X2y3 —X3Y2 Y2—Yy3 X3 — X2 T
ad.] [Aaa] = [Caot] = | X3y —X1Y3 Y3i— Y1 X —X3
XtYa —X2¥1 1 — Y2 X2 — X
[XZ)B —X3Y2 X3y —X1Y3 Xi» —xzyl}

Y2— Y3 y3i— ) Yi— ¥
X3 — X2 X] — X3 X2 — X



Introduction to the Finite Element Method 367

and det [Aye] = (2y3 —x3y2) — (1 y3 —x331) + (X1y2 — x21)
=xi(y2 — y3) + x2(y3 — y1) +x3(y1 — »)

= 2 x area of element = 24, (see following derivation)

. X2y3 — X x3y1 — X XjV2 — X
_, adjlAgg] 1 2Y3 —X3)2 X3)1 1Y3 Xiy2 — X
Then Al = detlA] =55 2> 3=y yi—x»
o X3 — X2 x| — X3 X2 — X
X2¥3 —X3y2 X3¥L —X1y3 X1y2 —X2)i 0 0 0
y2—¥ 3—n yi—» 0 0 0
_ - - - 0 0 0
H AT = — X3 — X2 X —x3 X2 —X)
ence,  [A] 2a 0 0 0 X2y3 —X3Y2 X3y —X1y3 Xyy2 — X2y
0 0 0 2= y3i— yi—»n
0 0 0 X3 — X2 x| — X3 X2 — x|

Area of element

With reference to Fig. 9.42, area of triangular element,
a = area of enclosing rectangle — (area of triangles b, c and d)

= (x2 —x1)(y3 — y1) — (1/2)(x2 — x1)(y2 — y1) — (1/2)(x2 — x3)(y3 — y2)
= (1/2)(x3 — x1)(y3 — y1)

=xy; — Xy —x1y;+xy — (1/2Dley: —x2y —x1y2 +xi1y1)
+ (2ys —x2y2 —x3y3 +x32) + (x3y3 — X331 — x1y3 + x1 1))

= (1/2)(x2ys — X231 — x1y3 + x1y2 — X3y2 + x3)1)

= (1/2)xi(y2 — y3) + x2(y3 — y1) + x3(n1 — »)l

(%3 ¥y

"
Fig. 9.42
§9.9 gives matrix [B] as
010000
[B]:[O 0000 1][A]"
001 010
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Substituting for [A]~! from above and evaluating the product gives

1 [2=» »m=—»n n-»n 0 0 0
[B]ZE 0 0 0 X3—Xy X —X3 X2—X|

X3—X2 X1—X3 X=X N—¥3 3=y N—0Nn
The required element stiffness matrix can now be found by substituting into the relation
[k] = at [B]"[D](B]

yi3 0 x3
yar 0 xi3 1

. E " 0 1 Y3 v »2 0 0 0
4| 0 xy —[u 1 0 ]—[0 0 0 x3 x3 x3

0 =x — 2
il I ol el (R (T V2 e B
13 Y3
0 xu yn

where the abbreviation y3 denotes y, — y3, etc.
Choosing to evaluate the product [D][B] first, gives

y3 0 xp»
30 x3 ¥23 ¥31 yi2 vx32 vx)3 vx21
k] = Et yz 0 vy23 vy vy x32 x13 x21
4a(1—v¥) [ 0 x3:2 ym l-v)y d-v) (dA-v») (A-v) (A=-v) (1-v)
0 x3 ym 7R T X3 TRl Ty T
0 x2 yn2

Completing the matrix multiplication, reversing the sequence of some of the coordinates so
that all subscripts are in descending order, gives the required element stiffness matrix as
i + 351 = v)/2,
= ya2y31 — x31x32(l — v)/2, ¥ +x5,(1—w)/2,
[k] = Et vy +x2ix32(1 = v)/2, = yarys — xax31(1 —v)/2, ¥h +x3,(1 = v)/2
4a(l - v?) —ux32y32 — yaxne(l —v)/2,  vxnys + yaaxsi (1 — v)/2, —vxsaya ~ yaexai(1 — v)/2,
vz y3 + yauxa(l = v)/2, —vxaiysr — ynixa (1 = v)/2, vxnyor + y3pen (1 — v)/2,
- yz = yaase(l = v)/2, vxaiys + ynxn(1—v)/2, —vxary2 — yaxa(l — v)/2,

Symmetric

xd, + ¥ (1 —v)/2,
—x31x32 — y31y32(1 — v)/2, B, + ¥, (1 —v)/2,
x21x32 + y2a vl = v)/2, —xaxy — ynyn(l = v)/2, 53 + ¥4 (1 —v)/2

Example 9.6

(a) Evaluate the element stiffness matrix, in global coordinates, for the three-node trian-
gular membrane element, labelled a in Fig. 9.43. Assume plane stress conditions, Young’s
modulus, E = 200 GN/m?, Poisson’s ratio, v = 0.3, thickness, = | mm, and the same
displacement functions as Example 9.5.
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yim}j

2

2 x[m]

Fig. 9.43.

(b) Evaluate the element stiffness matrix for element b, assuming the same material prop-
erties and thickness as element a. Hence, evaluate the assembled stiffness matrix for the
continuum.

Solution

(a) Figure 9.44 shows suitable node labelling for a single triangular membrane element.
The resulting element stiffness matrix from the previous Example, 9.5, can be utilised. A
specimen evaluation of an element stiffness term is given below for k;;. The rest are obtained
by following the same procedure.

Et
ki = m[)’%z +x§2(l - v)/2]
Et , ,
= m[()@ =)+ (n—x)1 -v)/2]
9 -3
Substituting = 2004’; 12()(1110’;21)0 [2 = 0) + (0 — 2)2(1 — 0.3)/2]

= 14.835 x 10’ N/m

Fig. 9.44.
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Evaluation of all the terms leads to the required triangular membrane element stiffness matrix
for element a, namely

14.835
—10.989 10.989 symmetric
_3846 0 3.846
@1 — 107 .
CT=101N/ml | 2743 3297 _3.846  14.835
3846 0 3846 —3.846 3.846
3297 3297 0 ~10.989 0 10.989

(b) Element b can temporarily also be labelled with node numbers 1, 2 and 3, as element a.
To avoid confusion, this is best done with the elements shown “exploded”, as in Fig. 9.45.
The alternative is to re-number the subscripts in the element stiffness matrix result from
Example 9.5.

y y
® ® ®
b
® ® ®
Fig. 9.45.

Performing the evaluations similar to part (a) leads to the required stiffness matrix for element
b, namely

3.846
—3.846 14.835 symmetric
0 ~10.989  10.989
by 7
(7] = 10" [N/m] | -3297 3297 10.989
3846  7.143 —3297 —10.989 14.835
3846 —3.846 0 0 —3.846 3.846

With reference to §9.10, the structural stiffness matrix can now be assembled using a dof.
correspondence table. The order of the structural stiffness matrix will be 8 x 8, corresponding
to four nodes, each having 2 dof. The dof. sequence, u,, u;, us, vy, v, v3, adopted for the
convenience of inverting matrix [A], covered in §9.9, can be converted to the more usual
sequence, i.e. uj, vy, 4y, U2, Uz, vs, with the aid a dof. correspondence table. Whilst this
re-sequencing is optional, the converted sequence is likely to result in less rearrangement of
rows and columns, prior to partitioning the assembled stiffness matrix, than would otherwise
be needed.

If row and column interchanges are to be avoided in solving the following Example, 9.7,
and therefore save some effort, then the dof. labelling of Fig. 9.46 is recommended. This
implies the final node numbering, also shown.
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)
7.8 1,2
@ ®
b
a
@
56 34 X
Fig. 9.46.

The dof. correspondence table will be as follows:

Row/column in [k®)] 1 2 3 4 5
a 5 3 7 6 4
b 3 1 7 4 2

Row/column in [K]

Assembling the structural stiffness matrix, gives

| | | | | | [}
_148351 _ 7.1431 -3846) 32971 __ _ _ _____1=10989 1 :i-&"'éT

[ | | ) I [ I

| t I I i i |

| ] | I t |
__.744_34 _1_4'_8354 __§'§4_6.1_.1_Q'28_9_L_____|____4_'3'29_7_1_'3_'8_49

| | 10989170 1710989 1329710 173297
_3846) 38461 38460 Oy __1___01 3846

H T 0 1 3846 -3.846 | -3.846 | 3.846 | 0
32971 ~10.989! 01! 10989 | | I 32971 0

[K] = 107[N/m) :—10.9891I —3.846: 14835 | 7.143 :—3‘846 1-3.297

-3.297 : -3.846 : 7.143
| ! [ |

e e Sl e dontie Rl Eeffe i i
! i 0 1 3.846 1 -3846 | -3.846 | 3846 | O
-10.989, -3.297 | 0, 3297, { | 10989, 0
ST 1329700 13297 141098910 110989
~3846 | -3.8461 3846 0 i n 0 1 3.846

Summing the element stiffness contributions, and writing the structural goveming equa-
tions, gives the result as

X 14.835 7.143 -3.846 -3297 O 0 —10.989 —3.846 u
Y 7.143 14.835 -3.846 —-10989 0 0 —3.297 -3.846 )
X, —3.846 —3.846 14835 O —-10.989 -3.297 © 7.143 uy
Yo _ 107 [N/m] —3.297 —-10.989 O 14835 -3846 —3.846 7.143 O 72
X3 0 0 —10.989 —3.846 14.835 7.143 -3.846 -3.297 u3
Y3 0 0 —3.297 -3.846 7.143 14.835 -3.846 —10.989 v3
X4 -10.989 -3.297 0 7.143 —3.846 —-3.846 14835 O u4
Ya —3.846 3846 7.143 O —3.297 —-10989 0 14.835 vy

ie. {P} = [K){p}
where [K] is the required assembled stiffness matrix.
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Example 9.7

Figure 9.47 shows a 1 mm thick sheet of steel, one edge of which is fully restrained
whilst the opposite edge is subjected to a uniformly distributed tension of total value 40 kN.
For the material Young’s modulus, £ = 200 GN/m? and Poisson’s ratio, v = 0.3, and plane
stress condition can be assumed.

/|
/]
/]
; —
Y
Ve
/]
/ it
/]
am / 40KN
/]
y —
/]
Vi
/
/] e -
/|
/]
/]
/]
/
L

3
Y

Fig. 9.47.

(a) Taking advantage of any symmetry, using two triangular membrane elements and hence
the assembled stiffness matrix derived for the previous Example, 9.6, determine the nodal
displacements in global coordinates.
(b) Determine the corresponding element principal stresses and their directions and illustrate
these on a sketch of the continuum.

Solution

(a) Advantage can be taken of the single symmetry by modelling only half of the
continuum. Figure 9.48 shows suitable node and dof. labelling, and division of the upper
half of the continuum into two triangular membrane elements. Reference to the previous
Example, 9.6, will reveal that the assembled stiffness matrix derived in answering this
question can, conveniently, be utilised in solving the current example.

To simulate the clamped edge, dofs. 5 to 8 need to be suppressed,i.e. u3 = v3 = ug = v4 =
0. Additionally, whilst node number 2 should be unrestrained in the x-direction, freedom
in the y-direction needs to be suppressed to simulate the symmetry condition, ie. v; =0.
Applying these boundary conditions and hence partitioning the structural stiffness matrix
result from Example 9.6, gives the reduced equations as

14.835 7.143  —3.8467 [u
7.143 14.835 —3.846] [vl] ie. {Pa) = [Kual{pa)

X
[yl} = 10”{N/m]
—3.846 —3.846 14.835] Lu,

X,
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Y|
@12
>
78(®
b
5.6(% ,@,@3';‘- x

Inverting [K 4] to enable a solution for the displacements from {py} = [Kga] ' {Pa}

205.286 —91.175 29.583
where adj [Kqq] = 10' [—91.175 205.286  29.583
29.583  29.583 169.055.

and det [K,,] = 10?![14.835(205.286) — 7.143(91.175) — 3.846(29.583)] = 2280.4 x 10?'

90.03 —39.98 12.97
Then [K,m]“=10"°[—39.98 90.03 12.97]
1297 1297 74.13

With reference to §9.4.7, the nodal load column matrix corresponding to a uniformly
distributed load of 10 kN/m, will be given by

X 10
= 10° I: O:I

Y,
Hence, the nodal displacements are found from

X,
{pa} = [Kaa]_l{Pa}

{Po} =

Substituting,

u 90.03 -—39.98 12.97 10 103 0.103
[vl] =107 [—39.98 90.03 12.97] 10° [ o] =10"° [—27} = l—o.oz7}
m mm

up 12.97 12.97 74.13 10 87 0.087
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The required nodal displacements are therefore #; = 0.103 mm, v; = —0.027 mm and u; =
0.087 mm.
(b) With reference to §9.9, element direct and shearing stresses are found from
u;
UXX Z;
oy | = DIB] |
1
Oxy v,
Uk

where, from Example 9.5,

[DI[B) = E
T 2a(1 - v?)
y23 Y31 Y12 VX372 vX13 UX21
vy23 vys3i V¥ X32 X13 X21
(l~v)x ()] (l*v)x (I —~v) (- (-
2 32 ) 13 2 21 2 Y23 > Y31 2 Y12
Evaluating the stresses for each element:
Element a
0
-6
[an] wvox1® [-2 2 0 —060 067" 10
Owl| = 530 o [—0.6 060 -2 0 2
Gy 2x21-031 470 07-07070 g
0

9.56 x 10°
[2.87 X 106}
0 N/m2

The required principal stresses for element a are therefore oy = 9.56 MN/m? (T) and o, =
2.87 MN/m? (T), and are illustrated in Fig. 9.49.

Element b
87 x 1070
-6
_ . 0 2 —2 —0606 0 103 x 10

200 x 10 0

O'y_y = 5—2—1_—0323 0 06 —06 —2 2 O 0
Gy *20=039 10707 0 0 07-071| _ . .

0

2.92 x 108

The principal stresses are found from

01,07 = %(Uxx + Uyy) + %\/[(oxx - ayy)z + 4(73),]

10.43 x 108
= [ 0.43 x 106]
N/m?
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Substituting gives
o1, 05 = (1(10.43 + 0.43) + 11/[(10.43 — 0.43)? + 4 x 2.9221}10° N/m?
= (5.43 £5.79)10° N/m*

giving o7 = 11.22 MN/m? (T) and o, = 0.36 MN/m? (C)
The directions are found from

6 = 1 tan"'[20,,/(0xx — Oyy)]
substituting gives

0= 1tan"'[2 x 2.92/(10.43 — 0.43)] = 15.14°

The required principal stresses for element b are therefore o; = 11.22 MN/m? (T) and o, =
0.36 MN/m? (C) and are illustrated in Fig. 9.49.

(Y
2
0.36 MN/m
2
11.22 MN/m
9.56 MN/m”
: 2.87 MN/m”

NN _
X

Fig. 9.49

Problems

9.1 Figure 9.50 shows a support structure in the form of a pin-jointed plane frame, all three members of which
are steel, of the same uniform cross-sectional area and length, such that AE/L = 200 kN/m, throughout.
(a) Using the displacement based finite element method and treating each member as a rod, determine the nodal
displacements with respect to global coordinates for the frame shown in Fig. 9.50.
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Fig. 9.50.

(b) Hence, determine the nodal reactions.
[—0.387, —13.557 mm, —1.116, 0.644, 1.233,0.712, —1.116, 0.644 kN]

9.2 Figure 9.51 shows a roof truss, all members of which are made from steel, and have the same cross-sectional
area, such that AE = 10 MN, throughout. For the purpose of analysis the truss can be treated as a pin-jointed plane
frame. Using the displacement based finite element method, taking advantage of any symmetry and redundancies
and treating each member as a rod element, determine the nodal displacements with respect to global coordinates.

[0.516, —2.280, —2.313 mm]

Fig. 9.51.

9.3 A recovery vehicle towing jib is shown in Fig. 9.52. It can be assumed that the jib can be idealised as a pin-
jointed plane frame, with ali three members made from steel, of the same uniform cross-sectional area, such that
AE = 40 MN, throughout. Using the displacement based finite element method and treating each member as a rod,
determine the maximum load P which can be exerted whiist limiting the resultant maximum deflection to 10 mm.

[36.5 kN]

9.4 A hoist frame, arranged as shown in Fig. 9.53, comprises uniform steel members, each im long for which
AE = 200 MN, throughout.

(a) Using the displacement based finite element method and assuming the frame members to be planar and
pin-jointed, determine the nodal displacements with respect to global coordinates for the frame loaded as
shown.

(b) Hence, determine the corresponding nodal reactions.

[0.5.0.75, —0.722 mm, 0, 86.6, —25.0, —43.3 kN]
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im _I

_1_
n

Fig. 9.53.

9.5 Figure 9.54 shows a towing “bracket” for a motor vehicle. Both members are made from uniform cylindrical
section steel tubing, of outside diameter 40 mm, cross-sectional area 2.4 x 10~* m?, relevant second moment of
area 4.3 x 107® m* and Young’s modulus 200 GN/m?. Using the displacement based finite element method, a
simple beam element representation and assuming both members and load are coplanar:

(a) assemble the necessary terms in the structural stiffness matrix;
(b) hence, for the idealisation shown in Fig. 9.54, determine (i) the nodal displacements with respect to global
coordinates, and (ii) the resultant maximum stresses at the built-in ends and at the common junction.
[0.421 mm, 0.103°, 131.34, 106.77, 127.20, 110.91 MN/m?]

9.6 A stepped steel shaft supports a pulley, as shown in Fig. 9.55, is rigidly built-in at one end and is supported
in a bearing at the position of the step. The bearing provides translational but not rotational restraint. Young’s
modulus for the material is 200 GN/m?.

(a) Using the displacement based finite element method obtain expressions for the nodal displacements in global
coordinates, using a two-beam model.
(b) Given that, because of a design requirement, the angular misalignment of the bearing cannot exceed 0.5°,
determine the maximum load, P, that can be exerted on the pulley.
(c) Sketch the deformed geometry of the beam.
[4.985 x 1078P, —2.905 x 107%P, 8.475 x 1077P, 175 kN]

9.7 Figure 9.56 shows a chassis out-rigger which acts as a body support for an all-terrain vehicle. The out-
rigger is constructed from steel channel section rigidly welded at the out-board edge and similarly welded to the
vehicle chassis. For the channel material, Young’s modulus, E = 200 GN/m?, relevant second moment of area,
I =2 x 10~° m* and cross-sectional area, A = 4 x 10~5 m2. Using the displacement based finite element method,
and representing the constituent members as simple beam elements



378 Mechanics of Materials 2

X 40 kN
Fig. 9.54.
Pulley
PPN
] I'I A
71 . .
; . AN ]
4 -— .-
a- e
40 mm 140 1. 20 mm
dia. 2 1 " dia.
4= '
y j .. -
/j 'y L
Encastré 7 .‘.\ e
100 mm somm {27
T
Ye

Fig. 9.55.

(a) determine the nodal displacements with respect to global coordinates.

(b) A modal analysis reveals that, to avoid resonance, the vertical stiffness of the out-rigger needs to be increased.
Assuming only one of the members is to be stiffened, state which member and whether it should be the
cross-sectional area or the second moment of area which should be increased, for most effect.

[0.1155, —0.4418 mm, —0.322°, inclined member’s csa.]

9.8 The plane frame shown in Fig. 9.57 forms part of a steel support structure. The three members are rigidly
connected at the common junction and are built-in at their opposite ends. All three members can be assumed to
be axially rigid, and of constant cross-sectional area, A, relevant second moment of area, I, and Young’s modulus,
E. Using the displacement based finite element method and representing each member as a simple beam:

(a) show that the angular displacement of the common node, due to application of the moment, M, is given by
ML/BEL;
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(b) determine all nodal reaction forces and moments due to this moment, and represent these reactions on a sketch
of the frame. Show that both force and moment equilibrium is satisfied.

(c) If, due to a manufacturing defect, the joint at the lower end of the vertical member undergoes an angular
displacement of ML/4EI, whilst all other properties remain unchanged, obtain a new expression for the
angular displacement at the common junction.

[0, —3M/16L, M/8, —3M/4L, 0, 0, 3M/16L, M/8, 3M/4L, 0, M/4, ML/16EI]}

9.9 Using the displacement based finite element method and a three-node triangular membrane element repre-
sentation, determine the nodal displacements in global coordinates for the continuum shown in Fig. 9.58. Take
advantage of any symmetry, assume plane stress conditions and use only two elements in the discretisation. For
the material assume Young’s modulus, £ = 200 GN/m? and Poisson’s ratio, v = 0.3.

[—3.00 x 107%, 10.01 x 107%, —3.00 x 107°, 10.01 x 10~% m]

9.10 A crude lifting device is fabricated from a triangular sheet of steel, 6 mm thick, as shown in Fig. 9.59.
Assume for the material Young’s modulus, E = 200 GN/m? and Poisson’s ratio, v = 0.3, and that plane stress
conditions are appropriate.

(a) Taking advantage of any symmetry, ignoring any instability and using only a single three-node triangular
membrane element representation, use the displacement based finite element method to predict the nodal
displacements in global coordinates.

(b) Determine the corresponding element principal stresses and their directions, and show these on a sketch of the
element. [—0.05, —0.17, —0.60 mm, 134.85 MN/m? (T) at 31.7° from x-direction, 51.50 MN/m? (C)}

9.11 The web of a support structure, fabricated from steel sheet 1 mm thick, is shown in Fig. 9.60. Assume for
the material Young’s modulus, E = 207 GN/m? and Poisson’s ratio, v = 0.3, and that plane stress conditions are
appropriate.

(a) Neglecting any stiffening effects of adjoining members and any instability and using only a single three-node
triangular membrane element representation, use the displacement based finite element method to predict the
nodal displacements with respect to global coordinates.
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(b) Determine the corresponding element principal stresses and their directions, and show these on a sketch of
the web.
{0.058, —0.60, —0.10 mm, 123.6 MN/m? (T) at —31.7° from x-direction, 323.6 MN/m? (C)]
9.12 Derive the stiffness matrix in global coordinates for a three-node triangular membrane element for plane
strain conditions. Assume the displacement functions are the same as those of Example 9.5.



